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Abstract: In performance evaluation of decision making units (DMUs) that include individual parts 
where each part may have higher efficiency score in comparison with efficiency of DMU, we can 
evaluate the efficiency score of each part separately. By considering same parts for all DMUs and each 
part as a category, each DMU is able to be a member of these categories with some degrees. In this 
paper, we have provided a categorical DEA (CDEA) method to solve DEA problems where a DMU 
can be a member of more than one category with some degrees. The method allows parts of each DMU 
be examined as a separate DMU and obtain the opportunity of increasing their efficiency score using 
their own inputs and outputs. The results show that the method is effective and decreases the effect of 
inefficient parts of DMUs in performance evaluation. 
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INTRODUCTION 

 
Categorizing DMUs in performance estimation helps to have fair efficiency evaluation. To evaluate 

efficiency scores of DMUs that can be classified in various categories, we can use CDEA models and the result 
is fair while efficiency score of DMUs in lower levels of categories may increase.  

Banker and Morey (1986) was the first to develop a categorical method in DEA by providing a model for 
controllable categorical variable problem. The model was constructed on mixed-integer linear programming 
base, with considering the BCC model. Tone (1997) suggested a simple method which was not dependent on the 
DEA model and the efficiency scores could be obtain by any DEA models. The method rated the DMUs to 
different levels of categorical classes where each category contained a set of DMUs without any intersection 
between the categories (same DMU was not available in two separate categories). The levels of categories was 
such that an assortment of categories was considered as category 1, category 2 until the last category (assume 
that the last category is category L), representing the lowest service location (category 1) until the highest one 
(last category, L). Then an algorithm including three steps evaluated the efficiency scores of the DMUs such 
that by starting from the lowest category, performance evaluation could be performed only between the DMUs 
of the selected category with respect to the DMUs from lower level categories.  

Using the information of DMU, we classify all DMUs in different categories and determine the membership 
degree of each DMU in different categories, which is uncertain. Different parts of a DMU in each category have 
different efficiency scores and we don’t want to let the inefficient parts of DMUs make the efficient part (or 
even parts with higher scores) become known as inefficient. What we do is that by evaluating efficiency of each 
part of DMUs from various categories (with respect to its inputs and outputs) we can find the parts with higher 
scores by evaluating efficiency of different parts of a DMU where parts from other categories do not have a 
suitable effect on the DMU’s efficiency score and recognize the DMU by its part with higher efficiency score 
instead of all parts of the DMU. 

This paper is organized as follows: next section provides the proposed method for the fuzzy categorical 
problem. We illustrate the presented method by an example and related discussions in the third section. The last 
section concludes the paper.     

 
2. CDEA Method with Fuzzy Membership of DMUs in Categories: 

The method we have provided for categorical DEA problems is able to evaluate efficiency of DMUs that 
belong to more than one category. It means that if DMUs in categorical DEA problems could have some degrees 
of membership in various categories, we can consider this uncertainty of membership in categories using a fuzzy 
categorical DEA method to obtain a fair performance evaluation. 

First of all, we need to know how to specify degree of memberships of any DMU in different categories 
with various degrees where these degrees must be less than one and summation of them should become 1. This 
specification depends on the problem and the categories. In addition for each problem the specified degree of 
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membership for each DMU has its own specifics and fuzzy membership function. So we can’t provide a 
particular membership function for all problems generally.  

Consider a categorical problem that includes n DMUs that can be classified in k categories with a degree of 
membership in each category. It is not necessary that all DMUs be members of more than one category, some of 
them can be member of just one category (with membership degree of 1) and some can be member of various 
categories (even more than two) with some degrees(degrees of less than one with summation of 1). Our method 
to evaluate relative performance of DMUs is based on DMUs degree of membership in each category. We 
declare that each part of a DMU in a category can have its own inputs and outputs. So we can use the inputs and 
outputs correlated to the particular part of the DMU in the category. This method gives more information in 
performance analysis while a DMU includes separate parts with various membership degrees in existing 
categories. We now illustrate this with an example. Suppose that DMUo is one of the DMUs we are evaluating 
its efficiency score with respect to other DMUs and assume that DMUo has 2 inputs and one output as follow: 
 
Input1=15,      Input2=35,       Output=21 

 
Consider DMUo  is in 3 categories, CAT1, CAT2 and CAT3 with memberships values of 0.4, 0.3 and 0.3 

respectively. Inputs and output of this DMU have different values in these 3 categories. Table 5.1 provides the 
inputs and output values of DMUo in different categories.  

