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Abstract: In this article we have proposed an algorithm based on learning automata to find the near
to optimal answer to the diameter constrained minimum spanning tree problem. This problem has been
showed as an NP-hard problem including a spanning tree of a graph in such a way that the total cost
and the diameter is constrained. The proposed algorithm is an iterative algorithm, to each vertex of
the graph one automata, has been allocated and the combination of each automata's activity includes
the crossing edges with opposite nodes. In each step the edges of the constrained minimum spanning
tree has been chosen randomly. The algorithm iteration unless the weight of the structured tree is less
than the amount defined or the number of iterations is more than the critical amount. To show the
function of the proposed algorithm we compared the result with the results with other methods.
Experimental results proved this proposed method. 
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INTRODUCTION

A minimum spanning tree (Diestel, 2005; Pettie, 2008) of a weighted, undirected graph G is a spanning
tree of G whose edges sum to minimum weight. In other words, a minimum spanning tree is a tree formed
from a subset of the edges in a given undirected graph, with two properties: first, it spans the graph, i.e., it
includes every vertex in the graph, and then it is a minimum, i.e., the total weight of all the edges is as low
as possible. In the all of minimum spanning tree, the main purpose it to minimize the total cost, yet sometimes
other constraints has been forced on the trees because of these restrictions proposed the constrained minimum
spanning tree. Different kinds of constrained minimum spanning tree include Diameter Minimum Spanning Tree
(DMST) (Gruber, 2006), Degree Constrained Minimum  Spanning Tree (DCMST) (Bui, 2006) Capacitated
Minimum Spanning Tree (CMST) (Oncan, 2007), Generalized Minimum Spanning Tree (GMST) (Oencan,
2008), Delay-Constrained Minimum Spanning Tree (Parsa, 1998; Salama, 1997), and Hop-Constrained
Minimum Spanning Tree (HMST) (Gouveia, 2009).

Let G = (V,E) be a connected undirected graph with a set V of vertices, a set E of edges, and a cost cij

associated with every edge [i,j] ε E. Consider T is a spanning tree of G, the diameter (D) of T is equal to the
number of edges in the longest path linking any two nodes i,j ε V, i … j. This problem is known to be NP-hard
for 4 < D < n-1 (Garey, 1979). It can be easily shown that the problem can be solved in polynomial time for
the following four special cases: D = 2, D = 3, D = (n - 1), or when all edge weights are identical. As stated
in (Garey, 1979), the other cases are NP-complete, even when edge weights are randomly selected from the
set{1,2}.

The DCMST problem has applications in several areas, such as in distributed mutual exclusion (Wang,
1994; Seban, 1995; Seban, 1994), linear light wave networks (Bala, 1993), and bit-compression for information
retrieval (Bookstein, 1990). In distributed systems, where message passing is used for inter processor
communication, The DCMST problem also arises in linear light wave networks, where multi-cast calls are sent
from each source to multiple destinations. It is desirable to use a spanning tree with a small diameter for each
transmission to minimize interference in the network. If the linear light wave network has lines of different
bandwidths, lines of higher bandwidth should be included in the spanning trees to be used more often and with
more traffic. Employing an algorithm that solves the DCMST problem can help find a better tree decomposition
for this type of network. The network can be modeled by an edge-weighted graph, where an edge of weight
1/b is used to represent a line of bandwidth b. In distributed systems, where message passing is used for inter
processor communication, some algorithms use a DCMST to limit the number of messages.
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The literature on optimization-based approaches to the diameter constrained minimum spanning tree
problem is limited. One of the heuristics, is OTTC (one-time tree construction) (Abdalla, 2000), is a greedy
construction heuristic that is a improvement of Prim's algorithm and iteratively selects a new edge to the tree
solution. The algorithm makes n trees, starting the construction of each tree from a different vertex. At the end
it selects the best tree. Heuristic OTTC based on Prim's algorithm depends highly on the initial vertex. To
overcome this disadvantage, Raidl and Julstrom (Raidl, 2003) proposed the randomized greedy heuristic (RGH)
that randomly chooses each next node and randomly selects one initial vertex (the tree center) to begin the
tree construction if D is even, or if D is odd, randomly selects an initial edge (two neighbourhood nodes) to
begin the tree construction. Raidl and Julstrom (2003) presented an EA employing a direct edge-set encoding
and four variation operators being able to produce new candidate solutions in almost O(n) expected time. In
(Julstrom, 2004) another EA based on random-keys has been proposed. Gruber and Raidl (2005) described a
variable neighbourhood search (VNS) approach based on four different types of adjacent for the diameter
constrained minimum spanning tree problem, they presents compact 0-1 integer linear programming (ILP) model
(Gruber, 2005), which is further strengthened by dynamically adding contravened connection and cycle deletion
constraints within a branch-and-cut environment. 

