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On the Computational Procedure of Solving Boundary Value Problems of Class M

Using the Power Series Method
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Abstract: Boundary Value Problems (BVPs) are unique in the sense that, they have conditions
specified at the EXTREMES of the independent variable. In this paper, we present a numerical
method of solving Boundary Value Problems of Class M called the Power Series Method. This is
achieved firstly by transforming the Boundary Value Problem into an Initial Value Problem and then
subsequently solving the Initial Value Problem.
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INTRODUCTION

There are some Ordinary Differential Equations that are difficult to solve analytically, as such recourse
is made to numerical methods. Some of these methods adopted can be termed purely numerical and mostly
iterative in settings. Others, as the shooting methods, lead to evolution of numerical procedures which are often
complex in nature and cumbersome to implement.

The power series method initially jettisoned as a direct computational tool for the two-point boundary value
problem is here in being recommended as an Initial Value Problem solver for the Boundary Value Problem
in a manner similar to the shooting method.

The first question that may come to mind is; what are the differences between boundary value problems
and initial value problems? A more mathematical way to picture the difference between an initial value
problem and boundary value problem is that an initial value problem has all of the conditions specified at the
same value of the independent variable in the equation (and that value is at the lower boundary of the domain,
thus the term ‘initial’ value). On the other hand, a boundary value problem has conditions specified at the
extremes of the independent variable. For example, if the independent variable is time over the domain [0,1],
an initial value problem would specify a value of y(t) and y(t) at t=0, while boundary value problems would
specify values for y(t)at both

Boundary value problems arise in several branches of Physics as any physical differential equation will
have them. Problems involving the wave equation, such as determination of normal modes, are often stated
as boundary value problems. A large class of important boundary value problems is the Sturm-Liouville
Problems.

The plan of this work is as follows: Section 2 will focus on the uniqueness of boundary value problems
and Section 3 will focus on the power series method of solving BVP’s.

Uniqueness of Boundary Value Problems:

We may define a boundary value problem in one dimension as ordinary differential  equation together with
some imposed conditions which involves values of the solution and or its derivatives at two or more points
(c.f. Gakhov, 1966). It is necessary to add that the number of imposed conditions is always equal to the order
of the differential equation.

A lot of works had been done on the direct methods for solving a class of non-linear boundary value
problems. Some of these works can be found in the celebrated work of Henrici (1962), Gakhov (1966),
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Churchill and Brown (1978), Power (1979) and Da Prima (1969) just to mention a few. As pointed out by
Henrici (1962), one of the importances of Class M problem is that they have a unique solution.

To show that Class M boundary value problems have unique solution, let us consider the ordinary
differential equation of Simple Harmonic Motion (S.H.M) below;

  (1)

to be solved for the unknown function y(x) in (1). Impose the boundary condition;

  (2)

Without the boundary conditions, the general solution to (1) is; 

  (3)

For the boundary condition y(0)=0, one obtains

which implies that B=0. From the boundary condition              , one finds;

2=A(1)

and so A=2. One sees that imposing boundary conditions allows one to determine a unique solution which in
this case is;

  (4)

We shall state without proof, the existence theorem. The following assumptions will be of great
importance.

Assumption 1:

We assume that the function f(x,y) is well defined and it is continuous at the close interval 

                                       where a and b are finite.

Assumption 2:

We also assume that there exist a  constant  L such  that for any              and for any two numbers 

             , the following inequlity holds;

Theorem 1.1 (Lambert 1973, Fatunla 1988):

Let f(x,y) be defined and continuous for all points (x,y) in the region D  defined by 

                                       finite, and let there exist a constant L such that for every           such 

that                         are both in D;

  (5)

then if ì is any given number, there exist a unique solution y(x) of the initial value problem (1.13). The
inequality (1.17) is known as a Lipschitz condition and the constant L as a Lipschitz constant.
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Definition 1.3 (Henrici, 1962):

A boundary value problem is said to be of Class M if it is of the form;

  (6)

where                                 are arbitrary constants (c.f. Henrici, 1962).

