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Abstract: The main purpose of this article is to examine the effectiveness of the Half-sweep Modified 
Successive OverRelaxation (HSMSOR) in solving the sparse linear systems generated form 
discretization of the two-dimensional Helmholtz equations. In addition, the application and 
formulation of the HSGS iterative method also presented. Some illustrative examples are given to 
point out the efficiency of the proposed method. 
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INTRODUCTION 
 

Differential equations constantly arise in various branches of science and engineering. Many of these 
problems are in the form partial differential equations (PDEs). A few examples where these problems can be 
found are, in time harmonic acoustic, electromagnetic fields, optical wave guide, acoustic wave scattering, water 
wave propagation and radar scattering problems (see Kassim et al. 2006). Yet, it is still very difficult to gain any 
solution in solving these problems, either analytically or numerically. As a matter of fact, mesh based methods 
such as finite element, finite volume and finite differences have been used widely to obtain numerical solution 
which can be used to discretize and construct approximation equations for solving the proposed problems. 

Consequently, the concept of the half-sweep iteration is definitely one of the efficient methods in solving 
any system of linear algebraic equations. The half-sweep iteration first introduced by Abdullah (1991) via the 
Explicit Decoupled Group (EDG) iterative method to solve two-dimensional Poisson equations. Actually, the 
basic idea of the half-sweep iteration is to reduce the computational complexities during iteration process, since 
the implementation of the method will only consider nearly half of all interior node points in a solution domain 
respectively. Following to that, further studies to verify the effectiveness of the half-sweep iteration can be 
found in (Yousif and Evans, 1995; Ibrahim and Abdullah, 1995; Othman and Abdullah, 1998, 1999; Sulaiman et 
al. 2004, 2007; Akhir et al. 2010, 2011, 2012; Muthuvalu and Sulaiman, 2011; Aruchuan and Sulaiman, 2011). 

In this article, we examined the applications of the half-sweep iteration concepts with MSOR iterative 
method by using the approximation equation based on finite difference scheme for solving problem (1). The 
standard MSOR method is also called as the Full-Sweep MSOR (FSMSOR) method. Meanwhile, combinations 
of the MSOR method with half-sweep iterations are called Half-Sweep MSOR (HSMSOR) method. To show 
the ability of the HSMSOR method, let us consider the two-dimensional Helmholtz equations stated as 
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To obtain the formulation of full- and half-sweep finite difference approximation equations for Eq. (1), the 

following discussion will restrict onto uniform node points only as shown in Figure 1. Based on the figure, it is 
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shown that the solution domain, D need to be discredited uniformly in both x and y directions with a mesh size, 
h which is defined as 
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                                   (2)  
 
The outline of this paper is organized in the following way. In section two, the derivations of the full and 

half-sweep finite difference approximate equations will be elaborated. The latter section of this paper will 
discuss the formulation and implementation of the MSOR iterative method and some numerical results will be 
shown in fourth section to assert the performance of the proposed iterative method. Besides that, analysis of 
computational complexity is mentioned in Section 5 and the concluding remarks are given in final section.

  
MATERIAL AND METHODS 

 
Derivation Of The Half-Sweep Finite Difference Approximation Equations: 

In formulating various iterative schemes such as full- and half-sweep iteration, we need to build the finite 
grid network as a guide for development and implementation of the proposed method. Therefore, Figure 1 acts 
as a guide for the development of the proposed method. Even though there are two iterative schemes that can be 
considered, such as FSMSOR and HSMSOR methods, implementations of these iterative will involve ● type of 
nod points, as shown in Figure 1. Based on Figure 1, it seems that the implementation of the half-sweep iterative 
method just involves by nearly one-half of whole inner points as shown in Figure 1(b) compared with 
full-sweep iterative method.  

 

     
         (a)                                    (b)  
 

Fig. 1: Finite grid networks for the (a) full-sweep and (b) half-sweep in case m=8. 
 
Then other approximate solutions at the remaining points (points of different type, ○) are obtained by using 

direct methods; see (Yousif and Evans, 1995; Ibrahim and Abdullah, 1995; Othman and Abdullah, 1998, 1999; 
Sulaiman et al., 2004, 2007; Akhir et al., 2010, 2011, 2012; Muthuvalu and Sulaiman, 2011; Aruchuan and 
Sulaiman, 2011). In this article, we derive the formulation of two iterative methods via the finite difference 
scheme. Thus, by using central difference the full-sweep finite difference approximations equations can be 
expressed as 

 

 2 2
1, 1, , 1 , 1 , ,4 ,i j i j i i j i j i jU U U U h U h f                      (3)  

 
Apart of Eq. (3), the rotated finite difference approximation Eq. (1) can be formed by following 

transformation 
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Using the above transformation, the distance i and j which corresponds to x h   and y h   

respectively become 2h . Therefore, the scheme of central difference using the rotated finite difference 
approximation can be expresed 