As shown in (Akbari Torkestani, 2010) one of the abilities of learning automata is that we can achieve
reconciliation between the optimality of the algorithm answer and the time of algorithm, performance by
choosing the proper parameter of learning. In other words, the more the learning parameter, the less will be
time and result optimality, and the more the learning parameter is the more will be time and optimality, so
there will be better optimality. Regarding to the kind of its function and whether time is more important or
optimality the learning parameter can be adjusted.

In proposed algorithm to each vertex of the graph one learning automata is allocated, first the algorithm
finds the best minimum constrained paths and eventually it constructs the constrained minimum spanning tree.
In this algorithm to avoid the additional paths and to reduce the time the backtracking technique has been used.
So, In each algorithm iteration, a path with constrained diameter is structured. If the path costs less than the
structured path, the active automata will receive a reward. Algorithm will be iterated until either the weight
of the constructed tree is less than the amount defined or the frequency of the iterated is more than the critical
amount. We have compared the proposed algorithm with several approximate methods to solve this problem
the results reveal that the algorithm is able to find trees near to the optimal cost in an appropriate time.

The rest of the paper is organized as follows. The learning automata and variable action set learning
automaton are described in section 2. In section 3, the proposed learning automata based algorithm, are
presented. Section 4 compares the performance of our algorithm against existing algorithm. Section 5 concludes
the paper.

2. Learning Automata Theory:
2.1. Learning Automata:

A learning automaton (Narendra, 1989; Lakshmivarahan, 1976) is an adaptive decision- making unit that
improves its performance by learning how to choose the optimal action from a finite set of allowed actions
through repeated interactions with a random environment. The relationship between the learning automaton and
its random environment has been shown in Figure 1.

Fig. 1: The relationship between the learning automaton and its random environment.

Learning automata can be classified into two main families (Narendra, 1989): fixed structure learning
automata and variable structure learning automata. Variable structure learning automata are represented by a
triple <β,α ,T >, where β is the set of inputs, α is the set of actions, and T is learning algorithm. The learning
algorithm is a recurrence relation which is used to modify the action probability vector. 
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Let α (k) and p(k) denote the action chosen at instant k and the action probability vector on which the
chosen action is based, respectively. The recurrence equation shown by (1) and (2) is a linear learning
algorithm by which the action probability vector p is update. Let αi (k) be the action chosen by the automaton
at instant k.

pj (k+1) = (1-α) pj (k)   œj … i
  (1)

pj (k+1) = pj  (k) + a [1-pj (k)] j = i   

When the taken action is rewarded by the environment (i.e., β (n) = 0) and

pj (k+1) = (1-b) pj (k)    j = i

  (2)

When the taken action is penalized by the environment (i.e. , β (n) = 1). r is the number of actions can
be chosen by the automaton, a(k) and b(k) denote the reward and penalty parameters and determine the amount
of increases and decreases of the action probabilities, respectively, If a(k) = b(k), the recurrence Eqs. (1) and
(2) are called linear reward-ε penalty (LR-P) algorithm, if a(k) >> b(k) the given equations are called linear
reward-LR-I penalty L(R-P), and finally if b(k) = 0 they are called linear reward-inaction LR-I. In the latter case,
the action probability vectors remain unchanged when the taken action is penalized by the environment. 

