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Abstract: A two-stage scenario based market clearing framework that includes supply/demand-side 
reserves offers in the simultaneous energy and reserves auctions. In the first stage of the proposed 
stochastic approach, the uncertainty of generation units and transmission lines outages is modeled 
using the Monte Carlo Simulation (MCS) method based on the scenario approach. Then, the stochastic 
market clearing procedure is decomposed into its deterministic optimization scenarios in the form of a 
mixed-integer linear optimization programming. Each deterministic optimization sub-problem, the 
objective is to maximize the weighted-average social welfare of all market players. The IEEE 24-bus 
Reliability Test System (IEEE 24-bus RTS) is used to examine the effectiveness of the proposed 
scenario based stochastic joint market clearing. 
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INTRODUCTION 
 

With the deregulation of the power industry, the main services in power systems have been unbundled into 
several separate markets, such as energy, ancillary services and transmission markets (Shahidehpour, M., 2002). 
The Independent System Operator (ISO) is in charge of maintaining fair, secure and reliable operation of the 
power system. Power plant as well as transmission line failures may occur and forecasts of load and intermittent 
supply are inevitably uncertain. Hence, the necessary real-time adjustment can only be achieved by the 
provision and use of flexible system reserve capacity (Just, S., C. Weber, 2008). Accordingly, the ISO is 
responsible for the real-time load balancing, congestion management and provision of ancillary services. 
Ancillary service markets have been a very important part of the Standard Market Design (SMD) recommended 
by the Federal Energy Regulatory Commission (FERC). In the FERC’s proposal, an independent transmission 
provider would “establish schedules for transmission service, and sales and purchases of energy, regulation, and 
both operating reserves (spinning and supplemental), to ensure the most efficient use of the transmission grid”. 
Currently, reserves as ancillary service products have been purchased centrally by the independent system 
operator (ISO) to ensure the system reliability (Zheng, T. and E. Litvinov, 2008; Verbic, G. and F. Gubina, 
2004).  

Recently, there are two forms of market auctions, which are implemented in a deregulated environment for 
procuring of energy and ancillary services. In some countries, energy and ancillary services are aggregated and 
in others are not. In an aggregated framework, such as NYISO, PJM, ISO-NE and new California market, the 
energy and ancillary service markets are cleared simultaneously. In a disaggregated framework, on the other 
hand, energy and ancillary service markets are cleared sequentially (Afshar, K., 2008). In the latter case, energy 
market clearing does not incorporate any security considerations. That is, once the energy market is settled by 
the market operator (MO), the system operator (SO) procures ancillary services such that the reliability and 
security requirements (criteria) are met. In some power markets, such as Spanish electricity market, the system 
operator and the market operator are separate entities (Raineri, R., 2006), while in others, such as Texas, both 
functions are performed by a unique entity (Chow, J.H., 2005). In general, disaggregated framework can be 
categorized into sequential and simultaneous forms (Galiana, F., 2005). In the sequential form, a series of 
auctions is carried out by SO. In this form, an auction for the best quality service is carried out first followed by 
decreasing quality services auctions (Singh, H., A. Papalexoupoulos, 1999). In the simultaneous form, all types 
of ancillary services are simultaneously cleared. This approach is also known as rational buyer in which various 
ancillary services scheduled simultaneously such that the requirement of each category is met.  

One goal in deregulating energy markets is to allow the markets respond to supply and demand conditions 
(Mjelde, J.W., D.A. Bessler, 2009). Reserve provisions from both supply side and demand-side have gained 
importance in the new environment. The participation of Demand-side in the energy market can reduce the 
market-clearing price. Similarly, interruptible loads (ILs) participating in a reserve market can reduce the price 
of reserve and directly benefit from the provision of reserve. Participation of demand-side in energy and reserve 
markets enhances the efficiency of the market operation and makes the markets more competitive. Furthermore, 
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by incorporating demand-side in the market operation, system security and integrity will also be improved (Bai, 
J., 2006). In (Allen, E.H. and M.D. Ilic, 2000), various means for the provision of supply and demand-side 
reserves in restructured power systems are studied. Reference (Tuan, L.A., K. Bhattacharya, 2003) presents the 
design of a market for interruptible load services by addressing various issues associated with the procurement 
of load curtailment services. The main theme of (Fahrioglu, M. and F.L. Alvarado, 2000) is to design cost 
effective demand management programs that do not require the knowledge of customer outage costs, but rather 
use game theory to design optimal curtailment programs. (——, 2001) illustrates how existing utility data can 
be used to predict customer demand management behavior. More specifically, it shows how estimated customer 
cost functions can be calibrated to help in designing efficient demand management contracts. In order to 
increase significant gains in economic efficiency, joint dispatch of energy and reserve offers (both supply and 
demand-side reserves) is proposed in (Wang, J., 2003). It is noted that all of the works in the area (Bai, J., 2006; 
Allen, E.H. and M.D. Ilic, 2000; Tuan, L.A., K. Bhattacharya, 2003; Fahrioglu, M. and F.L. Alvarado, 2000; —
—, 2001; Wang, J., 2003) proposed deterministic market clearing. That is, system uncertainties are not 
considered in these studies. 

