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Abstract: A theoretical approach for modeling the saturated single pass gain in a three level Ytterbium 
doped fiber amplifier is presented, relevant to the behavior of rare earth doped silica fibers. A basic 
approximation considering the stimulated emission rate as a dimensionless parameter S, independent 
of the spatial and frequency variables, allows obtaining analytic expressions for input and output 
pump, amplified spontaneous emission and signal powers inside the fiber core. Many factors effect on 
the saturation parameter allowing us after computation of a few analytic equations to predict the 
behavior of the gain Ytterbium doped fiber amplifier. Comparing the results of this model with two 
other models with the assumption of an averaged inversion population, we obtain a good description of 
the gain behavior for Ytterbium doped fiber amplifier.  
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INTRODUCTION 
 
 Lasers with high output powers are required for a number of applications, e.g. for material processing, large 
scale laser displays, remote sensing, medical applications, military applications and laser induced nuclear fusion. 
In fiber optics to deliver the output power for long distance such in free space communications, a laser system 
consisting of a seed laser and a laser amplifier for boosting the output power. Master oscillator power amplifier 
(MOPA) is a device which directly produces the required output power (Dr. Rüdiger Paschotta, 2008). High 
power fiber lasers and fiber amplifiers are nearly always realized with rare earth doped double clad fibers, which 
are pumped with fiber coupled high power diode bars or other kinds of laser diodes. The pump light is launched 
into an inner cladding rather than into the fiber core. MOPA is usually uses a cladding pumped high power 
amplifier, often based on an ytterbium doped fiber. 
 The description of high power amplifiers such as side pumped fibered amplifiers consists of both pump and 
signal saturation. Several analytical or semi-analytical have been developed, and the commonly used model 
considers an averaged inversion population of the metastable level. H. Coïc and et.al (2002), (2003) had 
developed a new analytical model depended on the saturated single pass gain in a three level fiber amplifier, 
relevant to the behavior of rare earth doped silica fibers. A basic approximation considering an averaged value 
of the depleted pump over the length of the fiber allows us to obtain analytic expressions for input and output 
pump power, amplified spontaneous emission (ASE) and signal power in the fiber. We show that, these 
expressions can be described with the help of a unique parameter S shown to be fully representative of the 
saturation in the medium. This model is very useful for many applications because it gives a good value for the 
effective gain under saturation. 
 In this paper, a theoretical approach for modeling the saturated single pass gain in a three level Ytterbium 
doped fiber amplifier is presented, relevant to the behavior of rare earth doped silica fibers. A basic 
approximation considering the stimulated emission rate as a dimensionless parameter S, independent of the 
spatial and frequency variables, allows obtaining analytic expressions for input and output pump, amplified 
spontaneous emission and signal powers inside the fiber core.We show the S parameter is determined by solving 
the photon balance equation. The model takes a simple analytical form, which can be separated into two parts, 
below and above the saturated absorption length, which is a function of S. Compare to other models with the 
assumption of an averaged inversion population, we obtain a good description of the gain behavior of Ytterbium 
doped fiber amplifier.  
 
2. Model: 
a- (Basic Equations): 
 The behavior of rare earth doped fiber devices can be described in terms of rate equations for the population 
inversion densityN2 (z), the pump field P(z), the signal field  Ps (z) and the ASE Pf (z), where z is the location 
along the fiber. In the set of differential equations detailed below, we make approximations in the modal 
overlapping between pump and signal with the fiber core consisting of bringing overlap factors which are 
independent of power and geometrical parameters. If we assume that the relaxation time τf is fast compared with 
the metastable level and that the dopant concentration and field distribution are uniform across the fiber core, 
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and moreover if we have monochromatic pumping, the complete rate equations for the pump field, the signal 
field and ASE can be written as (Jarabo, S. and M.A. Rebolledo, 1995). 
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 Here, the overlapping factors ηp and ηs are respectively the proportion of the pump and signal propagated 
within the fiber core, P(z)is the power of the pump, Ps