2.2. Variable Action Set Learning Automata:
A variable action-set learning automaton is an automaton in which the number of actions available at each

instant changes with time. It has been shown in (Thathachar, 1987) that a learning automaton with a changing
number of actions is absolutely expedient and also  -optimal, when the reinforcement scheme is LR-I . Such
an automaton has a finite set of n actions, α = {α1, α2,…,αr}. A ={A1, A2,…, Am} denotes the set of action
subsets and A(k) f α is the subset of all the actions which can be chosen by the learning automaton, at each
instant k. The selection of the particular action subsets is randomly made by an external agency according to
the probability distribution q(k) = {q1(k), q2(k),...,qm(k)} defined over the possible subsets of the actions, where
qi (k) = prob

[A(k) = Ai | Ai ε A,1 < i < 2n - 1].

                                               is the probability of choosing action, conditioned on  the event( ) [ ( ) ( ), ( )]i i ip k prob k A k A k    

that the action subset A(k) has already been selected and also αi ε A(k). The scaled probability (p)(k) is defined
as

  (3)

where                             is the sum of the probabilities of the actions  in  subset  A(k),  and pi (k)
( )

( ) ( )
i

iA k
K k p k

 
 

= prob[α (k) = αi].

The procedure of choosing an action and updating the action probabilities in a variable action-set learning
automaton can be described as follows. Let A(k) be the action subset selected at instant k. Before choosing
an action, the probabilities of all the actions in the selected subset are scaled as defined in Equation (3). The
automaton then randomly selects one of its possible actions according to the scaled action probability vector
p (k). 

Depending on the response received from the environment, the learning automaton updates its scaled action
probability vector. Note that the probability of the available actions is only updated. Finally, the probability
vector of the actions of the chosen subset is rescaled as:
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  (4)

For all  αi ε A(k). The absolute expediency and optimality of the method described above have been
proved in (Thathachar, 1987).

3. The Proposed Algorithm:
Since the minimum spanning tree problem with a diameter constrained is an NP-hard problem,

unfortunately there are no determined algorithms in dynamic networks appropriate for this problem because
a suitable algorithm should be able to construct a balance between the costs of the tree, the time of
performance and the requirements of the memory in dynamic networks. For this reason, the approximate
methods are so important to produce an effective tree. Researchers have shown that approximate methods to
solve NP-hard problems are more effective than other methods. So, in this research we have proposed an
algorithm based on learning automata to solve the spanning tree with a restrained diameter, to produce effective
results. The proposed algorithm find a node which has the most degree in the graph and considers it as the
central node, then the algorithm try to find the paths with is less weight than the central node and considers
this node as the central node, in such a way that the length if the path is not more than d/2. To find the
effective paths, it uses the process of learning automata and for each of the nodes in graph, a variable action
set learning automata is allocated, in which the action set of each automata equals to the cross-edges of each
node. The proposed algorithm consists of a number of stages and at each stage one of the possible constrained
paths is randomly constructed. The proposed algorithm is based on the learning automata, and to explore the
paths, it traverses the learning automata by the backtracking technique. Backtracking is a general algorithm
for finding all (or some) solutions to some computational problem that incrementally builds candidates to the
solutions, and abandons each partial candidate c ("backtracks") as soon as it determines that c cannot possibly
be completed to a valid solution (Gurari, 1999). Each stage of the proposed algorithm is initiated by choosing
one of the graph vertices at random. The learning automaton corresponding to the selected vertex is activated
and chooses one of its actions based on its action probability vector. The edge corresponding to the selected
action is added to the path which is currently being formed. The weight associated with the selected edge is
added to the weight of path as well. The sequential activation process of learning automata (or selecting tree
edges) is repeated until either a spanning tree is constructed, or no more actions can be taken by the currently
active learning automaton. In the former case, the current stage is successfully completed by finding a solution
to the minimum weight spanning tree problem (this occurs when the number of selected edges is greater than
or equal to (n - 1), where n denotes the cardinality of the vertex-set), and in the latter case, the proposed
algorithm traces the path induced by the activated learning automata back for finding a learning automaton with
available actions. 