We must add that the function f(x,y) must satisfy assumptions 1 and 2 stated below and that;

                                     (7 )

The boundary conditions in (1.14) are called boundary conditions of the first kind. Equally, it is possible
to come up with a problem with different boundary conditions of the form;

  (8)

where                     are constants,               . If                , condition in (1.16) is said to be of the 

second kind and if               , this is referred to as condition of the third kind.

As pointed out by Henrici(1962), one of the characteristics of Class M methods that made them to be of
keen interest to researchers is fact that these type of problems have a unique solution. The question then is;
how do we find a solution to these problems? In this paper, we shall use the power series method.

In the present computer age and with the fact that computers are readily available in every corners of the
universe, these problems that cannot be solved analytically can now be conveniently solved by numerical
methods. We shall state and prove the following theorem which guarantee the existence and uniqueness of
solution of a boundary value problem of Class M.

Theorem 3.1 (Henrici, 1962):

A Boundary Value Problem of Class M has a unique solution.

Proof:

One of the established results that will be used to prove the above theorem is that a monotone function
defined for all values á whose derivative is bounded away from zero assume every value exactly once. Let 

y(x,á) represents the solution to the initial value problem;

  (9)

We  claim  that y(xá)  is a continuous function of x and                     also exist and is continuous for 

every              and for all values of á. We proceed to show that                     . To show this, it is 

essential to differentiate the identity                              with respect to á. If we write 

                   , then                                                 From the definition of y(x,y), we obtain 

the following results;

 (10)

The next step is to show that                                  . We assume that                  for some 

        . Since              for some positive values of x-a, without any loss of generality, we assume that 

             for             . We use the mean value theorem to establish the fact that     , 
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for some                It follows that,            . If we apply the mean value theorem to the function 

        we obtain;

 (11)

Since              , we have                this contradicts the differential equation 

                                      in view of          and             for              . We obtain the desired 

result by putting x=b, which completes the prove.

The Power Series Method:

he power series solution to the initial value problem;

 (12)

with initial condition(s)

 (13)

where     are real values expressible as Taylor Series;

 (14)

It is pertinent to mention that the power series solution to initial value problems could be computed with
ease. Now, consider the mth order Boundary Value Problem;

 (15)

with boundary conditions,

 (16)

where t+n=m

Without loss of generality, let t<n. Integrating (15) (k+1)  times respect to x yields,

 (17)

                  can be determine in an exact manner. Substituting k=1 in (17), we extract the remaining 

initial condition(s), at the point x=a as;

 (18)

Thus the boundary value problem (15) to (16) is appropriately transformed into initial value problem

 (19)

with

 (20)

which is subsequently solved to yield a power series expression in the form of (14). The desired solution is
then obtained by truncating the power series. The truncation process is guided by the principle discussed below.
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A polynomial approximation of degree n can be obtained by simply truncating the series (14), which is
guaranteed to converge for all x in the interval [a,b]. From Taylor formula, the remainder after n terms is 

 (21)

Thus, the number of terms that must be retained to guarantee an accuracy     can be computed from the
maximum error as;

 (22)

     

Thus,

 (23)

where Ã denotes the Gamma function. The value of n and consequently the value of 

 (24)

to be evaluated to transform the mth order non-linear boundary value problem into the corresponding initial
value  problem  guarantee  the  required accuracy may be large. But with the development of programs for

symbolic differentiation and integration, the values of                               can be determined in an
exact manner.

Example 1:

Consider the BVP;

  (25)

with two-point boundary conditions;

 (26)

The theoretical solution of the problem above is;

 (27)

Here (25) becomes;

 (28)

Let , where  is a real constant. It is obvious that

Substituting these values in the series (14), we obtain the truncated Taylor series below;

 (29)

Now, making use of the condition  in (29), we obtain;
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 (30)

This implies that a=1.18811881
Thus the BVP (25) is transformed to the IVP;

  (31)

With initial conditions;

 (32)

Thus the corresponding approximate solution is obtained from the scheme (29). The table below presents
some computed solutions at selected points.