Under deregulation, there are many uncertainties in the power system related to, e.g., electrical load 
variations and generator and branch outages. The stochastic modeling of electricity contracts traded in many 
deregulated power markets considering uncertain electricity prices is presented in (Benth, F.E., S. Koekebakker, 
2008). Bouffard et al. have proposed a mixed integer, linear stochastic programming model for the joint 
dispatch of energy and reserves considering system reserve requirements based on contingency analysis 
(Bouffard, F., 2005; ——, 2005). Their work includes unit commitment with DC load flow representation of the 
network in which they implemented energy and security pricing scheme, suggested recently by Arroyo and 
Galiana (2005). In (Wong, S. and J.D. Fuller, 2007), with respect to that of (Bouffard, F., 2005; ——, 2005), a 
more careful consideration of possible pricing schemes is presented. In (Aghaei, J., 2009) the uncertainty of 
generating units in the form of system contingencies is considered in the market clearing procedure by the 
stochastic model while meeting AC power flow and security constraints of the power system. Moreover, a 
stochastic multiobjective framework is proposed for day-ahead joint market clearing in (Amjady, N.,). The 
proposed multiobjective framework can concurrently optimize competing objective functions including 
augmented generation offer cost and security indices (overload index, voltage drop index and voltage stability 
margin). The new contributions of this work with respect to the previous ones, e.g. (Benth, F.E., S. 
Koekebakker, 2008; Bouffard, F., 2005; ——, 2005; Arroyo, J.M. and F.D. Galiana, 2005; Wong, S. and J.D. 
Fuller, 2007; Aghaei, J., 2009; Amjady, N.,), can be briefly summarized as follows: 

a) A new structure for the aggregated simultaneous multi-product market considering both supply side and 
demand-side reserves is designed. In other words, demand-side bidding is considered in the market clearing 
scheme. Generating units and transmission lines contingencies are considered in the stochastic market-clearing 
process of the proposed aggregated framework. The objective function of this stochastic optimization problem is 
based on the expected social welfare function considering the non-contingent and different post-contingency 
states. Moreover, DC power flow constraints and also security consideration are included in the market-clearing 
process.  

b) A two-step procedure is utilized to solve the proposed stochastic problem for the joint market-clearing. 
In the first stage, the Monte Carlo simulation method is adopted to model the stochastic behavior of different 
contingencies based on their Forced Outage Rate (FOR). The optimization problem of each generated scenario 
of the first stage (including non-contingent and different post-contingency states) is implemented and solved in 
the form of a Mixed-Integer Linear Programming (MILP) problem in the second stage. 

The remainder of this paper is organized as follows. In section II, the problem of joint market of energy and 
reserves is formulated in the form of a MILP problem concerning uncertainties of generating units and 
transmission lines. In the next section, the IEEE 24-bus RTS is studied to demonstrate effectiveness of the 
proposed scheme. Some relevant conclusions are drawn in the section IV. Finally, section V is devoted to the 
list of symbols. 

 
II. Stochastic Model Description: 

Because of outages of generators and transmission components, the security of power systems was handled 
traditionally by providing spinning and non-spinning reserves considering the peak demand case or worst outage 
case. The traditional approach for providing reserve services is called deterministic market clearing. This is a 
conservative approach which could lead to a very high cost of operating the power system. Furthermore, outages 
of multiple components may not be considered in calculating the operating reserve which could also lead to an 
insecure operation of power systems (Wu, L., 2007). Instead of the deterministic formulation of joint market 
clearing, a stochastic model can be adopted in which outages of generators and transmission components are 
simulated as different scenarios. So, to cope with the risk of imbalances because of different sources of 
uncertainty, the system operator should procure sufficient reserves. In this paper, generator and branch 
contingencies (which usually have the most severe impact on the system-wide expected load not served) are 
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modeled in the proposed stochastic framework for market clearing. That is, this paper assumes that reserve 
requirements are stochastic variables, which depend on the contingencies. To solve the stochastic market 
clearing problem, a two-stage solution method is proposed in this paper. In the first stage the scenarios are 
generated using the Monte Carlo Simulation (MCS) method. Besides, a scenario reduction technique is also 
presented in the paper to reduce the computational burden of the proposed stochastic market clearing procedure. 
In the second stage, the optimization problem of each generated scenario (by the scenario reduction technique) 
is modeled and solved in the form of a MILP problem. To better illustrate the underlying idea, we consider 
single-period scheduling without inter-temporal constraints (including ramp rate limits and minimum up/down 
time constraints), as this model is simpler to describe and analyze. Nevertheless, the extension of the proposed 
stochastic model to also include intertemporal constraints is straightforward. Details of the proposed model and 
its two-stage solution method are described in the following subsections.  

