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Abstract: Independent component analysis (ICA) is a computational mehtod to solve blind source 
separation (BSS) problem. Different kinds of classic measure can be used for the estimation of non-
Gaussian sources by ICA. In this paper we review independent componenet analysis (ICA) technique 
based on Kurtosis contrast function. We briefly present the common independent component analysis 
algorithms that use Kurtosis as a criterion for non-Gaussian. Basid on the literatures, we compare these 
algrithms in terms of performance and advantaves. 
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INTRODUCTION 

 
 Blind Source Separation (BSS) includes in retrieving sources without any prior information given only the 
sensor observations. The output from the set of sensors typically gives observations, whereby every sensor 
receives a different mixture of source signals. Adjective blind cab be explained by two important features. First, 
the source signals are not observed, and second, no knowledge is available about the mixing transportation. 
Therefore, in the BSS  problem, we estimate the original source signals without knowing the parameters of 
mixing of processes. Due to the unavailability of some prior information of the signals, the estimation of source 
signals is not unique. Therefore, there are several models of mixing transformation used for a specific 
application. 
 Independent component analysis (ICA) is a mathematical tool for extracting factors or components that 
underlie sets of random variables, measurement, or signals. A generative model is defined for the observed 
multivariate data by ICA, which is typically given in a large amount of data. In themodel, the data variables are 
assumed to be linear or nonlinear mixtures of some latent variables. The mixing system is also unknown. The 
latent variables are supposed to be mutually independent and non-Gaussian. They are called the independent 
components of the observed data (A. Hyv¨arinen et al., 2001). 
 There are some situations where the number of source emitting signals that interfere with one another. For 
example, a crowded room where there are many people speaking at the same time, interference from brain 
waves originating from different areas of brain, or crosstalk waves from mobile phones. For each of this 
situation, it is of interest to separate the individual signals from mixed signals. However, the mixed signals are 
incomprehensible (Ganesh R. Naik and Dinesh K. Kumar, 2011). In other words, the aim of BSS is to estimate 
and separate the original waveforms form the sensor array without knowing the transmission channel 
characteristics and the source signals.  
 Source separation is an inductive inference problem. There is not enough prior information. There are only 
sensor observation to solve the problem .Therefore one must use this available information to infer the most 
probable solution. ICA is a fundamental technique that is most widely used for solving the blind source 
separation problem (A. Hyvarinen et al., 2001, J.V. Stone, 2004). In early 1980s, ICA was introduced by 
J.H´erault ,C.Jutten, and B.Ana but with different name (J. H`erault and B. Ans, 1984; J. H´erault et al., 1985; 
B. Ans et al., 1985). This technique was reviewed by Juttenand H´erault (1991).  
 In Section 2, ICA is introduced as an extensively used method for solving the BSS problem. In Section 3, 
different ICA algorithms with Maximization Kurtosis (MK) is introduced and compared in terms of 
performance and advantages. The ICA application is discussed of the end of Section 3 while Section 4 discusses 
the conclusion for this paper. 
 
2.Independent Component Analysis: 
2.1.ICA Model: 
 Let us denote the number of underlying source signal by , and the number of observed signals by  

. We can denote the observed signals by , , … , , which are amplitude of the recorded signals at time 
 and original signals by  , , … ,  . The   are the weighted sums of  , where the constant coefficients are 

determined according to the distances between the sources and the sensors: 
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components can be statistically independent.We assume 1 2( , ,..., )t t t
nx x x  as a set of observations of random 

variables, where  denotes the time. We also assume that they are generated as a linear mixture of independent 
components as in equation (2). The purpose of independent component analysis is to estimate both the matrix 
mixture  and the , where we do not have any prior information of . On the other hand, independent 
component analysis consists of finding a linear transformation given by a matrix W as in equation (3) and the 
random variable  that they are independent. To simplify this model, we suppose that the number of 
independent components  is equal to the number of observed variables. 
 