 
Table 5.1: Input and output values of DMUo in three categories. 

Data / Categories CAT1 CAT2 CAT3 SUM 
INPUT1 6 5 4 15 
INPUT2 14 11 10 35 

OUTPUT1 8 7 6 21 

 
3. Proposed Method and Steps: 

Assume that there are n DMUs, with s inputs and r outputs and assume that there are t categories. We 
denote the categories, with CAT1, CAT2,..., CATt  and DMUs with DMU1,..., DMUn . Matrix D with entries djk 
presents the membership degree of DMUj in category CATk where j=1,...,n and k=1,..,t . In addition:  
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 where 
k
ijx  is the value of i-th input of DMUj in CATk  and ijx  is the i-th input of DMUj and 

k
hjy  is the value of 

h-th output of DMUj in CATk  and hjy  is the h-th output of DMUj. These restrictions avoid determining 

unreasonable values for djk  as membership degree of DMUj in CATk and leads to have a fair performance 
evaluations. Utilizing all of these data, the following algorithm is practical: 

The following algorithm is considered to evaluate efficiency score of DMUo, which currently has the 
membership degree of dok , k=1,..., t in various categories.  We can choose any DEA model e.g. CCR, BCC, etc. 
to evaluate efficiency scores. Additionally decision making membership degree (DMD) is the minimum 
membership degree of DMUs in various categories that parts require to have it to be considered as separate 
DMUs for efficiency score evaluation. In other words, we can only evaluate efficiency score of those parts of 
DMUs which at least have membership degree of DMD in that category. Deciding about the value of DMD 
depends on the problem, number of categories and requirements of manager. Moreover the decision maker can 
examine various values of DMD for a better analysis.  We declare that DMD can be considered between zero 
and one.     

 
[Algorithm] (Fuzzy categorical DEA method) 
For dok , k=1,..., t and determined DMD=dmd, 10  dmd  repeat the following steps:  
 
Step 1: 

Determine efficiency score of all DMUs using one of traditional methods by applying inputs and outputs of 

each DMU, respectively
ijx and hjy  where j=1,...,n,  i=1,..,s and h=1,...,r. Then   
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(Let j=1) 
 

Step 2:  
DMUo= DMUj 
If DMUo was found efficient in “STEP1” j=j+1 and repeat STEP2 otherwise continue.  
If DMUo was inefficient, then  
(i) Find the categories of DMUo with dok   dmd and if there exist such categories denote them as C1 , C2 , 

… , Cp (maximum value of p is the integer part of 
dmd

1 ). 

 
(ii) If there would be such categories for DMUo with dok  > dmd then determine DMUo ‘s efficiency score 

with the same DEA model in STEP1 but with new inputs and outputs related to C1 , C2 , … , Cp respectively, 
p
ioioio ,...,x,xx 21  with i=1,..,s as their inputs and p

hohoho ,...,y,yy 21  with h=1,…,r as their outputs ( p
ioioio ,...,x,xx 21  are the 

values of i-th input of DMUo in  C1 , C2 , … , Cp respectively and p
hohoho ,...,y,yy 21  are the values of h-th output of 

DMUo in C1 , C2 , … , Cp ) and continue.   
                Otherwise if still nj  ,   j=j+1 repeat STEP2. 

(iii) Replace the efficiency score of DMUo with maximum efficiency score between the efficiency scores of 
C1 , C2 , … , Cp and DMUo’s efficiency score coming from step1. 

If still nj  ,   j=j+1 repeat STEP2. 

The proposed algorithm is more fair because if a DMU is operating weak in some parts but it is efficient in 
other parts we can allow it to prove its performance in efficient parts and determining for such DMU is more 
flexible (we can support the efficient parts (categories) of a DMU which is not efficient itself ).  

In addition we denote that determining the degree of membership for each DMU is not that easy and experts 
can decide about it and depend on different problems, various decisions would be taken.  