+(z,υ), Ps
-(z,υ) , Pf

+(z, υ) and Pf
⎯(z,υ)are respectively the 

power spectral densities of the injected co-propagating and counter-propagating signals and ASE. Ntot is the 
dopant concentration, N2 (z) is the metastable level density population. σabs, σesa ,σe(υ) are the pump absorption, 
pump ESA and stimulated emission cross section. δ=σe(υp)/σabs is the ratio between the stimulated emission and 
absorption cross section at the pump wavelength, and α=σa(υ)/σe(υ) is the ratio between the cross section of the 
signal absorption and stimulated emission. α (υ)=1for an ideal three level system, and 0 for a pure four level 
scheme. 
 In the ASE power expression, the factor hυδυ is the noise power corresponding to one photon per mode in 
bandwidth δυ; if the two polarizations can be propagated in the fiber, the noise power becomes 2hυδυ.The pump 
and stimulated emission rates are given by (Coïc, H., 2002). 
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where a is the core area of the fiber. The last parameter used to describe the medium is the density of the 
metastable level N2 (z), which is given, for equilibrium, by (Coïc, H., 2002). 
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 We introduce a new variable S with no dimension, and no dependence on z or υ. we can replace in the 

expression of N2 (z) the quantities ( , )s fW z d
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  by S and αmS respectively, where αm is 

the mean value of α(υ)over the signal emission, and S is the new parameter describing the saturation of the 
medium.  
 We can introduce some normalized parameters in order to solve the differential equations. We now define 
the following parameters in order to give simplified forms of the expressions (Coïc, H., 2002): 
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 With the help of these parameters, we can write a reduced form of the initial set of equations (1)-(5) 
governing the evolution of pump, signal and ASE. To achieve the normalization of the set of equations, we shall 
use the expression of the pump Pp (z) defined as 
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 Pp(z) is a dimensionless parameter and we can express the set of differential equations as functions of Pp(z), 
β, η, ε and γ0(υ). Because the parameter S does not depend on z, the set of differential equations (1)-(5) 
describing the amplification can be integrated analytically without any restrictions on the values of pump, signal 
and ASE powers; we only suppose that there is no excited absorption ( 0)b ¢ = . 

 
b. Analytical Solutions to the Rate Equations: 
b.1. Analytic Expressions for Signal and ASE Power: 
 The integration of the differential equations (2)-(5) for the signal and ASE has been already performed by 
Jarabo and Rebolledo (1995). Using the reduced parameters, the signal and ASE powers can be expressed as a 
function of the gain G (z,υ). 
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These expressions are functions of the two unevaluated components S and Pp (z).  
 
b.2. Analytic Expression for Pump Power: 
 The equation governing the pump absorption with ESA (1) can be expressed with the normalized 
parameters by (Coïc, H., 2002) 
 

                 (14) 

 
 The integration of this equation is straightforward and provides a transcendental equation which allows us 
to calculate the pump distribution along the fiber, but this expression is not easy to manipulate. The results of 
these calculations give us the analytical form of pump power equation 
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c. Simplified Procedure of Resolution the Gain: 
 A faster method to find the parameter S is also possible by using a model where the inversion of population 
N2 (z) is considered uniform along the fiber (Georges, T. and E. Delevaque, 1992; Nielsen, A.O., 1991). In this 
case, the pump power P (z) from (1) becomes purely exponential. Introducing the value of P (z) in expression 
(13), we find 
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 The expressions (9)-(12) can be easily described with exponential functions, but, as we have mentioned 
before, the co-propagating and counter-propagating ASE power expressions are identical in this model. In any 
case, the photon balance equation to solve takes a simple form and gives a numerical value of N2 (z) which is in 
fairly good agreement with the numerical calculus. 
 To obtain the parameter S which allows us to make discrimination between co- and counter-propagating 
ASE, we just have to solve the equation 
 

            (19) 

 
 The calculation of the averaged value of the population inversion <N2 (z)> becomes necessary in the case 
where the averaged three level coefficient αm is not known a priori. 
 

