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Abstract: Optimization of seismic rehabilitation for pre-code reinforced concrete buildings based on 
fibre reinforced polymer retrofitting technique of columns was assessed in this work. The rehabilitation 
operation had been considered with the constraint to reach a predefined reliability probability under a 
given seismic risk. Various methods for reliability analysis were investigated. They were found to lead 
almost the same results with regards to reliability, but the associated numerical costs were quite 
dissimilar. Based on reliability results obtained for various thicknesses of fibre reinforced polymer 
wrap bonded on columns, a methodology was proposed to determine the optimum design point which 
minimizes the rehabilitation cost.    
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INTRODUCTION 

 
 To comply with modern code seismic design requirements, such as performance limit states, pre-code 
buildings are to be rehabilitated. Various reinforcement and retrofit methods have been considered in last years 
to enhance strength or rigidity of structural members. Such methods include reinforcing bars, rebar cages, 
concrete filled tubes, or welded wires. The most recent methods are founded on fibre reinforced polymer (FRP). 
FRP is a composite material containing fibres embedded in a polymer matrix. The epoxy resin is used as a 
bonding matrix to combine fibres. It is also used to connect a wrap of FRP with the structural member to be 
reinforced. Complete adhesion and adherence of the FRP wrap is needed in order that the entire reinforced 
system works as a unique continuous composite member.  FRP wrap bonded on reinforced concrete structural 
members increase concrete confinement, corrosion resistance, enhance their strength and durability, (Bishoff, 
2003).  
 It was in the early 80’s that the retrofit strengthening technique based on reinforcing  concrete members with 
FRP wraps was introduced. The pioneer work in this field is attributed to Dussek (1980). Experimental 
characterisation of FRP strengthening has assessed that reinforcement of concrete members with composites 
allows for a significant increase of performance regarding ductility and shear strength features. Among the 
valuable works reported in the literature that has addressed both theoretical and practical aspects of this 
technique, one finds references (Saadatmanesh  and Ehsani,  1991; Saadatmanesh and  Ehsani, 1991; 
Saadatmanesh and Hsani, 1991; Nanni and Bradford, 1995; Karbhari  and  Gao, 1997; Saadatmanesh and  
Malek, 1998; Pantelides et al., 1999; Antonopulos and Triantafillou, 2002;  Prota et al., 2004). Other recent 
developments dealing with seismic retrofitting of existing concrete structures by bonding composite materials to 
their surfaces can be found in (Seible et al., 1997; Ehsani and Saadatmanesh, 1996; Priestly et al., 1996; Ehsani 
et al., 1997; Pantelides and Gergely, 2002; Balsamo et al., 2005). 
 In this work FRP wrap is applied to retrofit columns for reinforced concrete buildings in order to perform 
seismic rehabilitation. In addition, it is assumed that a prefixed degree of reliability is desired throughout the 
retrofitting task. A simplified modelling based on mixture rule is applied for the FRP reinforced columns in 
order to estimate the effect of FRP reinforcement on global mechanical properties of retrofitted columns, (FIB 
bulletin, 2001). Reliability analysis is conducted after that in order to assess failure probability associated with a 
particular rehabilitation design. Optimization is finally performed to attain the optimal design point under the 
constraint of reliability when considering a specific seismic risk. 
 
Simplified modelling of FRP reinforcement effect on columns characteristics: 
 Let’s consider the problem of a column member having a square cross section with edge dimension a  and 
reinforced with a thin layer of FRP wrap composite on all its sides. The thin layer of FRP material is assumed to 
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have thickness ft , figure 1. Assuming that the law of mixtures holds, the equivalent strengthened flexural 

rigidity is obtained as  
 

str str rc rc str f f(EI) (1 )E I E I           (1) 

 

where rcE  and rcI  are respectively the Young’s modulus and moment of inertia of reinforced concrete section. 

fE  and fI  are respectively the Young’s modulus and moment of inertia of FRP material.  str  is the volumetric 

ratio of strengthening defined as 
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where fV  is the volume of strengthening FRP composite and tV  the total volume. 

Knowing that  str f8t / a  , the equivalent rigidity is obtained as 
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Fig. 1: Scheme of the strengthened column cross-section 
 

 From equation (3), a fictitious moment of inertia strI , for the strengthened cross-section corresponding to as 

cross-section with Young’s modulus of reinforced concrete, for which rcE E , can be identified as   
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 The equivalent strengthening tension or shear rigidity is obtained by using the same law of mixture than in 
equation (1).The result writes 

str str rc rc str f f(EA) (1 )E A E A           (5) 

where rcA  is the reinforced concrete cross-section area and fA  is the FRP cross-section area. 