 
A. First Stage: Scenario Generation and Reduction: 
A.1 Scenario Generation: 

The idea of stochastic programming is to construct or sample possible states of uncertain circumstances, 
solve the market clearing problem for the possible states, and select a good combination of outcomes to 
represent the stochastic solution. Therefore, in this paper Monte Carlo Simulation (MCS) is adopted to generate 
random numbers, which are used to construct scenarios. The MCS based on the FOR of generating units and 
branches is implemented for the sources of uncertainties, i.e. generating units and branches contingencies. For 
this purpose, in each scenario of the MCS, a random number between [0,1] is separately generated for each 
generating unit and transmission line and compared with its FOR. If the random number produced for a 
generating unit is greater than its FOR, then this unit can participate in the energy and reserves markets 
( , , 1G

i u sw  ); otherwise, it can't offer in the markets ( , , 0G
i u sw  ). Also, if the random number of a branch is lower 

than line's FOR, then this line is eliminated from network ( , , 0B
i j sw  ); otherwise it exists in the network 

( , , 1B
i j sw  ). This procedure is iterated for all generators and branches of the power system. The determined 

status of the generators and branches by the MCS constructs one scenario of the proposed stochastic 
optimization framework. The procedure of scenario generation is repeated until a number of scenarios are 
generated.  

 
A.2 Scenario Reduction: 

A higher number of generated scenarios results in a better modeling of uncertainties but with the cost of 
higher computation burden. Accordingly, scenario reduction techniques can be employed to reduce the number 
of scenarios while maintaining a good approximation of the system uncertain behavior. In this paper, the basic 
idea of scenario reduction is to eliminate a scenario with very low probability and scenarios that are very similar 
(Li, T., 2007). Based on this approach the most probable and dissimilar scenarios can be extracted (NS 
scenarios) for using in the stochastic market clearing procedure. Considering the procedure of scenario 
generation, the probability of each generated scenario can be calculated as follows:  
 

, , , ,
1 1 1 1

.
iNUNB NB NB

G B
s i u s i j s

i u i j i

  
    

   (2) 

 

   , , , , , , , ,. 1 1 .G G G G G
i u s i u s i u i u s i uw FOR w FOR      (3) 

 

   , , , , , , , ,. 1 1 .B B B B B
i j s i j s i j i j s i jw FOR w FOR      (4) 

 
The binary variables , ,

G
i u sw and , ,

B
i j sw are specified by the MCS for each scenario. If no branch exists 

between two buses, its FOR is assumed to be 1 (always out of service). Normalized scenario probabilities 

(
1

NS
norm
s s s

s 

    ) are used in the computation of the objective function.  

The optimization problem of each accepted scenario (after scenario reduction) is formulated in the MILP 
form, which is detailed in the next subsections.  

 
B. Second Stage: Stochastic Market Clearing: 

The general principle of the electricity market model is to maximize the benefit from electricity trading in 
the spot market, subject to satisfying the operating constraints. The general principle may best be described 
using the following simple diagram (Fig. 1). The electricity market “sellers” (generators) and “buyers” (loads) at 
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each node (or zone) submit a set of offers and bids, respectively. The market model aims at “clearing”, or 
selecting the best set of generation offers and load bids to maximize the benefit from trading, which is named 
“social welfare” as shown by the shaded area in Fig. 1. In this clearing process, the physical constraints on 
electricity generation, consumption, transmission, and finally system security aspects must be observed. The 
market clearing process produces a generation/load dispatch schedule, and also a set of nodal (or zonal) spot 
prices (Read, E.G. and D. Chattopadhyay; Munasinghe, M., 1981). In this paper, joint market clearing of energy 
and reserves is considered while both sides of generating units and loads can participate in the reserves' markets. 
Considering these conditions, market clearing optimization problem can be formulated as follows. 

 
B.1 Objective Function: 

In the optimization problem of stochastic joint market clearing, the objective function is to maximize the 
expected value of social welfare of market participants:  

 

 
Fig. 1: Overview of market clearing process. 
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 (5) 

 
It is assumed that the non-contingent scenario is the first scenario (s=1). The energy market is cleared based 

on this scenario, i.e. considering that all units and branches are available (all , ,
G
i u sw  and , ,

B
i j sw  values are equal 

to 1 in the non-contingent scenario). The first term in the objective function of (5) is related to the energy market 
wherein PDi and PGi,u are independent from the scenario number s. This term includes the offered payments of 
loads and offered cost of units (considering their availability over all scenarios) in the energy market, 
respectively. It is noted that although PDi and PGi,u are determined based on the non-contingent scenario, to 
include their effect in the OF (social welfare based objective function) all scenarios and availability of units in 
the scenarios should be considered. For instance, a unit with lower availability (higher FOR value) will have less 
effect on the OF.  

To handle the uncertainty caused by generator and branch contingencies, both generation side and demand-
side reserves are used, appeared in the second term of (5). This term consists of the expected cost associated 
with the deployment of voluntary load management as up and down reserves in the post-contingent scenarios 
(s=2, …, NS) and the expected cost associated with the deployment of generation side reserves in the post-
contingent scenarios, which may include turning generating units on and re-dispatching generation called non-
spinning and up and down spinning reserves. No reserve is employed in the non-contingent scenario (s=1). 