RESULTS AND DISCUSSION 
 
 Introducing the analytic expressions of the pump, signal, ASE as described in mathematical model, the 
computation of the photon balance equation gives the value of S. Replacing the value of S inside the expressions 
of pump, signal, ASE co-propagating, ASE counter-propagating and gain, we obtain the spectral distribution of 
the gain. The numerical solution of the coupled differential equations is achieved using the Runge-Kutta 
method, this part is performed using Matlab (version7) program for gain calculations. A faster method to 
calculate the spectral distribution of the gain, by determining the average value of population inversion along the 
fiber (19), which can be described as semi-analytical solution model or <N2> model. Finally, we make a 
comparison between three different models, which are numerical model, S model and <N2> model using the 
parameters as listed in table 1. 
 
Table 1: Yb3+: SiO2 parameters used to our simulation (Mahran, O., 2010; Coïc, H., 2002). 

Physical quantity Symbol  Value 
Pump wavelength λp 974 nm 
Signal wavelength λs 1053 nm 
Length of fiber L 20 m 
Overlap factor of the pump ηp 0.65 
Overlap factor of the signal ηs 0.65 
Fluorescence time τf 0.77 ms 
Ratio between σa/σe α 0.022 
Ratio between σe/σabs δ 1 
Noise power P0 1.8 µW 
Saturation power Psat 1.5 mW 

 
 By using the photon balance equation the values of S, and the optimal length are respectively S=1.183 and 
L0=11.9 m. This is done taking into consideration the comparison between S, numerical and <N2> models. 
 Fig. 5.5 describes the evolution of the gain in dB as a function of the saturation parameter S.  
 We observe that for a low pump power, the gain decreases exponentially with S. this is due to the saturation 
of the stored energy. For a high pump power, the behavior of the gain is not exponential because, for a low 
value of S, the medium is totally inverted and the gain is equal to ηs σe(υf) Ntot. In reality, for a high pumping 
power, S is always greater than zero. This is due to the existence of ASE. 
 
3.1. Signal Input Power Effects: 
 For each input signal power, we calculating the photon balance equation as described in the mathematical 
model of the value of S, which is important for analytical solution. The value of S inserted into the expressions 
of signal output power, ASE+ power, ASE- power and signal gain to evaluate their values for each input signal 
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power value. After calculating S value, we take into account the effect of signal input power on the saturation 
parameter S as shown in Fig. 2. 
 

 
 
Fig. 1: Gain in dB versus saturation parameter S for different values of dimensionless input pump power 

parameter Pp (0).  

 
 
Fig. 2: Effect of signal input power on saturation parameter S. 
 
 From this figure we can see as the input signal power increases for the same input pump power, the values 
of saturation parameter S is increasing. This increasing in S parameter values is due to the dependence of S 
parameter on the rate of pumping and the rate of stimulated emission. So, as input signal power increases the 
rate of stimulated emission increases and also the value of S parameter increases. 
 
Table 2: S values over signal input power. 

Signal input power  S value 
1 μW 1.1832 
2 μW 1.3336 
3 μW 1.4461 
4 μW 1.5384 
5 μW 1.6173 
6 μW 1.6876 
7 μW 1.7514 
8 μW 1.8086 
9 μW 1.8631 
10 μW 1.9144 

 



Aust. J. Basic & Appl. Sci., 5(12): 2010-2020, 2011 

2015 

 
 
Fig. 3: Effect of signal input power on optimal length. 
 