 A fictitious cross-section area for the strengthened cross-section corresponding to a cross-section with 

reinforced concrete Young’s modulus rcE E  can be obtained as 

2 2f
str f

rc

64E
A (a 8at) t

E
            (5) 

 The reinforced concrete Young’s modulus is obtained through homogenizing the tension rigidity of the 

reinforced concrete cross-section. Denoting cE  and sE  the Young’s modulus of respectively the concrete and 

steel reinforcement, and sA  the total steel reinforcement section area, the homogenized Young’s modulus 

writes 

a  fa 2t  
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 The open source software Finite Reliability Using Matlab (FERUM) [20] is used in the following in order to 
carry out reliability analysis of a given FRP reinforcement design. This software is coupled to a probability 
library. To perform analysis by means of FERUM, concrete Young’s modulus should be assumed to be constant, 
since there is no possibility to integrate yet nonlinear elastic material behaviour in the actual version of this 
software. To be valid this approximation requires that strains remain small. This is not really the case in all 
applications dealing with buildings seismic performance states for which plastic strains develop. Even if results 
would vary in reality a lot due to nonlinear material behaviour, relative evaluation of FRP reinforcement effect 
could be estimated within the framework of linear elastic approximation.  
 
Reliability Analysis Of Retrofitted Building: 
 Let’s consider a pre-code regular 4 story reinforced concrete building having the plane view shown in figure 
2 and the elevation in the most severe seismic direction shown in figure 3.  

 The selected structure has four stories and lays on a horizontal surface of 2360 m . The inter-story height is 

3 m .  

 
Fig. 2: Plane view of the considering 4 story RC building  

 
 
Fig. 3: Elevation of the considering 4 story RC building  
 
 Design of this building had been performed by using the French reinforced concrete code (BAEL91), in 
conjunction with the Moroccan seismic code (RPS2000), under the following assumptions: steel yield stress 
500 MPa ; concrete resistance 25 MPa ; priority class 2; amplification factor 2.5; coefficient of soil 1.6;  

seismic acceleration 0.16 g  ( 2g 9.81 m.s ) ; damping coefficient 0.05 and ductility coefficient 2. 

 Table 1 displays the obtained dimensions of beams and columns as well as their reinforcements. 
 
Table 1: Dimensions of beams and columns sections with their reinforcements 

 
Section width 
(cm) 

Section depth  
(cm) 

Reinforcements  at section 

bottom 
2cm  

Reinforcements  at 

section top 
2cm  

Reinforcements  at mid 

section 
2cm  

Side 
columns 

40 40 6.67 6.67 6.67 

Center 
columns 

45 45 7.91 7.91 9.49 

Beams 40 40 7 7 0 
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 This building does not comply with the Moroccan (RPS2000) seismic code requirements as to the roof 

displacement roof  limitation under the action of the design seismic load. The performance function associated 

to this limit state writes 

roof rooff ( ) 0.004H               (7) 

where H  the total height of the building, H 12.5m . 

roof  is function of the applied seismic load and of the design variables including geometry and material 

properties of the building. 
 It is desired then to retrofit this building in order to satisfy the performance function defined by equation 

rooff ( ) 0  . Due to variations affecting material characteristics and geometry, it is desired also to guarantee 

this criterion with a given reliability. Rehabilitation of the RC building is assumed to be performed with FRP 
reinforcements that consist of layers having uniform thickness and bonded over the whole heights of columns. 
Junctions between beams and columns are also covered with FRP wrap. In order to minimize the rehabilitation 
cost, optimization of the thickness layer should be performed.  
 Fibre reinforcements are chosen to be of high modulus types which are obtained by graphitisation process. 

Fibre reinforced polymer (FRP) that are used here have the following characteristics: density 31700kg / m , 

Young’s modulus 450 GPa and traction strength 2500MPa . 

 The building is assumed to behave elastically under the action of the seismic design load. Geometric and 
material properties are assumed to be random variables. There are those which are not modified by rehabilitation 
such the seismic lateral loads, homogenised reinforced concrete modulus of elasticity, E,  and beam area and 
inertia respectively A and I. Table 2 summarizes the building random variables that are not modified by FRP 
reinforcement.  
 The design variables that change with the application of FRP reinforcement are the inertias of side and 
centre columns. Table 3 gives this inertia as function of FRP layer thickness.    