2.3.Measuring Nonguassianity by Kurtosis: 
 One of the classic measures for estimation of nongaussianity of random variable for ICA is Kurtosis. We 
denoted the Kurtosis of  by  and it is defined by:  
 

3             (4) 
 
 Where  is a random variable with zero mean. If  is normalized, variance of  is equal to one, i.e.
1. Then, the above formula is simplified to: 
  

3              (5) 
 
 The concept of nongaussianity for independent component analysis was first used by N. Delfosse and P. 
Loubaton (1995). A natural algorithm based on gradient descent was used by N. Delfosse and P. Loubatonto 
minimize or maximize . The convergence of new separation algorithm was proved analytically. 
They proved the maximal property of kurtosis as higher order statistics property.   
 The Kurtosis was introduced as a quantitative measure to nongaussianity in ICA algorithm by Hyvarian and 
E. Oja (1997). They introduced a fixed-point algorithm for independent component analysis. Random variable 
was normalized and the objective function in the algorithm was made based on kurtosis. This algorithm was 
developed by Z. Malouche and O. Macchi (1998). An adaptive algorithm with very low complexity was used by 
them that it can extract any specific negative Kurtosis component. 
 
2.4.Whitening as a Preprocessing: 
 Whitening (Jean-Francois Cardoso, 1989) of  observed  mixture vectors is a preprocessing to simplify the 
ICA problem. Given  , , … , (A. Hyv¨arinen et al, 2001)  as a zero-mean random vector. is whited 
if the elements  of  are uncorrelated and have unit variances e.g. , where  is the Kronecker 
Delta.With the covariance matrix property, this obviously means that ,where  is the unit matrix. 
 Since decor relation  followed  by scaling is done in whitening, the PCA technique(T.W. Aanderson, 1958; 
P. Devijver, 1982; K.I. Diamantaras and S.Y. Kung. 1996; E. Oja, 1983) can be used. Therefore the problem of 
whitening can be done with a linear operation. The problem of whitening is changed to a new problem: given a 
random vector  with  element (A. Hyv¨arinen et al., 2001) the aim is to find a linear transformation  in 
another vector  such that  is white. 
 The principal component analysis (PCA) expansion is used to solve this problem.Given  (A. 
Hyv¨arinen et al., 2001)  as the covariance matrix of the random vector  and , , … , be the matrix 
whose columns are the unit norm eigenvectors of the  Besides that, assume  λ , λ , … , λ  as the 
diagonal matrix of the eigenvalues of  . Then a linear whitening transform is given(A. Hyv¨arinen et al., 
2001)   by / .  
 If the eigenvalues λ are positive, the matrix  always exists. In practice, this is always possible, because the 
eigenvalues of the positive definition matrix  are positive.Write   in terms of its eigenvalue and eigenvector 
D and respectively, as  ,  where  is an orthogonal matrix satisfying  (A. 
Hyv¨arinen et al, 2001) then 
 

/ /                                                                                          (6) 
 
 Hence Z is whited. Note that if  is an arbitrary orthogonal matrix then  is also a whitening matrix 
because (A. Hyv¨arinen et al, 2001): 

            (7) 
 
 The matrix /  is very important. Now assume that the data in the ICA model is whitened 
by /  and recall that the mixing matrix  is written as , therefore :  .It 
is easy to see that  is an orthogonal matrix(A. Hyv¨arinen et al, 2001) such that: 
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                                         8  
 This means that after whitening our problem  can be restricted to estimating a new orthogonal matrix . In 

other words, we only need to estimate an orthogonal matrix that contains degree of freedom instead of 

having to estimate elements of the original matrix . On the other hand, the aim to solve ICA problem is 
exactly to find an orthogonal matrix w  such that  and , , … ,  is an estimate of source 
signals. 
 
 3.ICA Algorithms Based on Kurtosis: 
3.1.A Fixed Point Algorithm Usingkurtosis(FastICA): 
 Assume that random vector , , … ,  is a collection of linear mixtures of independent source 
signals according to equation  . Assume also that random vector Z is whitened of X. Then, A. 
Hyv¨arinen and E. Oja(1997) proposed  the following fixed -point ICA algorithm: 
 
Step1. Let p=1. Take a random initial vector w (0) of norm 1. 
 