Note: If load forecast error is considered as another source of uncertainty (in addition to unit and branch 
contingencies) in the stochastic formulation of joint market clearing, the energy market should be cleared based 
on expected values like the reserves' markets. In other words, PDi and PGi,u also become functions of the scenario 
number s. However, the proposed stochastic formulation is based on demand-side bidding and forecast error of 
the offered demand values is not considered in this paper. Moreover, accurate load forecast techniques are 
currently available and so load forecast error usually has less effect than unit and branch contingencies on the 
stochastic formulation. 
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B.2 Constraints: 
- System Power Balance: 
 

   , , , , , , , , , , ,
1 1 1

.
iNUNB NB

G up dn up dn
i u s Gi u i u s i u s i u s Di i s i s

i u i

w P SR SR NSR P DR DR
  

       ,   1,...,s NS  (6) 

 
Equation (6) refers to total power balance of system in each scenario. It is worth to note that in the post-

contingency states (s=2, …, NS), up/down spinning reserve and non-spinning reserve as well as up/down load 
reserve can substitute lost generating units. Network losses in the DC network modeling adopted in this paper 
(which is also adopted in practice in the most ISOs (Arroyo, J.M. and F.D. Galiana, 2005; Wong, S. and J.D. 
Fuller, 2007; Wu, L., 2007)) are neglected. 
 
- System Total Reserve Requirements: 

The required reserves (sum of demand-side reserves and supply side reserves) in each scenario of the 
stochastic model are equal to the total lost capacity of generating units as compared with the non-contingent 
state. This statement can be written as follows: 
 

    , , , , , ,
1 , , ,

1 1 1

, ,

1 .

i

i
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i u s i u s i u s G

u i u s G i u
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  , 1,...,s NS  (7) 

 
In the non-contingent scenario (s=1), all units are available (all , ,

G
i u sw =1) and so the right hand side of (7) 

becomes zero. Hence, no reserve is considered for the non-contingent state. 
    In each scenario, no unit simultaneously provides up and down spinning reserves and no load 

simultaneously provides up and down reserves, since the OF of the MILP problem in (5) should be maximized. 
So, it is not required to explicitly include the related constraints (e.g., , , , ,. 0up dn

i u s i u sSR SR  ), which causes 

nonlinearity in the proposed formulation. 
 
- Inequalities of Generating Units and Loads: 

To ensure that the output of each generating unit is in its allowable range, the following constraints should 
be added to the optimization framework (Rau, N.S., 1999):  
 

, max , ,. 0i u G i u Gi uz P P    (8) 

 

, min , ,. 0i u G i u Gi uz P P   (9) 

 
where,  , 0,1i uz  . Inequalities (8) and (9) permit the energy PGi,u to be either zero (zi,u =0) or at a value 

between the minimum and maximum range of the unit output (zi,u =1). In other words, zi,u binds generating units 
output to their operating limits. It is noted that , ,

G
i u sw is related to the status of the uth unit of ith bus in the sth 

scenario in the scenario generation stage (forced outage state or available). However, zi,u is related to the status 
of the uth unit of ith bus in the non-contingent scenario in the second stage (selected or not in the energy auction 
of the joint market).  

    Because of the fact that the up and down spinning reserves of any unit can be employed only if the 
corresponding generating unit be synchronized (Yamin, H.Y., 2004; Wu, L., 2008), then we have: 
 

, . max , , , ,0 . .up up G
i u s i u i u i u sSR SR z w   (10) 

 

, . max , , , ,0 . .dn dn G
i u s i u i u i u sSR SR z w   (11) 

 
In (10) and (11), only when the unit is available ( , ,

G
i u sw =1) and selected in the energy market (zi,u=1) can 

participate in the spinning reserve auction. However, the product of , ,
G
i u sw and zi,u in (10) and (11) does not 

cause nonlinearity of the proposed formulation, since in the second stage, i.e. stochastic market clearing, only zi,u 
is an unknown variable, while , ,

G
i u sw  has been already determined in the first stage.  
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, , max , , ,0 . G
i u s i u i u sNSR NSR w    (12) 

 
In (12), the non-spinning reserve contribution of available units from the upper side is limited by their 

response rate, i.e. max ,i uNSR  (the limit related to 10 minutes rate of response) (Rau, N.S., 1999; Yamin, H.Y., 

2004). 
 