 

 2 2
1, 1 1, 1 1, 1 1, 1 , ,4 2 2 ,i j i j i j i j i j i jU U U U h U ph f                         

(4)

  

 
Eq. (3) and Eq. (4) have truncation errors of order 0(h2). Now, it can be clearly seen that the application to 

each internal mesh points has resulted a large and sparse system of linear algebraic, which can generally be 
stated as  
 

,Au b                                              (5) 

where A and b are a square nonsingular matrix and u column matrix, respectively. While u is a column 
matrix shows the solution. The solution of linear system of linear algebraic equations Eq. (5) can be obtained by 
direct or iterative methods. Since the equation is large and sparse, the iterative method is suitable to solve this 
type of problem; see (Abdullah, 1991).  

 
Formulation And Implementation Of The MSOR Iterative Method: 

Consider the linear equation system Au f  
which arise when a point iterative method is implemented on 

the Helmholtz equation 
 

A D L U                    (6)              
                                                   

where A = D − L −U in which D, L and U are the diagonal, negative lower triangulation and negative upper 
triangulation matrices, respectively. The MSOR method is proposed by DeVogelaere () can be generally 
expresed 
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This method involves two acceleration parameters r (red equations) and b (black equations), where all 

the common existing iterative methods (Gauss-Seidel (GS) and SOR) become special cases of this method when 
the parameters take certain value. For the example, when 1r b   , we obtained GS method. If 

r b  the 

original SOR method with red black ordering is obtained.  
According to Kincaid and Young (1971), the performance of the MSOR method can be improved 

drastically with a proper choice of the relaxation parameter. Relaxation parameter can be calculated practically 
by consecutively choosing a value with some precision until the optimal value obtained. For examples, this fact 
was discussed by Young (1971,1972) and Akhir et al., (2010, 2011) who had conducted the application of the 
MSOR method for solving system linear of equations. Several numerical experiments have been carried out and 
their results are presented to demonstrate the effectiveness of the proposed method.  

Based on Eq. (5), the general algorithm for FSMSOR and HSMSOR iterative methods to solve 
two-dimensional Helmholtz equation would be generally described in Algorithm 1. The FSMSOR and 
HSMSOR algorithms are explicitly performed by using Eq. (7) alternatively until the specified convergence 
criterion is satisfied. 

Algorithm 1: FSMSOR and HSMSOR algorithms 

In this method, the 
 
is divided into two types of points (i.e. ● and ○) as shown in Figure 1 (b). The 

solutions on any points (either ● or ○) can only be implemented by only involving the same type of point. The 
FSMSOR and HSMSOR algorithms may be describes as follows  

1.  Divide the solution domain into two types as in Figure 1(b). Compute the values of h 2h2. 
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2.  Iterate the intermediate solution u of point type ● using Eq. (3) 
 

 2 2
1, 1 1, 1 1, 1 1, 1 , ,4 2 2i j i j i j i j i j i jU U U U h U h f            

 
 
3. Check the convergence. If converge evaluate the rest of points (i.e., ○) using, 
 

 2 2
1, 1, , 1 , 1 , ,3.1 4i j i j i i j i j i jU U U U h U h f          

 
    respectively. Otherwise repeat the iterations cycle (i.e., go to step 2) 
    4. Stop       
 

Numerical Results: 
In this section we exemplify two numerical examples to ilustrate the effectiveness of the present HSGS 

compare FSGS methods.The following experiments are carried out on Intel(R) Core (TM) i7 CPU 
860@2.80Ghz with memory is 4.00GB. In comparison, the FSGS method acts as the control of comparison of 
numerical result. Three criterion will be considered for methods  such as the number of iterations, execution 
time and its maximum and absolute error in comparison. Throughout the simulations, the convergence test is  
considered the tolerance error ε = 10-10 and carried out on several different mesh size such 32, 64, 128 and 256. 
As mentioned above, finite difference scheme are used to discretize and to form linear of system equation for 
the following example. 

Example 1 (Evans (1985)). 
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         (8)  

Exact solution  
 

  2 2, 2U x y x y   
 
Results of numerical experiments , which were obtained form implementation of the iterative methods for 

Example 1, have been recorded in Table 2. 
Example 2 (Evans et. al (2003)) 
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          (9)

  

Exact solution 

 

 

  4, sin yxU x y 
 

 
For Example 2, numerical results of FSMSOR and HSMSOR methods have been recorded in Table 3. 

 

 
Computational Complexity Analysis: 

The computational effort measured by number of computer operations needed to obtained a (sufficient 
accurate) solution by the three methods discussed for solving problem (1) can be estimated. Assume the solution 
domain is large with 2m number of internal mesh points with 1m n  . In their iterative process, the FSMSOR 
and HSMSOR method requires  2

1m  and  2

1 2m   internal mesh points respectively.  