 Fig. 3 represents the relation between the optimal length and signal input power. As the input signal power 
increases the optimal length decreases. The decrease of the optimal length is due to the depletion of the pump 
when the saturation parameter increases. So, we take the same input pump power for all signal input power. The 
increase of the input signal power causes an increase in saturation parameter and this reduces the optimal length 
to compensate the depletion of the pump for increasing the S parameter values. 
 It is obvious that as the input signal power increases the output signal power also increases. This doesn’t 
mean that the gain (dB) must be increase. So, the next figure is devoted the behavior of gain in dB with 
changing the input signal power. 
 

 
 
Fig. 4: Effect of signal input power on signal gain for numerical, analytical and average models. 
 
 For the gain behavior versus input signal power, the three models show good agreement for the calculated 
values of the signal gain. Table 3 represents some important values of the gain for different models. 
 
Table 3: Comparison between the gain of different models over signal input power. 

Signal input power  Numerical model S model <N2> model 
1 μW 27.4974 dB 27.4897 dB 27.3159 dB 
5 μW 22.7073 dB 22.71295 dB 22.667 dB 
10 μW 20.2763 dB 20.27139 dB 20.3019 dB 

 
3.2. Input Pump Power Effects: 
 After computation of photon balance equation to calculate S parameter for different input pump powers 
from 50 mW to 1000 mW and also for different input signal power, we obtain Fig. 5.  



Aust. J. Basic & Appl. Sci., 5(12): 2010-2020, 2011 

2016 

 
Fig. 5: Effect of pump power input power on saturation parameter S. 
 
 S parameter versus input pump power shows an increase in the parameter S value with increasing input 
power. It is seen also, that the increase of signal power leads to the increase of S values. So, the most important 
parameter which affects the saturation parameter S is the values of powers for both pump and signal. Table 4 
gives some important values of S parameter. 
 
Table 4: Some S values for different signal power at different input pump power. 

Input pump power  S value  
(signal 1μW) 

S value 
(signal 5μW) 

S value 
(signal 10μW) 

200 mW 1.1832 1.6173 1.9144 
400 mW 2.6841 3.4047 3.8678 
600 mW 4.1715 5.1302 5.7392 
800 mW 5.615 6.7957 7.5391 
1000 mW 7.0264 8.4169 9.2865 

 
 Fig. 6 shows the effect of pumping power on the optimal length. For each input signal power, the input 
pump powers increase and also the optimal length. When input pump power exceeds a certain value, in our case 
350 mW, the change in optimal lengths are very close. This is because, at this input pump power, the gain 
reaches the saturation. For other signal input power (i.e, 5 μW and 10 μW), we notice that optimal length values 
are decreasing. This behavior is due to the increase of the S parameter values and to compensate depletion of the 
pump. 

 
 
Fig. 6: Effect of pump power input power on optimal length for different signal input power. 
 
 To complete resolution on the effect of changing input pump power, we must take into the account the 
effect of pumping power on signal gain. In Fig. 7, the graph represents the relations between inputs pump power 
and signal gain. The figure shows as the input pump power increases the gain increasing over a range of input 
powers. Then the gain reaches the saturation at input pump power approximately equal to 350 mW. At this input 
power gain is 31.8 dB. Maximum gain with our simulation at 1000 mW is about 37.47 dB. 



Aust. J. Basic & Appl. Sci., 5(12): 2010-2020, 2011 

2017 

 
 
Fig. 7: Effect of input pump power on signal gain for numerical, analytical and average models. 
 
 The S model shows identical gain behavior with the numerical one. Also, <N2> model has a good 
agreement with other models. The table 5 represents some results of the gain comparing with different models. 
 
Table 5: Comparison between the gain of different models over input pump power. 

Input pump power  Numerical model S model <N2> model 
50 mW 11.271 dB 11.214 dB 10.7918 dB 
200 mW 27.4974 dB 27.4897 dB 27.3159 dB 
500 mW 33.8972 dB 33.9056 dB 33.8057 dB 

1000 mW 37.4729 dB 37.4737 dB 37.3464 dB 

 
 This behavior of the gain over input pump power of Yb3+, likes the behavior of the gain of Er3+. A similarity 
of gain behavior of Yb3+ and Er3+ is due to that they have approximately the same system energy levels (three 
level system). 
  
