
Australian Journal of Basic and Applied Sciences, 5(12): 1544-1549, 2011 
ISSN 1991-8178 

Corresponding Author: S.S. Dehcheshmeh, Department of Mathematics, Islamic Azad University, Boroujen Branch P.O. 
Box: 88715/141, Boroujen, Iran.  
E-mail: s.s.dehcheshmeh@gmail.com 

1544 

Multiquadric Approximation Scheme for Solving Differential Equations of Lane-
Emden Type 

 
1S.S. Dehcheshmeh, 2S. Heidari,  3M. Avaji, 4J.S. Hafshejani 

  
1-4Department of Mathematics, Islamic Azad University, Boroujen Branch P.O. Box 88715/141, 

Boroujen, Iran. 
 

Abstract: In this article the main is to find the numerical solution of differential equations of Lane-
Emden type as singular initial value problem using Multiquadri (MQ) approximation scheme. The 
important characteristics of MQ approximation scheme and its application on Lane-Emden equations 
are considered. Some illustrative linear and nonlinear experiments are given to indicate the validity and 
great potential of the proposed method. 
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INTRODUCTION 

 
 In recent years, the studies of singular initial value problems in the second order ordinary differential 
equations (ODEs) have attracted the attention of many mathematicians and physicists. One of the equations 
describing this type is the Lane-Emden type equations formulated as:  
 

01,x0),x(g=)y,x(f)x(y
x

)x(y 
                (1) 

 
 with supplementary conditions  
 

,B=(0)y,A=(0)y                                                                                                                                    (2) 

 

 where A  and B  are constant, )y,x(f  is a continuous real valued function, and [0,1])x(g  . 

Several phenomenon in mathematical physics and astrophysics such as the theory of stellar structure, the 
thermal behavior of a spherical cloud of gas, isothermal gas sphere, and theory of thermionic currents (J.R. 
Okendon and A.B. Taylor, 1971; R.L. Hardy, 1971; R.L. Hardy, 1990) are modeled in the form of equation (1). 
Also, several methods for the solution of Lane-Emden equations are known. A discussion of the formulation of 
these models and the physical structure of the solutions can be found in [J.R. Okendon and A.B. Taylor, 1971; 
R.L. Hardy, 1971; R.L. Hardy, 1990; R. Franke, 1971; K.E. Brenan, et al., 1989; E. Hairer, et al., 1992). Out of 
these methods, we are also interested in solving equation (1) by MQ approximation scheme as a reliable method. 
The MQ approximation scheme is an useful method for the numerical solution of ordinary and partial 
differential equations (ODEs and PDEs). It is a grid-free spatial approximation scheme that converges 
exponentially for the spatial terms of ODEs and PDEs. 
 The MQ approximation scheme was first introduced by (R.L. Hardy, 1971) who successfully applied this 
method to approximate surfaces and bodies from field data. (R.L. Hardy, 1990) has written a detailed review 
article summarizing its explosive growth since it was first introduced. In 1972, (R. Franke, 1971) published a 
detailed comparison of 29 different scattered data schemes for analytic problems. Of all the techniques tested, he 
concluded that MQ performed the best in accuracy, visual appeal, and ease of implementation, even against 
various finite element schemes. 
 The organization of this paper is as follows. Section 2 is devoted to introduce the MQ approximation 
scheme and its preliminary concepts. In Section 3, we apply the MQ approximation scheme to equation (1). In 
Section 4, we present some experiments in-which their numerical results illustrate the accuracy and efficiency of 
the proposed method. Finally, Section 5 consists of some obtained conclusions. 
 
MQ approximation scheme: 
 The basic MQ approximation scheme assumes that any function can be expanded as a finite series of upper 
hyperboloids,  
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  where N  is the total number of data centers under consideration, and  
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j )xx(   is the square of Euclidean distance in 
dR  and 0>R 2

 is an input shape parameter. Note 

that, the basis function h  is continuously differentiable, and is a type of spline approximation. 

The expansion coefficients ja  are found by solving a set of full linear equations,  
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N

1=j
i                                                                                                   (4) 

 

 (M. Zerroukut, et al.,1998) found that a constant shape parameter )R( 2
 has achieved a better accuracy. 

Mai-Duy and Tran-Cong (N. Mai-Duy and T. Tran-Cong, 2001) have developed new methods based on radial 
basis function networks (RBFN) for the approximation of both functions and their first and higher derivatives. 
The so called direct RBFN (DRBFN) and indirect RBFN (IRBFN) methods where studied and it was found that 
the IRBFN methods yields consistently better results for both functions and derivatives. Recently, Aminataei 
and Mazarei (A. Aminataei and M.M. Mazarei, 2005) stated that, in the numerical solution of elliptic PDEs 
using direct and indirect RBFN methods, the IRBFN method is very accurate than other methods and the error is 
very small. They have shown that, especially, on one dimensional equations, IRBFN method is more accurate 
than DRBFN method. Micchelli (A. Aminataei and M.M. Mazarei, 2008) proved that MQ belongs to a class of 

conditionally positive definite RBFN. He showed that the equation (3)  is always solvable for distinct points. 

Madych and Nelson [14] proved that the MQ interpolation always produces a minimal semi-norm error, and that 
the MQ interpolant and derivative estimates converge exponentially as the density of data centers increases. In 
contrast, the MQ interpolant is continuously differentiable over the entire domain of data centers, and the spatial 
derivative approximations were found to be excellent, most especially in very steep gradient regions where 
traditional methods fail. This excellent ability to approximate spatial derivatives is due in large part by a slight 
modification of the original MQ scheme by permitting the shape parameter to vary with the basis function. 
Instead of using the expansion in equation (3) , we used from (E.J. Kansa, 1990; E.J. Kansa, 1990; A. 