 
4. Numerical Example: 

An example can be helpful to understand this procedure. In this example, 12 mathematics departments of 
various Universities are examined, and there are three categories that any mathematics department could be a 
member of them with some degrees. The categories are Applied Mathematics (AM), Pure Mathematics (PM) 
and Statistics (ST). The degrees of memberships are decided with respect to the data. In this example, inputs and 
output factors that have effect on the efficiency score of mathematics departments was decided to be “number of 
academic staffs” (NAS) and “number of postgraduate students” (NPS) as the two inputs and also “number of 
published articles” (NPA) and “number of graduated students in Ms or Ph.D. degrees” (NGS), as the two 
outputs. In addition to simplify the representation of inputs and outputs, we use I-1 and I-2 to represent NAS 
and NPS and O-1 and O-2 to signify NPA and NGS. Table 5.2 represents the inputs and outputs data related to 
each DMU. This example has two inputs (I-1 and I-2) and two outputs (O-1 and O-2) and each DMU has its 
own individual inputs and outputs (data) related to each category (AM, PM, ST). Membership degrees of data in 
all categories are available in table 5.3. Inputs and outputs from j-th DMU in k-th category are 

respectively
k
ijx ,

k
hjy  and they are available in Appendix B (input and output data related to categories applied 

mathematics, pure mathematics and statistics are available in appendix B, table B-1, table B-2 and table B-3 
respectively). DMD is decided to be 40% in this example because there are three categories and maximum two 
categories of DMUs from three available categories can be selected for efficiency evaluation if their 
membership degree be higher or equal with 40%.  

 
Table 5.2: Inputs and outputs of the DMUs. 

DMUs I-1 I-2 O-1 O-2 
F1 17 26 45 28 
F2 16 24 47 36 
F3 14 19 33 21 
F4 19 25 25 19 
F5 19 27 24 26 
F6 17 26 36 29 
F7 13 23 41 35 
F8 15 29 47 31 
F9 14 31 24 27 
F10 18 28 29 28 
F11 19 22 31 24 
F12 21 28 35 22 
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The bolded numbers in table 5.3 shows the membership degrees with more than 40 % in various categories, 
which can be decided to use categories’ data instead of data from DMUs.  

Table 5.4 gives information that let us know which category could be used to develop efficiency 
evaluations. Furthermore, table 5.4 indicates that DMU F5 has two parts in two categories (PM and ST) with 
membership degree of more than 40% and both categories can be used to evaluate efficiency individually.         

 
Table 5.3: Membership degrees of each DMU in three categories.  

DMUs Applied Maths (AM) Pure Maths (PM) Statistics (ST)
F1 21% 33% 46% 
F2 20% 48% 32% 
F3 23% 28% 49% 
F4 12% 21% 67% 
F5 5% 42% 53% 
F6 32% 21% 47% 
F7 40% 24% 36% 
F8 30% 41% 29% 
F9 25% 32% 43% 
F10 17% 21% 62% 
F11 44% 31% 25% 
F12 55% 29% 16% 

 
Table 5.4: Selected categories for re-measuring efficiency score of DMUs. 

DMU F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 F11 F12 
Category ST PM ST ST PM&ST ST AM PM ST ST AM AM

 
Now, we first calculate the efficiency scores without considering the categories, and the result is available 

in table 5.5. First and the second columns in table 5.5 are DMUs and efficiency scores evaluated by CCR model. 
Columns three, four, five and six show the factor weights where V(1) and V(2) are related to input1, input2 and 
U(1) and U(2) are related to output1 and output2.   In addition none of the weights are zero and this means that 
all factors have their own effect on the efficiency score.  

As stated in table 5.5, F7 is known as the only efficient DMU. F1, F2, F3 and F8 are not efficient but their 
efficiency scores are high in comparison with other DMUs and probably using this method we can achieve 
higher efficiency scores, particularly F2 which its efficiency score is 0.997358.  

Appendix B (table B-4 and table B-5) provides tables related to inputs and outputs of the selected categories 
associated with each DMU. As mentioned before, F5 has two categories with membership degrees higher than 
40%. One of the categories with membership degree higher than 40% is Pure Mathematics (PM) and the other is 
Statistics (ST). To perform efficiency evaluation fairly, we need to utilize the CCR method individually once by 
considering category of pure mathematics (PM) as DMU F5 and another time by assuming statistics category 
(ST).  

 
Table 5.5: Efficiency scores using normal data of DMUs. 