After finding the optimal path the constrained minimum spanning tree is constructed. The procedure to
find the optimal paths performs in this way that the existed automata in a path in a random and based on
probability vector choose one of their actions. In finding the path if the length of the path is more than d/2
and we haven't arrived at the node, the last automata which has been activated will be inactive its action and
it updates its probability vector and again based on probability vector it chooses one of the actions randomly,
it iterates the procedures until we can achieve the considered node or action set became null, in this case an
automata which caused this automata to be activated will inactive all actions. After making the probability
vector up to date, the automaton chooses another action in its action set randomly and in fact it uses a
backtracking technique to avoid additional processes so it save time to find the paths. If we can achieve the
considered node now examine to see whether the cost of proceeding constructed to find the path is less than
the minimum path or not, if the answer is positive then the activated automata will be rewarded, if the answer
is negative the action of activated automata will receive a penalty. Since each learning automaton updates its
action probability vector by using a LR-I learning algorithm, the probability vectors remain unchanged when
the learning automata are penalized.

The action of proceeding the path will be continued until the choice probability of the constructed path
is greater than a certain threshold or the number of paths proceeded are less than the define number. The path
chosen in the last proceed will be added the minimum spanning tree. In this presented algorithm we have
considered the variable action set automata. Since to find the optimal paths in a central node to a certain node
in our proceeding some of the automata actions may be inactive so after proceeding each path the inactive
actions should be active again and also the probability vector of actions based on variable action learning
automata in Section 2-2 should be update. 
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In this algorithm to avoid making cycle in optimal path the nodes suitable to selected actions are kept in
a list by automata, when choosing the actions by the automata, automata examines to see if the suitable node
is in the list or not, if the node existed the automata chooses another action. In fact if the automata's actions
cases cycles that action will be inactive and after updating the probability vector the automata chooses another
action randomly.

Algorithm:
Constrained Minimum Spanning Tree Problem

1. Input: Graph G =<V,E >,Diameter
2. Output: The Diameter Constrained Minimum Spanning Tree
3. Assumptions
4. Assign a learning automaton Ai to each vertex Vi

5. Begin Algorithm
6. Vc 7 vertex with maximum degree
7. T 7 V-Vc

8. Repeat
9. Randomly select V_i  of T
10. T 7 T-Vi

11. Find constrained minimum path (Vc,Vi)
12. Add path (Vc,Vi) to constrained minimum spanning tree
13. Weight 7 Weight + weight of path (Vc,Vi)
14. Enable all the disabled actions
15. Until(T = Ø)
16. End Algorithm;
17. Algorithm find constrained minimum path(Vb,Ve)
18. Begin Algorithm
19. K 7  0
20. Repeat
21. W 7  0
22. Vi 7  Vb;
23 Repeat
24. Node Vi  select one of its edges according to its action probability vector, which connect it to Vj;
25. If Vi has no possible action then
26. Path induced by active automata is traced back for finding on automata with available actions
27. The found learning automata is denoted as Aj

28. End if
29. Add edge (Vi,Vj) to set of selected edges.
30. W 7 W+cost (Vi,Vj) 
31. If(d > diameter)
32. Remove edge (Vi,Vj)from edge set of Vi //Automaton Ai prunes its actionset 
33. Update action probability vectors
34. End if
35. If (Vj = Vb)
36. Flag 7 0
37. If (weight of travel path<minimum weight of travel path)
38. Reward the selected action of automata
39. else
40. Penalize the selected action of automata
41. End if
42. End if
43. Vi 7 Vj

44:  Until (flag = 0)
45. Increment stage number k
46. Until(probability of selecting constrained path are greater than a pre specified threshold or stage number

k are greater than another pre specified threshold)
46. End Algorithm.

Fig. 2: Pseudo code of the proposed algorithm.
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The presented algorithm has this potentiality that in every situation in which threatening the characteristics
of being a tree, spanning and diameter constrained, stop the procedure of performing that algorithm in that step.
So during the proceeding steps it is guaranteed that the answer is a spanning tree with a constrained diameter.
So, only the condition of minimum of the constrained spanning tree after the algorithm constructed will be
examined, this feature cases the algorithm to find the best answer in an appropriate time. The constrained
spanning tree which is selected just before the algorithm stops is the constrained spanning tree with the
minimum expected weight among all the constrained spanning trees of the graph. Figure 2 shows the pseudo
code of the proposed algorithm.