Table 1: 

X POWER SERIES M ETHOD, EXACT SOLUTION, ERROR
0.00 0.00000000 0.00000000 0.00000000
0.10 0.10088713 0.10000503 0.00088210
0.20 0.20077681 0.20000975 0.00076706
0.30 0.30065706 0.30001386 0.00064320
0.40 0.40007386 0.40001706 0.00005680
0.50 0.50006584 0.50001904 0.00004680
0.60 0.60006450 0.60001950 0.00004500
0.70 0.70001898 0.70001813 0.00000085
0.80 0.80001532 0.80001462 0.00000072
0.90 0.90000920 0.90000868 0.00000052
1.00 1.00000000 1.00000000 0.00000000

Example 2:

 (33)

With two-point boundary conditions;

 (34)

The theoretical solution to (33) is

 (35)

We can rewrite (33) as;

 (36)

Let y�(0)=a where a is a real constant. Substituting in (14), the computed values;

We obtain the truncated Taylor series below;

 (37)

Now, making use of the condition  in (37), we obtain 

 (38)

This implies that a=-1.14893617
Thus the BVP (33) is transformed to the IVP;

1012



Aust. J. Basic & Appl. Sci., 4(6): 1007-1014, 2010

 (39)

With initial conditions;

 (40)

The table below presents some computed solutions at selected points.

Table 2:  

X POWER SERIES M ETHOD, EXACT SOLUTION, ERROR
0.00  0.00000000  0.00000000 0.00000000
0.10 -0.01474812 -0.01476630 0.00001817
0.20 -0.02864333 -0.02867955 0.00001235
0.30 -0.04082415 -0.04087816 0.00000989
0.40 -0.05041209 -0.05048339 0.00000921
0.50 -0.05650313 -0.05659056 0.00000811
0.60 -0.05815919 -0.05825993 0.00000750
0.70 -0.05439930 -0.05450737 0.00000098
0.80 -0.0441987 -0.04429452 0.00000056
0.90 -0.02644532 -0.02651832 0.00000018
1.00  0.00000000  0.00000000 0.00000000

Example 3:

Consider the BVP;

 (41)

With two-point boundary conditions;

 (42)

The theoretical solution of the problem above is 

 (43)

Observing similar steps followed in examples 1 and 2, the resulting initial conditions are;

 (44)

The corresponding truncated series solution is;

Below we present the computed results.

Table 3: 

X POWER SERIES M ETHOD, EXACT SOLUTION ERROR
0.00 1.00000000 1.00000000 0.00000000
0.10 1.10517092 1.10517092 0.00000000
0.20 1.22140276 1.22140276 0.00000000
0.30 1.34985881 1.34985881 0.00000000
0.40 1.49182470 1.49182470 0.00000000
0.50 1.64872127 1.64872127 0.00000000
0.60 1.82211880 1.82211880 0.00000000
0.70 2.01375271 2.01375271 0.00000000
0.80 2.22554093 2.22554093 0.00000000
0.90 2.45960311 2.45960311 0.00000000
1.00 2.71828183 2.71828183 0.00000000
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Example 4:

Consider the BVP;

 (45)

With two-point boundary conditions

 (46)

The theoretical solution of the problem above is;

 (47)

Observing similar steps followed in examples 1 and 2, the resulting initial conditions are;

 
The corresponding truncated series solution is

 (48)

We present the computed result below;

Table 4: 

X POWER SERIES M ETHOD,  EXACT SOLUTION ERROR
0.00 0.00000000 0.00000000 0.00000000
0.10 0.11051675 0.11051710 0.00000035
0.20 0.24428024 0.24428055 0.00000031
0.30 0.40495938 0.40495964 0.00000026
0.40 0.59672965 0.59672988 0.00000023
0.50 0.82317047 0.82436064 0.00000017
0.60 1.09327143 1.09327128 0.00000015
0.70 1.40962679 1.40962690 0.00000011
0.80 1.78043265 1.78043274 0.00000009
0.90 2.21364273 2.21364280 0.00000007
1.00 2.71828178 2.71828183 0.00000005

Conclusion:

The Power series method has been examined and subsequently applied to solving problems involving Class
M boundary value problems. From the analysis presented above, the method has been shown to be
computationally efficient.
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