 , , , , , max ,
up

Gi u i u s i u s G i uP SR NSR P    (13) 

 

 , , , min , ,.dn
Gi u i u s G i u i uP SR P z   (14) 

 
In (13) and (14), generating unit maximum and minimum capacity for supplying energy and reserve 

services is modeled (Rau, N.S., 1999; Yamin, H.Y., 2004). 
To ensure that the assigned value for each load is in its offered ranges, other constraints should be added as 

follows: 
 

min. 0i D i D iy P P    (15) 

 

max. 0i D i D iy P P    (16) 

 
where  0,1iy  . Inequalities (15) and (16) permit the load PDi to be either zero (if yi=0) or at a value between 

the minimum and maximum range of load (if yi =1). Also, load reserves should be allocated based on their limits 
summarized as follows: 
 

. max0 .up up
i s i iDR DR y   (17) 

 

. max0 .dn dn
i s i iDR DR y   (18) 

 
Here, it is assumed that only selected loads in the energy auction (yi =1) can participate in the reserve 

auction. Considering load reserves, load limits should be satisfied using following constraints: 
 

 , max .up
Di i s D i iP DR P y   (19) 

 

 , min .dn
Di i s D i iP DR P y   (20) 

 
- Security Considerations: 
 

, , ,. B
ij s ij i u sS S w  (21) 

 
Equation (21) refers to branch flows limitations. In this regard, DC load flow formulation is adopted for line 

flows calculations.  
Indeed, the objective function (5) of the MILP problem is maximized subject to constraints (6) to (21). The 

constraints (6), (7), (10)-(14) and (17)-(21) should be satisfied in each accepted scenario of the first stage (after 
the scenario reduction), which s index in them indicates this fact (1 < s < NS). Also, the decision variables of the 
stochastic optimization problem can be listed as: ,G i uP , , ,

up
i u sSR , , ,

dn
i u sSR , , ,i u sNSR , D iP , ,

dn
i sDR and ,

up
i sDR .  

 
B.3 Scenario Aggregation: 

As stated, the MCS method is implemented to simulate random characteristics of power systems and then 
the scenario aggregation technology is used to convert the stochastic variables of the stochastic market clearing 
problem into deterministic ones. A major advantage of scenario aggregation technique is that not only individual 
scenario problems become simple to interpret but also the underlying problem structure is preserved. After 
running the proposed market clearing scheme for the accepted scenarios resulted from the scenario reduction, 
the results are aggregated according to the probability of scenarios to get the expected results of the joint market 
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clearing considering uncertainties. The aggregation is done for the scenario dependent decision variables 

, ,
up
i u sSR , , ,

dn
i u sSR , , ,i u sNSR , ,

dn
i sDR and ,

up
i sDR  of the optimization problem. The aggregation is done as: 

 

1

.
NS

norm
s s

s

f f


  (22) 

 
Where, f is the variable that is aggregated and sf is the variable value at scenario s. It is noted that the 

objective function of the proposed formulation for market clearing in (5) is also an aggregation of the objective 
function values of the scenarios. 

The use of expected value of a variable for the scenario aggregation may lead to infeasibility, i.e., violation 
of the problem constraints (Wu, L., 2007).  For the proposed stochastic formulation of the market clearing, two 
types of violation may occur: minimum limit constraint violation and nonlinear constraint violation (e.g., AC 
power flow constraints). For the later, linear DC load flow network modeling is adopted in this paper. For the 
former, the minimum limit constraints of the proposed formulation dependent on the scenario number s, e.g. 
(14) and (20), are satisfied by the aggregated values. Also, deviation from the maximum limit constraints, such 
as (13) and (19), cannot be occurred in the expected value based scenario aggregation result, since each scenario 
result separately satisfy the maximum limit constraints and so a weighted average of the scenario results cannot 
deviate from these constraints. Furthermore, the equality constraints of the proposed framework, including (6) 
and (7), are satisfied by the expected value result, since these constraints are linear. Thus, the proposed 
stochastic market clearing formulation does not require bundle constraints, which have been used in several 
research works in the area to avoid infeasible solutions like (Wu, L., 2007; Wu, L., 2008; Wu, L., et al, 2008). 
Therefore, the proposed stochastic market clearing formulation can be decomposed into a series of deterministic 
scenarios, which significantly simplifies the formulation and reduces its computation burden (especially, it is 
well-suited for parallel computation) that can be considered as an important advantage of the proposed 
methodology. 

 
III. Numerical Results: 

The proposed stochastic market clearing framework is studied on the IEEE-RTS 96 (Reliability Test 
System Task Force, 1999) single area system, shown in Fig. 2. This system consists of 26 thermal units, 6 hydro 
units, 33 lines, 5 transformers, and 17 loads. All 6 hydro units located at bus 22 of the test system are not 
participated in the auctions as they operate at their maximum output (50 MW) as stated in (Wang, J., 2003). The 
additional typical data for the RTS such as units bid data, their operating limits, and the maximum limits of the 
spinning and non-spinning reserves are shown in Table I. Load data of RTS are taken from (Reliability Test 
System Task Force, 1999) and shown in Table II. Forced outage rate of units and branches are presented in 
(Reliability Test System Task Force, 1999). It is noted that, for the sake of simplicity, the single block offer of 
each unit for energy and reserves commodities is considered here. However, the multi-block offers (Arroyo, 
J.M. and A.J. Conejo, 2000) can be also considered in the proposed formulation. The proposed model is 
implemented on a Pentium IV, 2.8 GHz with 512 MB RAM using MILP solver CPLEX 9.0 in the GAMS 
environment. 