DMU Score V(1) I1 V(2) I2 U(1) O1 U(2) O2
F1 0.838155 2.33E-02 2.33E-02 1.38E-02 7.75E-03
F2 0.997358 0.025 0.025 1.48E-02 8.33E-03
F3 0.805617 3.03E-02 3.03E-02 1.80E-02 1.01E-02
F4 0.481153 2.27E-02 2.27E-02 1.35E-02 7.58E-03
F5 0.514874 2.17E-02 2.17E-02 1.03E-02 1.03E-02 
F6 0.721687 2.33E-02 2.33E-02 1.38E-02 7.75E-03
F7 1 2.78E-02 2.78E-02 1.65E-02 9.26E-03
F8 0.86881 2.27E-02 2.27E-02 1.35E-02 7.58E-03
F9 0.555135 3.27E-02 1.75E-02 1.09E-02 1.09E-02 
F10 0.586957 2.17E-02 2.17E-02 1.03E-02 1.03E-02
F11 0.643863 0.02439 0.02439 1.45E-02 8.13E-03 
F12 0.573586 2.04E-02 2.04E-02 1.21E-02 6.80E-03

 
Table 5.6: PM efficiency scores and factor weights. 

No. DMU Score V(1) I1 V(2) I2 U(1) O1 U(2) O2
1 F1 0.845118 5.56E-02 5.56E-02 3.11E-02 1.85E-02
2 F2 1 5.56E-02 5.56E-02 3.11E-02 1.85E-02 
3 F3 0.820202 6.67E-02 6.67E-02 3.74E-02 2.22E-02
4 F4 0.463203 3.57E-02 3.57E-02 0.020022 1.19E-02
5 F5 PM 0.512821 6.73E-02 4.81E-02 2.56E-02 2.56E-02
6 F6 0.710145 6.83E-02 4.35E-02 2.59E-02 2.28E-02
7 F7 1 0.09322 0.059322 3.53E-02 3.11E-02
8 F8 0.861854 5.88E-02 5.88E-02 3.30E-02 1.96E-02
9 F9 0.529412 7.56E-02 0.042017 2.52E-02 2.52E-02
10 F10 0.56044 3.57E-02 3.57E-02 1.65E-02 1.65E-02 
11 F11 0.624777 5.88E-02 5.88E-02 3.30E-02 1.96E-02
12 F12 0.56352 3.85E-02 3.85E-02 2.16E-02 1.28E-02 
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Table 5.7: ST efficiency scores and factor weights. 

No. DMU Score V(1) I1 V(2) I2 U(1) O1 U(2) O2 
1 F1 0.845118 5.56E-02 5.56E-02 3.11E-02 1.85E-02 
2 F2 1 5.56E-02 5.56E-02 3.11E-02 1.85E-02 
3 F3 0.820202 6.67E-02 6.67E-02 3.74E-02 2.22E-02 
4 F4 0.463203 3.57E-02 3.57E-02 0.020022 1.19E-02 
5 F5 ST 0.480769 4.17E-02 4.17E-02 1.92E-02 1.92E-02 
6 F6 0.710145 6.83E-02 4.35E-02 2.59E-02 2.28E-02 
7 F7 1 0.09322 0.059322 3.53E-02 3.11E-02 
8 F8 0.861854 5.88E-02 5.88E-02 3.30E-02 1.96E-02 
9 F9 0.529412 7.56E-02 0.042017 2.52E-02 2.52E-02 
10 F10 0.56044 3.57E-02 3.57E-02 1.65E-02 1.65E-02 
11 F11 0.624777 5.88E-02 5.88E-02 3.30E-02 1.96E-02 
12 F12 0.56352 3.85E-02 3.85E-02 2.16E-02 1.28E-02 

 
The separate associated tables are obtainable in appendix B (table B-4 represents data related to F5 with 

pure math and table B-5 gives data related to F5 with statistics). This is because DMU F5 has degree of 
membership higher than 40% in two categories. 

 
Table 5.8: Comparison of efficiency scores in three different conditions. 