2cm  
 
Table 2: Characteristics of random variables of the building that are not modified by rehabilitation 

Variable Mean value Deviation ratio Standard deviation 

E side column 23397.22 MPa  0.10 2339.722 MPa  

E center column 23397.22 MPa  0.10 2339.722 MPa  

E beam  23469.75 MPa  0.10 2346.975 MPa  

A side column 1580 
2cm  0.10 158 

2cm  

A center column 2001.3 
2cm  0.10 200.13 

2cm  

A beam     1600  
2cm  0.10 160

2cm  

I beam 213333.3 
4cm  0.10 21333.33 

4cm  

Load P2     46.75 kN  0.10     4.675 kN  

Load P3     84.96 kN  0.10 8.496 kN  

Load P4      127.44 kN  0.10 12.744 kN  

Load P5 165.67 kN  0.10 16.567 kN  

Loads P10 and P15 176.99 kN  0.10 17.699 kN  

Loads P5 and P20 88.5 kN  0.10 8.85 kN  

 
Table 3: Characteristics of random variables for reinforced columns as function of FRP thickness 
FRP thickness (mm) 

Variable Mean value (
4cm ) Deviation ratio 

Standard deviation 

(
4cm ) 

1.0  
I side column 295580 0.10 29558.0 
I center column 458791  0.10 45879.1 

0.8  
I side column 279097.39 0.10 27909.739 
I center column 435334.4 0.10 43533.44 
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0.6  
I side column 262631.42 0.10 26263.142 
I center column 411898.94  0.10 41189.894 

0.4  
I side column 246182.1492 0.10 41189.894 
I center column 388484.6 0.10 41189.894 

 

 Reliability of each retrofit design (each FRP thickness) is now to be performed. A review of existing 
reliability software was recently done by Pellissetti and Schuëller (2009). When the mechanical problem could 
be assumed to have a linear elastic behaviour and quantities entering in the expression of performance function 
are explicit, the open source software Finite Reliability Using Matlab (FERUM) is very adequate, (Haukaas, 
2000). This software was developed at first by Der Kiureghian and Zhang (1999) and is now well recognized by 
the reliability community. It was later further enhanced mainly by contributions due of Haukaas and Der 
Kiureghian (2004). Version 3.1 dating of 2003 was used in this work. Figure 4 shows the synoptic structure of 
this code. FERUM is the main program that orchestrates various sub-programs to perform reliability analysis 
according to the methods: First Order Reliability Method (FORM), Second Order Reliability Method (SORM) 
and Monte Carlo Importance Sampling (ISM). Required information for reliability analysis by means of FERUM 
(random variables and their marginal distributions of probability, eventually correlations, performance functions, 
parameters for the optimisation algorithm) is introduced by the input file. 
 FORM is the most important reliability analysis method. It enables determining reliability index through 
Nataf iso-probability transformation and the improved Hasofer-Lind-Rackwitz-Fiessler algorithm for solution of 
the minimization problem, (Der Kiureghian and Zhang, 1999). This module is also used in the other reliability 
methods: SORMs and Monte Carlo Importance Sampling. For SORM analysis three variants are provided: 
Breitung formula (SORM1), Hohenbichler / Rackwitz formula (SORM2) and Tvedt Exact Integral (SORM3). 
Using the ISM method needs specifying the convergence criterion in terms of the coefficient of variance (COV). 
 Using random variables defined by tables 2 and 3, FERUM software is used to perform reliability analysis.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4: Synoptic diagram of code FERUM. 
 

RESULTS AND DISCUSSION 
 
 Tables A1, A2 and A3 of appendix A give the obtained results in terms of reliability index and probability 
of failure. Figure 5 gives, for the various reliability analysis methods, the obtained reliability index as function of 
the FRP layer thickness. Figure 6 gives in the same conditions the obtained probability of failure as function of 
the FRP layer thickness. Figure 7 gives comparison of computational time needed to obtain reliability data for 
FORM and SORMs methods. Figure 8 gives in case of the ISM the number of iterations needed to attain 
convergence with predefined value of the COV. Figure 9 gives the failure probability obtained by FORM as 
function of FRP thickness layer. 
 Figures 5 and 6 shown that reliability does not depend a lot on the chosen reliability analysis method as the 
obtained results are close. FORM underestimates the probability of failure while the ISM gives the largest values 

Input data 

FERUM

FORM SORM ISM 

Nataf transformation 
Hasofer-Lind-

Rackwitz-Fiessler 
algorithm 

Failure probability Failure probability Failure probability 
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of this probability. These values depend however on the COV used to test convergence and variations are not 
monotonous. SORMs give intermediate probabilities of failure that do not depend on the variant used. Figure 7 
shows that FORM method is very quick in comparison with SORMs. Figure 8 shows that the number of 
iterations increases exponentially while decreasing the COV value.  
 From this comparison, it can be concluded that FORM is the appropriate choice to assess reliability of the 
retrofitted RC building considered here as it is fast and sufficiently accurate.      