 Step2. Let  1 3 1 .         (9) 
 

 Step3.              (10) 

 
 Step4.  If | 1 | is not close enough to 1 then 1 and go back to step 2. Otherwise,      
output the vector . 
 The final vector  from the algorithm is one of the independent components as the linear 
combination  .Note that the statement in step 4 means that the old and new values of  point are in the same 
direction. This algorithm can be used for estimating every independent components. But recall that columns of 
matrix  are orthogonal.  One of the methods of orthogonal weight vectors is by projecting current solution 

  on the space orthogonal to the columns of the matrix  . Define the matrix as a matrix whose columns 
are previously found in columns of matrix .Therefore, in order to estimate  independent component analysis 
one by one with the above algorithm, we can add the projection operation in the beginning of step 3: 
 
 Let  . Divide  by its norms. 
 
 Another  method of arthogonalizing the weight vectors is a symmetric orthogonalization. This means that 
after extracting all of the weight vectors with fixed -point algorithm, matrix , , … ,  
can be orthogonalized with the following equation: 
 

/            (11) 
 
 By using singular value decomposition (SVD) method we have . Therefore,  

/ / . 
 
 This algorithm has several advantages as compared to the other ICA algorithm suggested (A. Hyv¨arinen 
and E. Oja, 1997): 
 
1. The convergence of this algorithm is cubic. This means that the convergence is very fast. 
2. Against gradient algorithm based on  kurtosis, there is no learning  rate in the algorithm, which makes it 

easy to use. 
3. With this algorithm, both components of negative and positive Kurtosis can be found. 
 
3.2.Gradient Algorithm Using Kurtosis (FastICA): 
 As another idea to optimize of the absolute value of  Kurtosis, is to begin with initial value of vector   and 
looking for a direction where absolute of kurtosis of  grow strongest in that direction based on the 
mixture vector with available samples , , … , . After computing the direction, then move the vector  in 
that direction. Then, gradient descent method can be used. The gradient of the absolute value of Kurtosis of  

 can be computed as: 
 

4 3         (12) 
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 Note that the term  3  cannot change the direction of  . This is due to the fact that only direction 
of   is interesting, and any change in the norm of    is not important because the norm is normalized to unity 
after every step. Thus, Hyvarinen et al., (2001) proposed  a gradient algorithm using kurtosis as follow: 
 
 Step1. Let p=1. Take a random initial vector w (0) of norm 1. 
 
Step2. Let  1  1 1      (13) 
 

Step3.   

 
 Step4.  If | 1 | is not close enough to 1 then  1 and go back to step 2. Otherwise, 
output the vector . 
 
 The convergence of this algorithm is as fast as fixed -point algorithm based on Kurtosis contrast function.   
 
3.3.New ICA Algorithm Using Kurtosis Contrast Function: 
 In 2008, FeiGe and Jinwen Ma introduced a new objection function in ICA(FeiGe and Jinwen,2008). 
Kurtosis-sum objection function was presented by them. The absolute Kurtosis value of all estimate components 
summed and a Kurtosis switching algorithm based on gradient descent introduced to optimize the objective 
function. 
 They considered ICA problem with  sources and  observations. They assumed the sources have zero 
mean and unit variance. The observed signals were also pre-whitened such that 0, . In the 
result, the orthogonal transformation matrix  used for estimation of signal  was whitened. The 
Kurtosis-sum objective function is defined as: 
 

∑ | | ∑ | |        (14) 
 
 where  , , … , is orthogonal unmixed matrix and  is observed signal. Since  is also 
linear transformation, then  , where  is another orthogonal matrix. They considered 

 instead of , therefore: 
 

∑ ∑ ∑ ∑ ∑ ∑  ∑ ∑     (15) 
 
 such that    denotes the Kurtosis of the -th source signal, and 
 

∑              (16) 
 
 FeiGe and Jinwen (2008) constructed the Kurtosis switching algorithm as follows: 
 
Step 1: 
 Initialization.  p=0, the mixed signal   is whitened. 0 is an initial orthogonal matrix and  is a set to be 
either 1or -1. 
 