4. Experimental Results:
To examine the effectiveness of the proposed algorithm (LA), we compare the reported results with the

outcomes of (Gruber, 2005) and (Radl, 2003; Julstrom,2004). The results are summarized in Tables 1 and 2.
In our comparison, the standard to evaluate is how much the proposed algorithm is near to the optimal answer
and the time to achieve that. Since our presented method is an approximate one not a determined approach,
therefore find the optimal tree for extensive networks is not possible, in this case the nearest amount will be
taken in to consideration. Two test sets of instances were used in the experiments. The first test set (Santos,
2004) contains instances that originate from either complete or sparse graphs. The second test set (Gouveia,
2004) is formed by Euclidean Steiner problem instances taken from the OR-Library (Beasley, 1990). Fifteen
different instances are available for each value of n in {50, 70, 100, 250, 500}. For each of these values, only
the first five instances available were used in our experiments. Such instances were previously used in (Gruber,
2005), under different values of D. They are defined over complete graphs and optimality of the corresponding
best solutions so far generated was not yet proved. Optimal solutions for the instances in the first sets were
obtained but for the second group of graphs such a solution has not been presented (Lucena, 2010). So, in the
first group of graphs the approximate nearest percent to the optimal answer is considered but for the second
group of graphs that is not functional. To measure the approximate nearness of the first group we use gap =
(opt-LA)/opt. In learning automata?based algorithms, choosing the (proper) learning rate is the most challenging
issue. From the learning automata theory, it is concluded that in our proposed algorithm the costs of the
learning process increases and the expected weight of the spanning tree decreases (converges to the optimal
one) as the learning rate decreases (Akbari Torkestani, 2010). That is, the solution optimality is inversely
proportional to the learning rate. This property enables us to make a trade off between the costs (running time
and sampling rate) of the proposed algorithm and the optimality of the obtained solution by a proper choice
of the learning rate. This means that the complexity of the proposed algorithm can be accommodated to the
required optimality of the solution. Since the proposed algorithm aims at finding the minimum solution, from
the obtained results it can be observed that the proposed algorithm always converges to the minimal solution
with the minimum number of iterations and minimum number of samples, if the learning rate is set to 0.08.
In learning automata-based algorithms, the convergence rate to the optimal solution is inversely proportional
and the convergence speed is directly proportional to the learning rate. This is due to the fact that a learning
automata?based algorithm with a small enough learning rate is capable of exploring almost all possible
solutions, and so finds the best one. In fact, the costs of a learning automata-based algorithm (e.g.,
computational or communicational costs) increase as the learning rate decreases, the running time of algorithm
(which is the inverse of the convergence speed) increases as the learning rate becomes smaller.

In all learning automata-based experiments conducted in this paper, the reinforcement scheme under which
the action probability vector of the learning automata is updated is a linear reward inaction (LR-I) algorithm with
learning rate 0.08.

In table1 we have presented the time and exactness to the optimal answer for the first group of graphs.
In this table gap shows the relative gap between the latter and the optimal solution value, time shows the time
to achieve the answer per second. The result show that the more the diameter the more time. The result shows
that the presented algorithm comparing to ILP algorithm, in all problems, contains less gap. In (Gruber, 2005)
shown that ILP algorithm has better result than algorithms presented in (Santos, 2004) and (Gouveia, 2003).
(Na:not available).

In table 2 the time of process and the average after 50 times frequency for the second group (avg.) of
graphs have been achieved. The result show that the average weight of the acquired graph from proposed
algorithm in all problems has been reported, which in much optimal with better results for the algorithm such
as EA (Radl, 2003; Julstrom, 2004), VNS (Gruber, 2005), RGH (Raidl, 2003). VNS algorithm has not been
examined for graphs less the 100 nodes. The algorithm EA and algorithm RGH for 70 node graphs has not
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Table 1: Results for the instances of the first test set.
Istance             ILP                LA

------------------------------------------------------- ------------------------------ --------------------------------------
n |E| D gap time gap time
15 105 4 22 0.7 0.40 6