The joint market of energy and reserves auctions is solved using both the deterministic and stochastic 
market clearing schemes. In the deterministic model, all components of the system are considered in service 
regardless of their FOR value. Moreover, total required reserve of the test system for the deterministic case is 
considered based on the largest unit criterion (which is equal to 400 MW) (Billinton, R., R.N. Allan, 1996). The 
results of deterministic market clearing are shown in tables III and IV. The social welfare of the deterministic 
model is 97975.856 $/h. Here, the demands are less participated than generators in reserve procurement because 
of their high bid prices (0.710 pu load reserve versus 2.410 pu non-spinning reserve and 0.880 pu spinning 
reserve for the deterministic case in table IV). It is worthwhile to note that the deterministic method assumes 
fully reliable components of power system and so the obtained social welfare is only valid for fully reliable 
components with FOR=0. Nevertheless, power system components experience some hours of outage annually in 
practical operations. As a result, the deterministic model can not give a real solution. 

In order to handle system uncertainties (unit and branch contingencies) the proposed stochastic market 
clearing framework is implemented. For this purpose, the MCS, based on the FOR of generating units and 
branches, is employed to generate 200 scenarios, iteratively, as described in the subsection II.A.1. In this case, 
the optimization process changes to stochastic MILP problem, which needs to consider all 200 scenarios related 
to different contingencies (MCS scenarios). It imposes a high computational burden to solve the market clearing 
problem for all of these scenarios. So, the set of generated scenarios is reduced using the scenario reduction 
technique introduced in the subsection II.A.2. To decrease the simulation time in this case study, the generated 
similar scenarios and scenarios with probability lower than 0.003 are discarded. Number of remaining scenarios 
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after scenario reduction is equal to 20, which results in 200/20=10 filtering ratio. In other words, the scenario 
reduction technique significantly reduces the computation burden of the proposed stochastic market clearing 
framework. At the same time, the most probable and dissimilar scenarios are retained and so the accuracy of the 
formulation is not compromised. For the remaining set of scenarios, the proposed stochastic market clearing 
framework is run considering the status of generators and branches in an individual scenario. The results of the 
20 remained scenarios after scenario reduction are shown in table V. Also, the aggregated results of the 
stochastic market clearing framework, according to the scenario aggregation procedure introduced in subsection 
II.B.3, are shown in the last column of tables III and IV.  
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Fig. 2: IEEE RTS 24-bus. 
 
 In table V, the out of service units and branches are specified for each scenario. According to the given 
FOR values of generators and branches, the remained set of scenarios presents the most probable operating 
states of the power system including the non-contingent state and single contingencies. As expected, according 
to the well-known probability laws, the occurrence of higher order contingencies (such as double contingencies) 
is much less probable. In the 5th, 6th and 7th columns, the probability, normalized probability and social welfare 
are shown for each scenario, respectively. 

 
Table I: Data for generation units. 

B
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o. 
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o. 

FO
R

 

PG SR** NSR 

B
id ($/M

W
h) 

M
in (M

W
) 

M
ax (M

W
) 

B
id ($/M

W
h) 

M
ax (M

W
) 

B
id ($/M

W
h) 

M
ax(M

W
) 

1,2 
1, 2* 0.10 10 16 20 17 20 10 20 
3,4 0.02 15 15 76 18 15 16 15 

7 1-3 0.04 30 25 100 45 30 38 30 
13 1-3 0.05 37 69 197 53 37 47 37 

15 
1-5 0.02 40 2 12 43 40 41 40 
6 0.04 12 54 155 22 12 15 12 

16 1 0.04 12 54 155 27 22 20 22 
18 1 0.12 18 100 400 27 38 41 38 
21 1 0.12 18 100 400 25 38 41 38 

23 
1,2 0.04 12 54 155 24 22 15 22 
3 0.08 13 140 350 22 13 17 13 

* Units with same data are shown in one row. 
**The same value for max ,

up
i uSR and max ,

dn
i uSR  and the same value for ,

SRup
i u  and ,

SRdn
i u  is assumed. 
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Table II: Load data. 
Bus 
No. 

Load 
(MW) 

Bid  
($/MWh) 

Load reserve 
Limit (MW)* 

Load Reserve 
Bid ($/MWh)* 

Bus 
No. 

Load 
(MW) 

Bid  
($/MWh) 

Load reserve 
Limit (MW)* 

Load Reserve 
Bid ($/MWh)* 

1 108.0 45 15 50.0 10 195.0 95 45 80.0 
2 97.0 50 15 40.0 13 265.0 85 65 42.5 
3 180.0 35 30 37.5 14 194.0 64 34 30.0 
4 74.0 45 26 45.0 15 317.0 68 67 35.0 
5 71.0 25 16 32.5 16 100.0 40 10 42.5 
6 136.0 45 14 37.5 18 333.0 50 88 44.5 
7 125.0 50 25 47.5 19 181.0 42 21 32.5 
8 171.0 80 39 50.0 20 128.0 48 18 40.0 
9 175.0 100 35 100.0      

* The same value for max
up

iDR  and max
dn

iDR  and the same value for 
dup
i  and 

ddn
i  is assumed in this table. 