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

FORM SORM1 SORM2 SORM3 ISM02 ISM03 ISM04 ISM05

Thickness=0.4
Thickness=0.6

Thickness=0.8
Thickness=1.0

 
Fig. 5: Reliability index as function of FRP layer thickness for the various reliability methods 
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Fig. 6: Probability of failure as function of FRP layer thickness for the various reliability methods 
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Fig. 7: Time to complete analysis for FORM and SORM analyses as function of FRP layer thickness 
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Fig. 8: Number of iterations for ISM methods as function of FRP layer thickness and COV 

 
 

Fig. 9: Failure probability as function of FRP layer thickness; FORM analysis 
 

 As an application, assume that the desired probability of failure is fixed at 5
fP 5 10  . Using figure 9, it 

is quite easy to find the appropriate FRP layer thickness needed to obtain that reliability level. The arrow 
indicates the optimal design point.  
 
Conclusions: 
 Optimization of seismic rehabilitation for reinforced concrete buildings by using fiber reinforced polymer 
wrap of uniform thickness that are bonded on columns was analyzed in this work. Minimization of retrofitting 
cost was conducted with respect to a given performance state and under the constraint to reach a desired 
reliability level. A simplified modeling giving columns sectional characteristics as modified by FRP retrofitting 
was considered. Use was made of the software FERUM which couples finite element method with specialized 
reliability toolbox. It was assessed that FORM method is sufficient to perform reliability analysis with minimum 
computational time. Optimization of the FRP wrap thickness was then performed and optimal layer thickness of 
reinforcement was determined. The proposed methodology can be used for more complex structures and for FRP 
wrap having thicknesses that vary with the reinforced column. In this more general case, response surface 
modelling of reinforcement effect could be used. 
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Table A1: Reliability results obtained by FORM as function of FRP layer thickness 
FRP Thickness (mm) Time to complete the analysis Reliability index Failure probability 

410  

0.4  1.266 3.419 3.142 

0.6  1.281 3.734 0.9414 

0.8  1.25 4.023 0.2874 

1.0  3.828 4.289 0.08964 

 
Table A2: Reliability results obtained by SORM as function of FRP layer thickness 
FRP Thickness (mm) SORM method Time to complete the 

analysis 
Reliability index Failure probability 

410  

0.4  

SORM1 36.343 3.4109 3.23748 

SORM2 36.343 3.4101 3.24671 

SORM3 36.343 3.4103 3.24437 

0.6  

SORM1 37.297 3.7285 0.963199 

SORM2 37.297 3.728 0.965198 

SORM3 37.297 3.7281 0.964525 

0.8  

SORM1 41.563 4.0194 0.291680 

SORM2 41.563 4.0191 0.292098 

SORM3 41.563 4.0193 0.291901 

1.0  

SORM1 35.188 4.288 0.0901611 

SORM2 35.188 4.2878 0.0902412 

SORM3 35.188 4.2879 0.0901817 

 
Table A3: Reliability results obtained by ISM as function of FRP layer thickness and COV 

Thickness (mm) COV Number of iterations Reliability index   
Failure probability 

fP 410  

0.4  

0.02 9828 3.405 3.3104 

0.03 4217 3.402 3.3422 

0.04 2396 3.395 3.4339 

0.05 1592 3.406 3.3000 

0.6  

0.02 11319 3.743 0.9100 

0.03 4696 3.714 1.0204 

0.04 2845 3.721 0.99224 

0.05 1777 3.724 0.97983 

0.8  

0.02 12246 4.016 0.29594 

0.03 5321 4.026 0.28302 

0.04 2960 4.019 0.29173 

0.05 1865 4.015 0.29713 
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1.0  

0.02 12840 4.287 0.090450 

0.03 5920 4.295 0.087266 

0.04 3042 4.276 0.095279 

0.05 1908 4.282 0.092607 
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