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Abstract: In this paper the problem of the spread of a non-fatal disease in a population which is assumed 
to have constant size over the period of the epidemic is considered. The differential transformation 
method (DTM) is used to compute an approximation to the solution of the system of nonlinear ordinary 
differential equations governing the problem. The results are compared with the results obtained by 
different numerical methods. Some plots are presented to show the reliability and simplicity of the 
method.  
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INTRODUCTION 
 
 The problem of spreading of a non--fatal disease in a population which is assumed to have constant size over 
the period of the epidemic is considered in (D.W. Jordan, 1999). The goal of epidemic model is to understand and 
if possible control the spread of disease. At time  suppose the population consist of: 

  susceptible population: those so far uninfected and therefore liable to infection; 
  infective population: those who have the disease and are still at large; 
  isolated population, or who have recovered and are therefore immune. 

Assume there is a steady constant rate between susceptible population and infective population and that a constant 
proportion of these constant result in transmission. Then in time ,  of the susceptible population become 
infective, where 

 
. 

 
 And  is a positive constant. If 0 is the rate at which current infective population become isolated, then: 

 
. 

 
 The number of new isolated population, , is given by: 

 
. 

 
 Now let 0 Then the following system determines the progress of the disease: 

  

, 

 

, (1) 

 

, 

 
 with initial conditions 
 

0 ,    0 ,    0 . 
 

 The problem was solved by Biazar (2006) using Adomian decomposition method (ADM), Rafei et al., (2007) 
using homotopy perturbation method and Rafei  et al., (2007) by variation iteration method (VIM). 
 The motivation of this paper is to extend the analysis of the differential transformation method (DTM) to 
solve the epidemic problem. 
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 The concept of differential transformation method was first proposed by Zhou in (1986) (C.L. Chen, 1998; 
C.L. Chen, 1996) and it was applied to solve linear and non-linear initial value problems in electric circuit 
analysis. This method constructs a semi-analytical numerical technique that uses Taylor series for the solution of 
differential equations in the form of a polynomial. It is different from the high-order Taylor series method which 
requires symbolic computation of the necessary derivatives of the data functions. The Taylor series method is 
computationally time-consuming especially for high order equations. The differential transform is an iterative 
procedure for obtaining analytic Taylor series solutions of differential equations. The Differential transformation 
method is very effective and powerful for solving various kinds of differential equations. For example, it was 
applied to two point boundary value problems (C. L. Chen, 1998), to differential-algebraic equations (F. Ayaz, 
2004), to the KdV and mKdV equations (F. Kangalgil, 2009), to the Schrödinger equations (S.V. Ravi Kanth, 
2009), to fractional differential equations (A. Arikoglu, 2007) and to the Riccati differential equation (J. Biazar, 
2010). Jang  et al. (2000) introduced the application of the concept of the differential transformation of fixed grid 
size to approximate solutions of linear and non-linear initial value problems. Hassan, (2004) applied the 
differential transformation technique of fixed grid size to solve the higher--order initial value problems. The 
transformation method can be used to evaluate the approximating solution by the finite Taylor series and by an 
iteration procedure described by the transformed equations obtained from the original equation using the 
operations of differential transformation. The main advantage of this method is that it can be applied directly to 
linear and nonlinear ODEs without requiring linearization, discretization or perturbation. Another important 
advantage is that this method is capable of greatly reducing the size of computational work while still accurately 
providing the series solution with fast convergence rate (S-H. Chang, 2008). 
 
The Differential Transformation Method (DTM): 
 An arbitrary function  can be expanded in Taylor series about a point 0 as 
 

∑  ∞
!

.           (2) 

 
The differential transformation of  is defined as  

!
.           (3) 

 Then the inverse differential transform is  
 

∑  ∞ .           (4) 
 
 The fundamental mathematical operations performed by differential transform method are listed in Table 1. 
 
Table 1: The fundamental operations of differential transformation method (DTM).   

Original function   Transformed function  
     

    

   1 1   

   1 2 2   

   1 2 …   

1   
  1   
   

1,
0,   

  ∑   
   

!
  

1    
…

!
  

 
The Operation Properties Of Differential Transformation: 
 If ,  are two uncorrelated functions with time  and ,  are the transformed functions 
corresponding to ,  and the basic properties are shown as follows:   
 If , , and  and  are independent of  and , then 

.  
 (Symbol  denoting the differential transformation process). 
 
 If , ,  and  denote the convolution, then 
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∑  . 
 
 If …  then  

 
 

  …   … . 

  
Application: 
 By using the fundamental operations of differential transformation method in Table 1, we obtained the 
following recurrence relation to the epidemic problem Eq. (1):  
 

1 ∑  ,        (5) 

 

1 ∑  ,       (6) 

 

1            (7) 

 
To make direct comparison with (J. Biazar, 2006; M. Rafei, 2007; M. Rafei, 2007), we consider the following 

values for parameters: 
 

20  Initial population of , who are susceptible 
15  Initial population of , who are infective 
10  Initial population of , who are immune 

0.01  Rate of change of susceptible population to infective population 
0.02  Rate of change of infective population to immune population 

 
 From the initial condition 0 20, 0 15, 0 10 we have 0 20, 0 15, 0 10, 
and from equations (5-7) we have  
 

1 3.0,    2 0.045,    3 0.02805,    4 0.000795375,    …, 
 

1 2.70,    2 0.018,    3 0.02817,    4 0.000654525,    …, 
 

1 0.300,    2 0.0270,    3 0.00012,    4 0.000140850,    …. 
 
 Therefore, the closed form of the solution can be easily written as  
 

∑ t∞  20 3 0.045 0.02805 0.000795375 0.00031655025 ,  
 

∑ t∞ 15 2.7 0.018 0.02817 0.000654525 0.00031916835 ,  
 

∑  ∞ 10 0.3 0.027 0.00012 0.00014085 0.0000026181 .  
 
 The above results are in complete agreement with the results obtained by the Adomian decomposition method 
(ADM), the homotopy perturbation method (HPM) and the variational iteration mthod (VIM) reported in (J. 
Biazar, 2006; M. Rafei, 2007; M. Rafei, 2007). 
 These results are plotted in Figs. 1-4. As the plots show while the number of susceptible population increases 
the population of who are infective decreases in the period of the epidemic, meanwhile the number of immune 
population increases. But the size of the population over the period of the epidemic is constant. 
 
Conclusions: 
 In this paper, the epidemic problem was simulated accurately by the DTM. The method was used in a direct 
way without using linearization, perturbation or restrictive assumptions. Therefore, it is not affected by 
computation round off errors and one is not faced with necessity of large computer memory and time. The result of 
DTM are in complete agreement ADM, HPM and VIM. 
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Fig. 1: Plots of three terms approximations for , ,  versus time. 

  

 
Fig. 2: Plots of four terms approximations for , ,  versus time. 

 
Fig. 3: Plots of five terms approximations for , ,  versus time. 
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Fig. 4: Plots of six terms approximations for , ,  versus time. 
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