Step 2: 
 Select a sample data set , , … ,  from the mixed signal . 
 
Step 3: 
 Evaluate the kurtosis values 1/ ∑ 3 and update , 
for  1, … , . 
 
Step 4: 
 Calculate the gradient. Compute ∂ / ∂  for 1, … ,  
 

, … ,          (17) 

 
Step 5: 
 Project  onto Stiefel  manifold  by: 
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         (18) 
 
Step 6: 
 Update w 1  .                                                                                              (19)   
 
 An orthogonal process can be used on , if  is far from orthogonal. 
 
Step 7: 
 If | 1 | is not close enough to 1 then  1 and go back to step 3.Otherwise, out put the 
matrix 1 . 
 To test the Kurtosis switching algorithm, FeiGe and JinwenMa(2008) conducted two experiments on real 
signals and they compared the result of  this algorithm with those of the Infomax andFastICA algorithm. The 
result was that the new algorithm could be as good as FastICA algorithm. 
 
3.4.A Robust ICA: 
 The parameter  is often called the step size or learning rate where its magnitude has to be determined 
in iteration. Similar to fixed-point algorithm, the final vector  by the algorithm is equal to one of the 
independent components as the linear combination .In step-size, learning rate has extensive rule to determine 
the convergence properties of iterative technique. We know that it is very difficult to choose the set of step-size 
to balance between convergence speed and final accuracy. So, this situation encourages us to develop iterative 
technique based on some forms of step-size optimization. Adaptive step-size optimization coupled with the least 
means squares (LMS) was studied by Kuzominsiky (1982, 1997). Adaptive rules for learning step-size in the 
neural algorithm for ICA were  introduced by Amari (1998).  
 An algorithm named Robust ICA was introduced based on optimization of general contrast function, the 
Kurtosis (Vicente Zarzoso, Pierre Comon, 2010). The methodology behind the algorithm is classical linear 
search, which is well- known in the field of numerical optimization. However, the Robust ICA algorithm used 
the optimal step-size technique to optimize the Kurtosis in the search direction at each extract vector update. 
Robust ICA provides several advantages compare to other Kurtosis based algorithms, namely:  
 
 The same algorithm without any modification can treat on the Kurtosis contrast function with real or 

complex value signals as opposed to many related works. 
 As opposed to most ICA algorithms, sphering and whitening is not required as preprocessing.  
 The algorithm has high convergence speed in term of source extraction quality versus number of operation.  
 
 Attention to the Kurtosis Maximization (KM) started with pioneering work of Wiggins, Donoho, and 
Shalvi-Weinstein on blind deconvolution (Wiggins, 1978; Donoho, 1980; Shalvi-Weinstein1990), and it was 
later employed for BSS (N. Delfosse and P. Loubaton, 1995). N. Delfosse and P. Loubaton(1995) proved that 
the maximization of criterion | | is a valid contrast for extraction of any source with non-zero Kurtosis 
from general model of ICA. A. Hyv¨arinen first applied a prewhitening operator in the Kurtosis-based FastICA 
to simplify source separation(Hyv¨arinen, 1997, 1999, 2001). In the real value case, the contrast function based  
Kurtosis was simplified by the result of transformed observations with an identity covariance matrix, 

. 
 Thus, the Kurtosis became equivalent   3 where the Kurtosis must be optimized under a 
constraint, e.g. , 1. 
 Vicente Zarzoso and Pierre Comon (2010) proposed a new algorithm based on step-size optimization.The 
aim of their algorithm  is maximize of absolute Kurtosis function based on exact line search of the absolute 
Kurtosis contrast Қ : 
 

arg max | Қ |           (20) 
 
 where the gradient of Қ  is denoted by Қ  and the search direction  is the gradient. The equation 

 was given by J.K. Tugnait (2007), Z. Ding and T. Nguyen (2000). The Robust ICA algorithm to 
search for a line on the Kurtosis contrast is as follows: 
 
Step 1: 
 Let p=1. Take a random initial vector w (0) of norm 1and compute step-size polynomial coefficients. For 
the Kurtosis contrast , the optimal step-size polynomial is given by ∑  
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Step 2: 
 Extract optimal step-size polynomial roots . 
 