5 29 .23 0.40 7
6 32.8 8.1 2.7 6
7 10.6 20 1.9 8
9 6.6 10.7 1.00 11
10 5.3 4.3 0.80 27

20 190 4 25 2.5 0.35 9
5 17.8 8.1 0.50 9
6 21.7 95 1.01 12
7 5 4.5 0.10 11
9 8.8 66.7 0.70 36
10 8.1 101 0.31 76

25 300 4 23.2 12 0.84 13
5 23.1 64.3 0.90 12
6 17 26.4 0.69 13
7 17.6 770.5 1.32 25
9 5.2 295.4 1.05 61
10 5.3 404.9 0.86 94

20 50 4 13.4 0.2 0.24 5
5 58.8 1 0.16 6
6 11.6 5.1 0.53 10
7 25.5 1.2 0.95 9
9 10.4 2.8 0.36 17
10 2.2 1.3 0.81 41

40 100 4 19.4 1.9 0.94 8
5 47.5 6.4 0.81 10
6 6.4 13.2 0.69 16
7 34.5 212.4 1.08 48
9 21.1 979.8 2.04 77
10 18.4 107.70 0.94 137

Table 2: Results for the instances of the second test set.
Instance        EA       VNS       RGH         LA

-------------------------------- --------------------- -------------------- ------------------------- ----------------------------
n D nr. avg. time avg. time avg. time time avg.
50 5 1 7.93 8.6 Na 12.82 Na 7.75 20

2 7.87 9.2 Na 11.56 Na 7.49
3 7.51 7.1 Na 11.54 Na 7.21
4 6.75 7.9 Na 10.57 Na 6.83
5 7.49 8.9 Na 10.91 Na 8.13

70 7 1 Na Na Na 7.18 100
2 Na Na Na 7.29
3 Na Na Na 7.02
4 Na Na Na 7.68
5 Na Na Na 7.20

100 10 1 8.30 105.0 7.81 37.35 10.77 Na 7.79 250
2 8.41 114.4 7.89 41.52 10.80 Na 7.87
3 8.61 97.0 7.96 38.66 11.25 Na 7.91
4 8.57 90.3 8.04 34.27 11.03 Na 8.03
5 8.72 90.5 8.20 39.31 11.36 Na 8.16

250 15 1 13.36 809.0 12.43 1587.31 16.51 Na 12.37 1200
2 13.25 796.7 12.17 1678.90 16..33 Na 12.08
3 13.06 796.8 12.11 1309.21 16.19 Na 12.12
4 13.65 758.3 12.61 1572.39 16.77 Na 12.58
5 13.40 856.9 12.42 1525.39 16.53 Na 12.36

500 20 1 18.77 2140.0 17.12 3718.54 22.86 Na 16.98 2600
2 18.60 2672.2 17.05 3762.02 22.52 Na 16.91
3 18.76 2050.6 17.14 3849.42 22.78 Na 17.02
4 18.74 2658.5 17.16 3687.97 22.85 Na 17.05

5 18.40 26.73.7 16.78 3693.13 22.52 Na 16.64

been examined. The time to achieve results for RGH algorithm was not available, so it has not been put in
the table 2.
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Comparing the results, it is obvious that proposed algorithm considerably outperforms the other algorithms
in terms of the sampling rate. This is because the proposed learning automata?based algorithm removes the
edges or branches of the graph which do not belong to the optimal constrained spanning tree from the
sampling process, and so is concentrated on the edges that construct the constrained spanning tree with the
minimum expected weight. Therefore, the proposed algorithm reduces the rate of unnecessary samples
meaningfully.

Conclusion:
In this article, an algorithm based on learning automata to find a near to optimal solution for diameter

constrained minimum spanning tree problem has been proposed. This proposed algorithm is an iterative
algorithm, at each step edges of constrained minimum spanning tree has been chosen by learning automata by
randomly. The algorithm will be iterated until the weight of the constructed tree is less than the define amount
or the number of iterates are more than the critical amount. To show the optimality of the proposed algorithm,
we conducted several simulation experiments and compared the obtained results with those of the best existing
methods. The results show the superiority of our proposed algorithm over the others.
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