DMUs Normal data     Reduced data 1( F5 PM) Reduced data 2 (F5 ST) 
F1 0.838155 0.845118 0.845118 
F2 0.997358 1 1 
F3 0.805617 0.820202 0.820202 
F4 0.481153 0.463203 0.463203 
F5  0.514874 0.480769 0.512821 
F6 0.721687 0.710145 0.710145 
F7 1 1 1 
F8 0.86881 0.861854 0.861854 
F9 0.555135 0.529412 0.529412 
F10 0.586957 0.56044 0.56044 
F11 0.643863 0.624777 0.624777 
F12 0.573586 0.56352 0.56352 

 
Tables 5.6 and 5.7 represent results of efficiency evaluations where CCR model is utilized to resolve two 

separate cases: 1- F5 has the factors of PM (table 5.6) and 2- F5 has factors of ST (table 5.7). These tables, same 
as table 5.5, provide efficiency scores and factor weights.  None of the factor weights in both tables are zero, 
and one another DMU became efficient using this method. Other DMUs mostly didn’t increase in their 
efficiency scores and just  F1, F2 and F3 increased as a result of applying this method. According to table 5.8, 
which demonstrates efficiency scores of the three tables 5.5, 5.6 and 5.7 in three columns, F2 became efficient 
while its efficiency score was 0.997358. F1 and F3 efficiency scores increased respectively from 0.838155 and 
0.805617 to 0.845118 and 0.820202 but F8 didn’t have any increases as well as rest of the DMUs. 

This example shows that the method can provide a reasonable solution to relative performance evaluation 
using DEA where DMUs include various parts. The various parts (categories) of each DMU, could separately 
have different efficiency scores and it is not acceptable that inefficiency of an inefficient part of a DMU effect 
on all parts of DMU’s efficiency score. In efficiency evaluation our goal is to fairly find efficiency scores and 
help the decision maker to decide with more information more fair. Our method decreases effect of inefficient 
parts of DMUs on efficiency score of the entire system and let the efficient parts prove themselves.     

 
5. Conclusion: 

In this paper, we proposed a method which lets us evaluate relative efficiency scores of DMUs including 
various parts with the same type of inputs and outputs but different values. The flexibility of the method is so 
that if any DMU known as inefficient, we can reduce the environment of the DMU to a particular category 
which may have higher efficiency score to achieve fair decisions. The categories are decided depends on the 
DMUs but in all DMUs categories are the same. The method is effective and helps the decision maker to obtain 
more informative relative efficiency scores simply. 
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Appendix: 
 
Table B-1: Inputs and outputs of DMUs in category applied mathematics. 

DMUs I-1 I-2 O-1 O-2 
F1 3 5 9 5 
F2 3 4 9 7 
F3 3 4 7 4 
F4 2 3 3 2 
F5 0 1 1 1 
F6 5 8 11 9 
F7 5 9 16 14 
F8 4 8 14 9 
F9 3 7 6 6 
F10 3 4 4 4 
F11 8 9 13 10 
F12 11 15 19 12 

 
Table B-2: Inputs and outputs of DMUs in category pure mathematics. 

DMUs I-1 I-2 O-1 O-2 
F1 5 8 14 9 
F2 7 11 22 17 
F3 3 5 9 5 
F4 3 5 5 3 
F5 7 11 10 10 
F6 3 5 7 6 
F7 3 5 9 8 
F8 6 11 19 12 
F9 4 9 7 8 
F10 3 5 6 5 
F11 5 6 9 7 
F12 6 8 10 6 

 
Table B-3: Inputs and outputs of DMUs in category statistics. 

DMUs I-1 I-2 O-1 O-2 
F1 7 11 20 12 
F2 5 7 15 11 
F3 6 9 16 10 
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F4 12 16 16 12 
F5 10 14 12 13 
F6 7 12 16 13 
F7 4 8 14 12 
F8 4 8 13 8 
F9 6 13 10 11 
F10 11 17 17 17 
F11 4 5 7 6 
F12 3 4 5 3 

 
Table B-4: Data related to F5 with category pure mathematics. 

DMUs I-1 I-2 O-1 O-2 
F1 7 11 20 12 
F2 7 11 22 17 
F3 6 9 16 10 
F4 12 16 16 12 

F5 PM 7 11 10 10 
F6 7 12 16 13 
F7 5 9 16 14 
F8 6 11 19 12 
F9 6 13 10 11 
F10 11 17 17 17 
F11 8 9 13 10 
F12 11 15 19 12 

 
Table B-5: Data related to F5 with category statistics. 

DMUs I-1 I-2 O-1 O-2 
F1 7 11 20 12 
F2 7 11 22 17 
F3 6 9 16 10 
F4 12 16 16 12 

F5 ST 10 14 12 13 
F6 7 12 16 13 
F7 5 9 16 14 
F8 6 11 19 12 
F9 6 13 10 11 
F10 11 17 17 17 
F11 8 9 13 10 
F12 11 15 19 12 

 
 
 


