
Australian Journal of Basic and Applied Sciences, 5(7): 92-98, 2011
ISSN 1991-8178

Corresponding Author: N. Abbasi, Department of Statistics,  Payame Noor University, 71955-1368, Shiraz, Iran.
E-mail: abbasi@spnu.ac.ir

92

Estimating the Parameters of Closed Skew-Normal Distribution Under LINEX Loss
Function

1N. Abbasi, 1N. Saffari, 2M. Salehi

1Department of Statistics, Payame Noor University, 71955-1368, Shiraz, Iran.
2Departmetnt of Statistics, Ferdowsi University, Mashhad, Iran.

Abstract: Estimating the parameters of distribution is an interesting and challenging topic in statistics.
We consider the closed skew-normal distribution and estimate the parameters of this distribution by
the probability weighted moments. Since measuring the closeness of estimation to the real measure
of parameter is itself an important problem, we study the LINEX loss function instead of mean
squared error. This is the main of motivation of this work. In fact, this paper is the same work as the
one Flesher (2009) presented, but the differences are in choosing the loss function and some special
state of parameters.
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INTRODUCTION 

Two main methods in estimating are the method of moment (MOM) and maximum likelihood (ML) that
introduced by Pearson (1894) and Gauss (1821), respectively. Estimating methods in the parametric family are
so complicated because of numerous parameters. The skewness is one of the parameters that exists in the large
area of applied problems. So, we studied multivariate closed skew-normal (CSN) distribution that worked by
Gonzalez (2004).

The p-dimensional random vector Y is said to have a multivariate closed skew-normal distribution if its
density function follows the form

  (1)

where

  (2)

and        ,       ,        ,              ,          ,         ,                and                ,               
 

denote the pdf and cdf of p-dimensional normal distribution. Let us summarize a p- dimensional random vector

distributed according to distribution as                          .

The moment generating function of the  is given by 

  (3)

Flesher et al.(2009), presented the mean and variance of Y, by using lemma 1 of that paper we can write

  (4)
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where

 ,

and ei is a (p×1) vector with one in the ith position and zero elsewhere and

where [a]-j is the vector a without the jth element and [a]j is the th element of vector a. Also

  (5)

where

Not only computing the equations are so difficult but also in  we have to estimate three parameters;
location, scale and shape. Therefore, we need to have the higher moments, But using those leads us to the
large variance that is not desirable for us. So, by the probability weighted moments try to obtain the third
equivalent. 

A new class of MOM is an approach probability weighted moments (PWM) that presented by Hosking
et al. (1985), PWM for random variable X with F distribution is given by 

  (6)

Specifically for i,j,k are nonnegative integer numbers, Landwehr (1997) showed 

where β[,] denotes the beta function and x(j+1) is the j+1th order statistic.
These moments can be divided into two main groups

and

                                                         ...,

(In our study we used the βj form). 
They also presented the unbiased estimator for M(k) and Bj, respectively 

and

Let us Y-CSNp,q (μ,Σ,D,v,Δ) and h(Y) is a real function with                  where h(Y) = (y1, y2, ..., yk) then
we can write

  (7)
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where                                   where                  ,                 ,                   and  

                          D* is a (p×p) matrix and Ip the identity matrix of size p and v+ a  vector.

To assess PWM with MLE we use the LINEX loss function. Use of symmetric loss function, such as the
squared error is convenient for many practical problems. See Varian (1975), Zellner (1986), Moorhead and Wu
(1998). In spite of all these properties, Joseph (2004) showed that symmetric loss function would not be
appropriate for all problems. Varian (1975) found that the use of the asymmetric LINEX loss function may
be more appropriate than the squared error loss function. Consequences of fixing value at risk too low are
essentially more serious that consequences of fixing that at a too higher level. Formally the problem of
estimation of value at risk may be stated as the problem of constructing the estimator which minimizes the
risk of estimation under a LINEX loss function which for an estimator δ and a parameter θ takes on the form
Consider xn = (x1, x2,...,xn) as a random sample from F(x,θ) and δ=δ(xn) be an estimator for θ then 

  (8)

where c is a nonzero constant (in continuing we assume c=1). It is useful when a given positive overestimation
error is regarded as more serious than a negative underestimation error of the same magnitude (c>0) or vice
versa (c<0). By looking carefully on equation (8) it is obvious that this loss function arises approximately
exponentially on one side of zero and approximately linearly on the other side in a study of real state
assessment. The loss function (8) for μ, σ and λ are given by

We estimate the parameters of  distribution in univariate case in section 2. In section 3, we study some
special cases and continue them in section 4. The result will come in section 5.