3.3. Core Radius Effects: 
 After computation the photon balance equation and taking into account the effect of changing core radius, 
we obtained the following values in the table 6. 
 
Table 6: Some S parameter for different core radius. 

Core radius  S value 
1 μm 0.9848 
2 μm 1.1535 
3 μm 1.6865 
4 μm 3.2355 
5 μm 5.763 

 

 
Fig. 8: Effect of core radius on saturation parameter S. 
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 We see from Fig. 8 that the S parameter values at small core are small, not more than 1.7, but for large core 
radius S value becomes high values. So, if S value is high, it will reduce the optimal length and causes a 
decrease in the signal gain as shown in Fig. 9 and Fig. 10.   

 

 
 
Fig. 9: Effect of core radius on optimal length. 
 

 
 
Fig. 10: Effect of core radius on signal gain for numerical, analytical and average models. 
 
Table 7: Comparison between the gain of different models over core radius. 

Core radius Numerical model S model <N2> model 
1 μm 30.363 dB 30.37196 dB 30.137 dB 
2 μm 27.883 dB 27.88475 dB 27.701 dB 
3 μm 22.096 dB 22.09563 dB 22.068 dB 
4 μm 13.579 dB 13.58373 dB 13.802 dB 
5 μm 8.0955 dB 8.09333 dB 8.6337 dB 

 
3.4. Dopant Concentration Effects: 
 Dopant concentration does not effect on the S parameter. All computation results occur for the same value 
of S. Fig. 11 shows that as the dopant concentration increases the optimal length decreases. The figure 
represents also that increasing input power, optimal length will increase but with increasing dopant 
concentration the optimal length decreases to small values with small differences from one power to another. 
This decreases of optimal length to compensate depletion of the pump which gone to increases ions in upper 
level per unit volume. 
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Fig. 11: Effect of dopant concentration on optimal length for different input pump power. 
 
 In Fig. 12 we represent the effect of dopant concentration on the signal gain. From figure we notice that as 
the dopant concentration increasing the gain (dB) is also increasing until a certain concentration almost around 
350 ppm and the gain remain constant over a wide range of concentration.  

 

 
 
Fig. 12: Effect of dopant concentration on signal gain for numerical, analytical and average models. 
 
 The analytical, numerical and average models show good agreement for the calculating gain. The following 
table 8 shows some gain values for these models. 

 
Table 8: Comparison between the gain of different models over dopant concentration. 

Dopant concentration  Numerical model S model <N2> model 
100 ppm 7.761   dB 7.78044 dB 7.7209 dB 
500 ppm 27.5473 dB 27.5448 dB 27.4741 dB 

1000 ppm 27.2949  dB 27.2966  dB 26.6801 dB 

 
4. Conclusion: 
 In this paper, many factors effect on S parameter discussed for Ytterbium doped fiber amplifier. The S 
parameter varies from zero to 10. We obtained the best gain with small values of S (0→2), which show that the 
medium is totally inverted and the saturation occurs at this small values of S parameter. The most important 
factor effect on S parameter is the values of input power for both pump and signal. For signal power and core 
radius effects, the S values increase but that reduces the gain. For pump power effect, the S values increase and 
that increases the gain.  S parameter does not depend on dopant concentration factor. 
 The results of the computations presented in this paper show a good agreement among the three models in 
the case of predicting the behavior of the gain and its values. The most important advantage of S model is the 
short computation time. The gain value appropriates for amplification of signals with very low input signals 
power. These signals around 1 μW, which produced in master oscillator power amplifier as a seed laser 
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amplified by ytterbium as doped fiber amplifier. In our case of Yb3+:SiO2 doped fiber amplifier, we obtained the 
best gain around 27 dB with input pump power 200 mW and core radius 2 μm for dopant concentration around 
500 ppm. 
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