 
Table III: Load charges and cost of energy and reserves for the deterministic and stochastic market clearing frameworks. 

Objective Function Terms Deterministic market clearing Stochastic market clearing 
(a) Load charges ($/h) 151187.698 135877.000 
(b) Energy cost ($/h) 47364.342 28703.720 
(c) Spinning reserve cost ($/h) 2240.000 295.002 
(d) Non-spinning reserve cost ($/h) 3385.000 379.978 
(e) Load reserve cost ($/h) 2222.500 921.180 
Social welfare ($/h)= a-(b+c+d+e) 97975.856 107827.327 

 
Table IV: Market clearing results (total load, energy and reserves) for the deterministic and stochastic market clearing frameworks. 

Parameters Deterministic market clearing Stochastic market clearing 
Sum of load 23.455 22.000 
Sum of energy 23.455 22.000 
Sum of spinning reserve 0.880 0.113 
Sum of non-spinning reserve 2.410 0.172 
Sum of load reserve 0.710 0.272 

 
It can be seen from table V that the social welfare of some scenarios is equal. That is, these scenarios have 

the same clearing results. For instance, the first non-contingent scenario and the contingent scenarios 3 and 6 
have the same social welfare value. The contingent scenario 3 includes outage of a transmission line 9-11, which 
does not cause any overload on the other branches of the system. Also, the contingent scenario 6 consists of 
outage of unit 1 on bus 13, i.e. 13(1), which is not selected in the energy auction because of its high offer price. 
So, the market clearing results of the scenarios 1, 3 and 6 are the same. However, contingent scenarios cannot 
have social welfare higher than the non-contingent scenario, since the non-contingent scenario has the largest 
solution space to optimize the market clearing problem. Any deviation from the non-contingent scenario, like 
the outage of generation units or branches, limits the solution space, which can totally lead to lower values for 
social welfare or at most the same value. 

The main differences between the deterministic and stochastic market clearing frameworks are discussed in 
the following based on the results of tables III, IV and V:   
- In the deterministic market clearing, the reserve capacity for each unit or load is cleared based on the pre-

specified amount of reserves. On the other hand, the reserve capacity of units and loads is allocated 
considering the most probable contingencies in the stochastic framework. Total cost of reserves in the 
stochastic market clearing framework is lower than the deterministic one (295.002+379.978+ 
921.180=1596.160$ against 2240.0+3385.0+2222.5= 7847.5$ for the stochastic and deterministic market 
clearing, respectively). Therefore, it can be inferred that the stochastic approach can lead to a more efficient 
utilization of reserve resources in the market clearing procedure. Also, the social welfare of the 
deterministic case is lower than the stochastic one (97975.856$ opposed to 107827.327$ for the 
deterministic and stochastic market clearing frameworks, respectively).  

- In the stochastic market clearing scheme, the total energy assigned to units is lower than the deterministic 
one. The reason is that the optimization problem of the stochastic scheme forces to select more reliable 
units in the market clearing scheme and unreliable units can less contribute in the stochastic framework 
solution. Consequently, the lower amount of loads can be served in this framework compared with the 
deterministic scheme.  

- The probability of the non-contingent scenario of table V, in which neither any generator nor any branch is 
out of service, is the same as the probability of occurrence of the deterministic case. According to the 
obtained results, the probability of this scenario is only 14.3%. This means that the deterministic solution, 
assuming all components in service, is expected to happen with the low probability of 14.3%. In other 
words, the deterministic model captures only 14.3% of the uncertainty spectrum of the power system. 
Consequently, the deterministic model can not give a proper solution by itself. On the other hand, using the 
proposed stochastic framework, all 20 accepted scenarios contribute into determining the joint market 
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clearing results according to their probability values, whereas the deterministic method relies on scenario 1 
as the only contribution to solve the market clearing problem. The 20 accepted scenarios of table V totally 
capture 37.3% of the uncertainty spectrum of the power system, which is 37.3/14.3=2.61 times more than 
that of the deterministic framework. So, the market clearing results of the stochastic framework are more 
realistic than the deterministic framework results. Besides, the proposed stochastic framework has the 
ability to capture more (more than 37.3%) of the uncertainty spectrum of the power system by considering 
more scenarios (more than the 20 accepted scenarios), but with the cost of higher computation burden. 

 
Table V: Results of the scenarios of the stochastic market clearing framework. 

No. Scenario 
No. 