 Note that our estimate on this computational complexity is based on the arithmetic operations performed 
per iteration and execution time for the additions/subtraction (ADD/SUB) and multiplications/divisions 
(MUL/DIV) operations. Hence the number of operations of operations required (excluding red and black 
equations, convergence test and direct solution) for FSMSOR and HSMSOR methods as described in Section 3 
are respectively given as follows in Table 1 
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Table 1: Total number of arithmetic operations per iteration for FSMSOR and HSMSOR and methods. 

Methods 
Arithmetic Operation 

(ABB/SUB) (MUL/DIV) 

FSMSOR   210 mk    28 mk  

HSMSOR   225 mk     214 mk   

Note: k is the number of iterations and m2 represents (m – 1) 
 
Table 2: Comparison of a Number of Iterations, Execution Time (Seconds) and Maximum Absolute Error for the Iterative Methods 

(Example1) at .10  
Mesh size Methods Numbers Of Iterations Execution Times (Seconds) Maximum Absolute Error

FSGS 1326 0.26 6.8176e-10 
FSMSOR 340 0.16 1.4690e-11 

32 
( r =1.61 & b =1.62) 

HSMSOR 169 0.08 5.0787e-10 

( r =1.86 & b =1.87) 

FSGS 4910 1.38 2.7407e-10 
FSMSOR 534 0.22 2.5031e-11 

64 
( r =1.81 & b =1.82) 

HSMSOR 257 0.12 5.6165e-10 

( r =1.90 & b =1.91) 

FSGS 18085 15.43 1.1004e-10 
FSMSOR 1155 0.98 5.8664e-11 

128 
( r =1.89 & b =1.90) 

HSMSOR 551 0.51 2.6136e-10 

( r =1.89 & b =1.88) 

FSGS 66177 210.11 4.4067e-10 
FSMSOR 4510 14.07 1.5182e-11 

256 
( r =1.88 & b v=1.89) 

HSMSOR 2112 7.53 7.1276e-10 

( r =1.93 & w'=1.94) 

 
Table 3: Comparison of a Number of Iterations, Execution Time (Seconds) and Maximum Absolute Error for the Iterative Methods 

(Example 2). 
Mesh size Methods Numbers Of Iterations Execution Times (Seconds) Maximum Absolute Error

FSGS 1694 0.34 9.7880e-3 
FSMSOR 305 0.15 1.4115e-3 

32 
( r =1.92 & b =1.93) 

HSMSOR 149 0.06 1.4095e-2 

( r =1.85 & b =1.86) 

FSGS 6175 1.56 9.7789e-3 
FSMSOR 533 0.23 1.4114e-3 

64 
( r =1.85 & b =1.86) 

HSMSOR 263 0.14 1.4108e-2 

( r =1.91 & b =1.92) 

FSGS 22340 16.8 9.7906e-3 
FSMSOR 1055 0.89 1.4116e-3 

128 
( r =1.92 & b =1.91) 

HSMSOR 510 0.45 1.4115e-2 

( r =1.92 & b =1.91) 

FSGS 80028 225.82 9.7923e-3 
FSMSOR 2537 7.84 1.4116e-3 

256 
( r =1.95 & b '=1.96) 

HSMSOR 1287 3.96 1.4119e-2 

( r =1.95 & b =1.96) 
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RESULTS AND DISCUSSION 
 
In the previous section, we present formulation of full- and half-sweep approximation equations based on 

second order finite difference method can easily generate a system of linear algebraic equations as shown in 
equation 5. From Tables 2 and 3, clearly show that by applying MSOR methods can reduce number of iterations 
compared to FSGS method. Table 4 shows decrement percentages number of iterations for FSMSOR and 
HSMSOR methods. Through the surveillance in Tables 2 and 3, found that application of the half-sweep 
concepts reduce the execution time of the iterative method. Meanwhile, decrement percentages of the execution 
time for HSMSOR method compared with FSGS method have been summarized in Table 4. In addition, the 
accuracy approximate solutions for FSMSOR and HSMSOR methods are in good agreement compared with the 
FSGS method. 

 
Conclusions and Future Research: 

As a conclusion, the numerical results prove that HSMSOR iterative method is a better method compared 
with the FSMSOR and FSGS methods in sense of the complexity and execution time. This is due to the 
computational complexity of the HSMSOR method is approximately 50% less than FSMSOR method 
respectively; refer Table 1. For our future works, this study will be extended to investigate the effectiveness of 
the HSMSOR method for solving other multidimensional partial differential equation. 

 
Table 4: Decrement percentages of the number of iterations and execution time for FSMSOR, and HSMSOR methods compared with the 

FSGS. 
Example Method Numbers of Iterations (%) Execution Time (%) 

1 FSMSOR 74.36-93.18 38.46-93.30 
HSMSOR 85.07-96.81 69.23-97.76 

2 FSMSOR 81.96-96.38 55.88-96.28 
HSMSOR 91.20-98.39 82.35-98.25 
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