Step 3: 
 arg max | 1 |. 
 
Step 4: 
 Update  1                                                                                        (21) 
 
Step 5: 

 

 
Step 6: 
 If | 1 | is not  close enough to 1 then  1 and go back to step 2. Otherwise,   output the 
vector  (Vicente Zarzoso and Pierre Comon, 2010). The Robust algorithm is powerful algorithm like Fast 
ICA. One of the benefits of Robust ICA is that this algorithm is able to real and complex sources without any 
modification. 
 
3.5.Another ICA Algorithm Based on Kurtosis Contrast Function: 
 Hualiang Li and TülayAdalı (2008) introduced a class of complex ICA algorithm based on the Kurtosis cost 
function. In this method, the first cost function  has to satisfy the Brandwood’s independent analyticity 
condition, and  then the method was  used to perform the complex independent component analysis based on the 
maximization of the complex Kurtosis cost function. Three algorithms namely Kurtosis Maximization using 
fixed-point update (KM-F), Kurtosis Maximization using gradient descent update (KM-G), and  Kurtosis 
Maximization using Newton method update (KM-N) was derived with this new method based on the 
maximization of the complex Kurtosis cost function. Then they showed that the algorithm achieved better 
accuracy and converge faster than the previously algorithm especial when separating greater number of sources. 
 An ICA algorithm was introduced with symmetric orthogonalization on the objective Kurtosis function as a 
special case by Alper T. Erdogan (2009). A general characterization of the stationary points was provided 
corresponding to such algorithm that has been considered as a difficult task due to the complication caused by 
the minimum 2-norm distant mapping step. He showed those fixed-point algorithms employing symmetrical 
orthogonalizationwere  monotonically convergent for convex object functions and he extended this result for 
every objection functions. 
 Jianwei Wu (2009) proposed a completed adaptive de-mixing algorithm Stiefel manifold for ICA. In his 
paper, he extracted sign of Kurtosis of each independent source component directly from observation data. With 
the sign of Kurtosis, he could be certain about the number of super-Gaussian sources and sub-Gaussian sources. 
Then, an adaptive algorithm was introduced to separate mixed sources with both super- and sup-Gaussian in the 
framework of natural gradient on the Stiefel manifold. 
 
3.6.Application of ICA Using Kurtosis Contrast Function: 
 The Kurtosis is a criterion to non-Gaussian of source signal that used in independent component analysis 
(ICA) algorithm. ICA using Kurtosis contrast function is used to remove the artifacts of recorded different 
signals by some authors.  Semi-automatic artifact rejection based of Kurtosis was introduced by Antonio et al 
(2005). The artifact of Electroencephalographic (EEG) recorded wasremoved by independent component 
analysis based on Kurtosis and Shannon’s entropy. Kurtosis and ICA (Arnaud Delorme et al., 2006, 2001) were 
applied for isolating of the artifact in EEG signals. 
 Independent component analysis based on Kurtosis  cost function is a strong technique in solving BSS 
problems. The aim of solving the BSS  problem is to extract the source signals from the mixture signals. 
Independent component analysis based on Kurtosis is applied in biomedicine signals. ICA based on Kurtosis 
was applied to the feature extraction of pulse waves by T. Aaoyagi, et al., (2002). Fast ICA was applied to 
detecte epileptic seizure in EEG signals by Sivasankari. N and Dr. K. Thanushkodi (2009). 
 
4.Conclusion: 
 This paper has introduced ICA technique and whitening as preprocessing. Different algorithms of ICA 
based on Kurtosis contrast function were described especially two fast ICA algorithms and then they were 
compared in terms of performance and advantage. Some applications of ICA technique are also presented. This 
paper is important not only to understand the algorithms based on Kurtosis contrast function used to perform 
ICA, but it also provides the necessary background in understanding extensions to the framework of ICA with 
Kurtosis criterion for future research. 
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