Out of service 
units 

Out of service branches Probability Normalized 
Probability 

Social welfare ($/h) 

1 1 - - 0.143 0.383 108564.0 
2 13 23(3) - 0.012 0.033 102414.5 
3 18 - 9-11 0.014 0.038 108564.0 
4 23 1(1) - 0.016 0.043 108444.0 
5 25 16(1) - 0.006 0.016 106708.0 
6 26 13(1) - 0.008 0.020 108564.0 
7 39 2(1) - 0.016 0.043 108444.0 
8 40 7(3) - 0.006 0.016 108564.0 
9 42 - 9-12 0.014 0.038 108564.0 
10 44 - 3-24 0.014 0.038 108564.0 
11 48 15(6) - 0.006 0.016 106708.0 
12 51 1(2) - 0.016 0.043 108444.0 
13 61 18(1) - 0.019 0.052 104226.5 
14 69  23(2) - 0.006 0.016 106708.0 
15 83 2(2) - 0.016 0.043 108444.0 
16 91 - 10-11 0.014 0.038 108564.0 
17 102 - 10-12 0.014 0.038 107764.0 
18 112 13(2) - 0.008 0.020 108564.0 
19 114 21(1) - 0.019 0.052 105370.5 
20 169 23(1) - 0.006 0.016 106708.0 

 
Table VI: Optimization statistics for the deterministic and stochastic market clearing frameworks. 

Clearing framework No. of Single Variables No. of Single Constraints Solution time (Seconds) 
Deterministic 1179 1157 0.250 

Stochastic 28713 27449 84.70 
 

Considering the above discussions, it can be inferred that the proposed stochastic market clearing 
framework can benefit from the more efficient utilization of the system resources and better valuation of 
different offered bids.  

Finally, the number of variables and constraints and solution time for the deterministic and stochastic 
schemes are presented in table VI. Although the computation time of the proposed stochastic framework is more 
than the deterministic one, it is completely reasonable within a day-ahead decision making framework. 
Moreover, using parallel computation, as discussed in the subsection II.B.3, can significantly reduce the 
calculation time of the stochastic scheme.  

 
IV. Conclusion: 

In this paper, a new stochastic model for security-constrained market clearing of joint energy and reserves 
auctions including demand-side participation is proposed. The stochastic nature of the proposed market clearing 
structure considers generating units and branches contingencies. Demand-side participation in the provision of 
reserve services could lead to a significant increase in the total social welfare. Its contribution becomes more 
significant in the peak load conditions. Moreover, implementing demand-side reserve can reduce the market 
power of the generators. Additionally, this paper has shown that the stochastic approach can lead to a more 
efficient utilization of energy and reserve resources and permits the system operator to estimate how likely 
contingencies are and what are the possible actions to cope with the contingencies. The research work is under 
way in order to include partial outages of generating units and simulate load uncertainty considering the inter-
temporal dependencies of load forecast errors (e.g., by time series techniques) in the stochastic framework.  

 
List of Symbols: 
i, j: Indices of bus 
u: Index of unit in each bus 
s: Index of scenario 
NB: Number of system buses 
NUi: Number of units in ith bus 
NS: Number of scenarios of the scenario generation stage after scenario reduction 
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πs: Probability of the sth scenario 
πs

norm: Normalized probability of the sth scenario 

,
G
i uFOR : Forced Outage Rate of uth unit in ith bus 

,
B
i jFOR : Forced Outage Rate of branch between ith and jth buses 

, ,
G
i u sw : Status of the uth unit of ith bus in the sth scenario obtained from MCS in the scenario generation stage 

(forced outage state or available) 

, ,
B
i j sw : Status of branch between ith and jth buses in the sth scenario obtained from MCS in the scenario 

generation stage (forced outage state or available) 
zi,u: A binary variable indicating that the uth unit of ith bus accepted or not in the energy market  
PDi: Accepted capacity of load located at ith bus 
PGi,u: Energy output of uth unit in ith bus of the joint market  

,
up
i sDR  and ,

dn
i sDR : Capacity assigned to up and down load reserves for the load located at ith bus in the sth 

scenario, respectively 

, ,
up
i u sSR and , ,

dn
i u sSR : Capacity assigned to up and down spinning reserves for the uth unit of ith bus in the sth 

scenario, respectively 

, ,i u sNSR : Capacity assigned to non-spinning reserve for the uth unit of ith bus in the sth scenario 
d
i : Bid price of load located at ith bus 
dup
i and ddn

i : Bid price of load located at ith bus for up and down load reserves, respectively 

,
e
i uρ : Bid price of the uth unit of ith bus for energy 

,
SRup
i u and ,

SRdn
i u : Bid price of the uth unit of ith bus for up and down spinning reserves, respectively 

,
NSR
i u : Bid price of the uth unit of ith bus for non-spinning reserve 

PGmax,i,u and PGmin,i,u: Upper and lower limits of active power of uth unit in ith bus, respectively 

max ,
up

i uSR and max ,
dn

i uSR : Maximum up/down response rate limited spinning reserve of uth unit in ith bus, 

respectively 

max ,i uNSR : Maximum response rate limited non-spinning reserve of uth unit in ith bus 

yi: A binary variable indicating that load of ith bus accepted or not in the energy market 
PD max,i and PD min,i: Upper and lower limits of load in ith bus 

max
up

iDR and max
dn

iDR : maximum capacity of up/down load reserve in ith bus, respectively 

|Si,j,s|: Power flow of branch between ith and jth buses in the sth scenario  

,i jS : Power flow capacity of branch between ith and jth buses 
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