Aminataei and M. Sharan, 2005) the following:  
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 And 
  

0.>R 2
min  

2
maxR  and 

2
minR  are two input parameters chosen so that the ratio  
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 Madych (W.R. Madych, 1992) proved that under circumstances very large values of a shape parameter are 
desirable. The adhoc formula in equation (5) is a way to have at least one very large value of a shape parameter 
without incurring the onset of severe ill-conditioning problems. 
 
Solution of Lane-Emden equations: 
 Consider the Lane-Emden equations given in equation (1). We define integral operator (S.A. Yousefi, 
2006),  
 

dtdx)(tx=)(L
x
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                                                                                                                              (6) 

 

 and apply L  to both sides of (1), we obtain:  

 

)).y,x(f(L))x(g(LBxA=)x(y                                                                                             (7) 

 
 Now suppose that  
 

)),x(g(LBxA=)x(G                                                                                                                       (8) 
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 therefore the following Volterra integral equation will be acquired,  
 

0
( ) = ( ) ( , ( )) ,

x
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 For the solution of equation (1) , it is sufficient to suppose that approximate solution is  
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 Choosing N,1,2,=i,x i  , as collocating points, we have  
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 Substituting (12) in (10), yields 
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 Now we use from the Gaussian integration formula for equation (13), thus it is sufficient to transform the 

intervals ]x[0, i  into interval 1,1][ . Let 
i
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, therfore 
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 Remark. It is noticeable that collocating points can be scattered. This is the main difference between this 
method of solution and the other methods. In next section, the numerical results demonstrate this issue, easily 
and the efficiency of MQ approximation scheme in this sense is observable. 
 
Illustrative numerical experiments: 
 In this section, we consider three test problems corresponding to the linear and nonlinear Lane-Emden 
equations. The computations associated with the experiments discussed above were performed in Mathematica 
6.  
 
Experiment 4.1: 
 Consider the following Lane-Emden equation (A.M. Wazwaz, 2002; S. Karimi Vanani and A. Aminataei, 
2010; M. Dehghan and F. Shakeri, 2008; A. Yildirim, T. Ozis, 2009).  
 

2 32
( ) ( ) ( ) = 6 12 , 0 < 1,

(0) = (0) = 0.

y x y x y x x x x x
x
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 The exact solution is 
32 xx=)x(y  . 

 Firstly, we apply the operator L  on this equation. The corresponding integral equation is obtained as  
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 We have solved this experiment using MQ approximation scheme for 

0.60=R150,=R4,=N minmax . Table 1 shows the results. 

 
Table 1: The MQ approximation scheme for 0.60=R150,=R4,=N minmax

 and the exact solution of experiment 4.1  

 x   MQ approximate solution   Exact soluton 
 0.0   0.000000000000   0.000000000000 
0.2   0.480000000000   0.480000000000 
0.4   0.224000000000   0.224000000000 
0.6   0.576000000000   0.576000000000 
0.8   1.152000000000   1.152000000000 
1.0   2.000000000000   2.000000000000 

  
  From the numerical results in Table 1, it is easy to conclude that obtained results by MQ approximation 
scheme are in good agreement with exact solution. 
 
Experiment 4.2: 
 Consider the following Lane-Emden equation [A.M. Wazwaz, 2002, S. Karimi Vanani and A. Aminataei, 
2010),  
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 The exact solution is 
2xe=)x(y . 

 The corresponding integral equation is  
 

 2
2( ) = 1 2(2 3) ( ) .y x L x y x   
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  We have solved this experiment using MQ approximation scheme for 

0.50=R250,=R5,=N minmax . The results are given in Table 2. 

 
Table 2: The MQ approximation scheme for 0.50=R250,=R5,=N minmax

 and the exact solution of experiment 4.2. 

x   MQ approximate solution   Exact soluton 
0.0  1.0000000   1.0000000 
0.2  1.0408107   1.0408107 
0.4  1.1735108   1.1735108 
0.6  1.4333294   1.4333294 
0.8  1.8964755   1.8964808 
1.0  2.7181081   2.7182818 

  
 The given results show the well agreement with the exact solution. Also, the method yield the desired 
accuracy only in a few terms. Hence, the efficiency of the method is illustrated. 
 
Experiment 4.3: 
Consider the following non-linear Lane-Emden equation, 
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 The exact solution is 
2x=)x(y . 

 The corresponding integral equation is  
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 We have solved this experiment using MQ approximation scheme for 

0.70=R500,=R4,=N minmax . The results are given in Table 2. This experiment shows that the 

proposed method yields the exact solution only in a few terms even for nonlinear forms. 
 
Table 3: The MQ approximation scheme for 0.70=R500,=R4,=N minmax

 and the exact solution of experiment 4.3.  

x  MQ approximate solution Exact soluton 
 0.0  0.0000000 0.0000000 
0.2  0.0400000 0.0400000 
0.4  0.1600000 0.1600000 
0.6  0.3600000 0.3600000 
0.8  0.6400000 0.6400000 
1.0  1.0000000 1.0000000 

  
 The high accuracy of the method can be observed again. Therefore, we prefer the proposed method for 
solving nonlinear Lane-Emden equations.  
 
Conclusion: 
 In this paper, the MQ approximation scheme was employed to solve linear and nonlinear Lane-Emden 
equations. Furthermore, this method yields the desired accuracy only in a few terms in a series form of the exact 
solution. The method is also quite straightforward to write computer code. These advantages encourage us to 
pay attention to the proposed method as an efficient and powerful tool for solving Lane-Emden equations 
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