2 Estimating the parameters and example:
In order to compare PWM with MLE by simulation, we focus on                               , the letter

denoted                     for some             . (This model worked out by Azzalini and Capitanio (1999)).

By direct application of equations (4) and (5) we can write (where p=q=1)

The third equation is easily derived from (7) 
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where                                                                             and

Therefore, the equations with unknowns , and  are given by 

  (9)

3 Special Case of  and Estimating the Parameter μ:
Before studying the general form, let us present a special cases of the above model, consider λ=σ, 

         and         , for some i=1,2,....

If λ=σ so we have                          , (in this case the skewness is 1). Then the system (9) can be
written as 

Now consider          so, we have                                , then f or estimating μ, we need just the
below equation

At the end, let us          for some i=1,2,.... Then we have                               . Therefore, in

order to estimate the  can we write 

It is clear that in order to estimate μ, we need less equations. Especially for         and           , we can
estimate μ just by one equation. 

For our simulations, 5000 samples of size = 20 n = 50, and n = 100 are generated (in all cases suppose
μ=0). The result is available for three different value of σ in each table.

Tables 1, 2 and 3 compare the LINEX measure, the value of estimation and variance for parameter μ that

obtained from moment method with the ones derived with the MLE method for  λ=σ,        and           
   
(in simulation we consider i=2), respectively. The lowest LINEX value for both methods showed in bold
letters. 
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Table1: Result of estimating μ, in the                                 model when λ=σ.

n =20
σ =0.1 0 0.0005 0.0003 0.0090 0.0169 0.0129
σ =0.5 -0.0110 0.0180 0.0089 0.1738 0.2434 0.6025
σ =0.9 0.1830 0.0414 0.0434 0.1114 0.3009 0.2285

n=50
σ =0.1 -0.0006 0.0002 0.0001 0.0061 0.0074 0.0038
σ =0.5 -0.0008 0.0062 0.0031 0.1659 0.1547 0.1096
σ =0.9 0.1341 0.0246 0.0237 0.0744 0.1552 0.1060

n=100
σ =0.1 -0.0001 0.0001 0.0001 0.0073 0.0057 0.0029
σ =0.5 -0.0022 0.0033 0.0016 0.1544 0.1192 0.0846
σ =0.9 0.0975 0.0194 0.0157 0.0278 0.0706 0.0401

Considering Table 1, it is obvious that as the value of  increases, the LINEX value increases, too. These
values indicate the priority of MOM. Even as the sample size increase this fact still exists.

Table 2: result of estimating μ, in the                                 model when              .

n =20
σ =1.5 0.0045 0.0791 0.0407 0.5189 1.8255 2.3756
σ =2.5 0.0057 0.2711 0.1466 0.7450 7.1240 38.503
σ =3.5 0.0040 0.5629 0.3241 0.7198 12.748 80.216

n =50
σ =1.5 0.0018 0.0322 0.0153 0.5217 1.2092 1.5582
σ =3.5 0.0076 0.1130 0.0590 0.7283 4.2311 8.8198
σ =3.5 0.0102 0.2368 0.1283 0.7863 8.9493 36.219

n =100
σ =1.5 0.0026 0.0162 0.0082 0.4287 0.8404 0.9827
σ =2.5 -0.0015 0.0557 0.0283 0.7149 3.2109 5.3808
σ =3.5 -0.0064 0.1164 0.0595 0.7508 6.5846 16.195

Table 3: result of estimating μ, in the                                  model when           .

n =20
σ =2.5 0.8016 0.1886 0.6523 0.5054 4.5209 10.6604
σ =3.5 0.8031 0.4876 1.0566 1.2550 11.2333 131517
σ =4.5 0.8191 0.8828 1.7510 1.3319 19.7949 627.95

n =50
σ =2.5 0.7968 0.0750 0.5069 -0.0179 3.7429 3.7013
σ =3.5 0.7865 0.1990 0.6397 1.1343 7.2765 62.5244
σ =4.5 0.7953 0.3499 0.8449 1.3650 13.3918 194.7036

n =100
σ =2.5 0.8008 0.0403 0.4721 -0.3692 3.9233 2.1618
σ =3.5 0.7906 0.0954 0.5224 1.0482 5.3586 20.2402
σ =4.5 0.8049 0.1883 0.6463 1.3698 10.3062 77.1705

   By comparing table 1, 2 and 3, it is clear that increasing the σ value leads to the high LINEX value and
the difference between MOM and MLE is very far even when the sample size increases. Generally, our study
shows that not only MOM performs better than MLE, but also the difference between them is so clear by
using the LINEX loss function instead of mean squared error.
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4 Estimating the Parameters of  in General Form:
Now we continue our study for main model, suppose                              , as we mentioned we

can estimate μ, σ and λ by the given system 9. Also for this model, we generate from                       

, 5000 samples of size n=20 n=50, and n=100. The result for λ, μ and  for three values of  showed in table
4, 5 and 6 respectively. The column of percentages corresponds to the number of cases for which both methods
give the correct sign for λ (the lowest LINEX for both methods showed in bold letters.).

As it is clear, by using the LINEX loss function most of the value shows that the PWM performers better
than MLE specially for the parameters μ and λ.

Table4: The result of estimating parameters of the                           model.

n=20
λ=0.71 0.5898 0.5606 0.2966 0.1118 0.1729 0.7261 0.3266
λ=0.89 0.7630 0.9153 0.0671 0.0249 0.5078 0.5378 0.2111
λ=0.97 0.9302 1.0182 0.0087 0.0052 0.8397 0.2007 0.0666

n =50
λ=0.71 0.6524 0.4797 0.3861 0.1489 0.2587 0.5565 0.2501
λ=0.89 0.8716 0.9263 0.0350 0.0136 0.6729 0.2837 0.1062
λ=0.97 0.9876 1.0100 0.0053 0.0033 0.9355 0.0337 0.0118

n =100
λ=0.71 0.7171 0.4006 0.4427 0.1799 0.3510 0.4309 0.1878
λ=0.89 0.9568 0.9181 0.0291 0.0110 0.8012 0.0983 0.0361
λ=0.97 0.9998 0.9987 0.0034 0.0020 0.9646 0.0013 0.0006

Table 5: The result of estimating parameters of the                            model.

n=20
λ=0.71 0.0936 0.1542 0.1120 0.3780 0.7601 0.7568
λ=0.89 -0.069 0.0369 0.0239 0.2531 0.4103 0.3882
λ=0.97 -0.076 0.0153 0.0102 0.1032 0.1389 0.1156

n =50
λ=0.71 0.1755 0.2143 0.1777 0.3234 0.4866 0.4679
λ=0.89 -0.0602 0.0234 0.0157 0.1416 0.1941 0.1579
λ=0.97 -0.0618 0.0116 0.0074 0.0304 0.0362 0.0233

n =100
λ=0.71 0.2415 0.2570 0.2330 0.2506 0.3288 0.2905
λ=0.89 -0.0439 0.0193 0.0128 0.0632 0.0737 0.0520
λ=0.97 -0.0462 0.0080 0.0049 0.0080 0.0098 0.0051

Table 6: The result of estimating parameters of the                            model.

n=20
λ=0.71 1.0625 0.1542 0.0276 0.3780 0.7601 0.7568
λ=0.89 1.0993 0.0369 0.0396 0.2531 0.4103 0.3882
λ=0.97 1.0790 0.0153 0.0370 0.1032 0.1389 0.1156

n =50
λ=0.71 1.0623 0.0205 0.0132 1.0810 0.0381 0.0280
λ=0.89 1.0838 0.0542 0.0230 0.9815 0.0328 0.0165
λ=0.97 1.0740 0.0384 0.0250 0.9777 0.0235 0.0117

n =100
λ=0.71 1.0518 0.0120 0.0078 1.0371 0.0202 0.0113
λ=0.89 1.0673 0.0183 0.0125 0.9805 0.0193 0.0097
λ=0.97 1.0593 0.0212 0.0139 0.9922 0.0109 0.0054
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Concluding Remarks:
In this paper, we have used the LINEX loss function in order to compare PWM with MLE. In special

cases, during estimating  the superiority of MOM is obvious, specially when both the value of  increases and
even when the size of sampling is increased too. In general cases for small size of sampling, our simulation
shows the priority of PWM but as the sample increases both methods performs similarly.
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