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Abstract: Since the introduction of Fuzzy Time Series (FTS), many publications have appeared in
the literature to improve the performance of the basic model proposed by Song and Chissom. A
significant challenge to use fuzzy time series in forecasting is the proper partitioning of the universe
of discourse. It is well-known that partitioning the space affects the performance of FTS to a great
extent. The main purpose of this paper is to propose a procedure based on Simulated Annealing (SA)
to partition the space. This procedure is examined on the well-known data related to enrolments of
University of Alabama. The results show that the proposed approach outperforms other publications
in the literature. 
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INTRODUCTION

Forecasting is a critical issue in our everyday life. There are many applications for forecasting.
Applications of forecasting abound. As a hospital manager, one needs to know (or get a rough idea of) the
number of patients to visit the hospital next month. Every morning, many investors are concerned about the
stock prices. An ordinary person even needs forecasting to know the weather condition to arrange a trip. Due
to many factors, forecasting is an intricate job and many scientists have been motivated toward finding better
methods of forecasting.

Two renowned time series forecasting models are the ARMA models and the Box-Jenkins model. Although
these two methods are efficient in many forecasting problems, they lack the ability to deal with linguistic data.
In addition, at least 50 and preferably more than 100 observations are required to apply ARIMA. Meanwhile,
the forecasts obtained by these models may easily encounter the problem of over-fitting (Huarng, 2006).

Therefore, using FTS seems more appropriate in these problems
Fuzzy time series was first proposed by Song and Chissom (Song, 1993; Song, 1994). It has shown great

performance in forecasting many real world problems and various extensions have been done on the basic
model. Two special characteristic of FTS is its ability to deal with linguistic data and its capability to forecast
with little number of data

Partitioning of a universe of discourse may be considered as the main factor affecting the performance of
FTS. There are some publications in the literature that are dedicated to fine-tune the intervals of FTS
forecasting. In this paper, a simulated-annealing-based procedure is presented to partition the space and its
performance will be attested using the data of University of Alabama. This dataset has been chosen, due to
the fact that comparing results with previous publications is possible.

The rest of this paper is organized as follows. First, a brief literature review of FTS is given. Section 3
deals with introduction of very basic concepts of fuzzy time series. Then, our proposed SA will be elaborated
in section 4. Computational experiments will be given in section 5. Finally, section 6 is devoted to giving
conclusions and avenues for future research.
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2. Literature Review:
Following the pioneering work of Song and Chissom, a large number of papers have contributed to

advancement of fuzzy time series.
As mentioned above, Song and Chissom (Song, 1993; Song, 1994) are known as the pioneers of Fuzzy

Time Series models which are capable of tackling the problems associated with incomplete and vague data and
even those variables which are of a linguistic semantic. Since then, the attempts to modify and improve the
model of Song and Chissom are ample in the literature of Fuzzy Time Series, among these authors, some are
great moves toward, such as the paper by Sullivan and Woodall (1994) considering the Markov-based model
and Chen (1996) to improve the accuracy of forecasts using simple-to-use mathematical operations. Later, Chen
(2002) developed another model to propose a high-order fuzzy time-series, but the problem of how efficiently
determine the order of forecasting model is not discussed. Huarng (2001) proposed distribution and
average-based lengths for intervals to effectively determine the even lengths proposed by Song and Chissom.
Huarng (2001) was pioneer in applying Heuristic knowledge in fuzzy time series models. Integrating heuristic
models with FTS models intensifies the forecasting performance and become popular among scientists. Wu and
Chen (1999; 2009) proposed a procedure for change period detection of nonlinear time series. Gu and Wang 
(2007)  presented a fuzzy modeling method based on singular value decomposition (SVD). Singh (2007)
proposed a new method of fuzzy time series forecasting based on difference parameters with a simplified
computational approach. Recently, Tsaur et al. (2005) applied the concept of entropy to measure the degrees
of fuzziness when a time-invariant relation matrix is derived. Hong (2005) extended the model of Song and
Chissom to the non-homogeneous fuzzy time series. Lee et al. (2006) presented a new method to predict the
temperature and the Taiwan Futures Exchange (TAIFEX), based on the two-factors high-order fuzzy logical
relationships. Jilani and Burney (2007) used the fuzzy time series to forecast the number of car accident
casualties in Belgium, Kuo et al. (2009)  used a PSO-based model called HPSO to achieve well tuned intervals
forecasting Alabama enrollments. Duru (2001) proposed an fuzzy time series method using fuzzy integrated
logical forecasting (FILF) and extended FILF algorithms. Park et al. (2010) Studied a two factor high-order
fuzzy time series using PSO method, the model were applied on TAIFEX and  KOPSI 200 datasets. Wong
et al. (2010) compared using the traditional ARIMA model and Vector ARMA model versus Fuzzy Time
Series. Their experiments showed that while using ARIMA models generate smaller forecasting errors in longer
time periods, FTS outperforms in short-run.Yu et al. (2010) applied neural networks on the FTS model and
used various degrees of membership in establishing fuzzy relationships. Yolcu et al. (2009) proposed a new
approach and used a single-variable constrained optimization to determine the ratio for the length of intervals
To find the correlation between stock volume and price in stock market. Cheng et al. (2009)  proposed a novel
method including trend weighting into the fuzzy time-series models of Chen and Yu and applied such a method
to explore the extent to which the innovation diffusion of ICT products is described using this procedure.
Wang and Chen (2009) proposed a new method to predict the temperature and TAIEX using automatic
clustering and two-factor high-order fuzzy time series for temperature prediction. Teoh et al. (2008) presented
a hybrid fuzzy time series model using Cumulative Probability Distribution Approach (CPDA) and rough set
rule induction techniques. Leu et al. (2009) presented another fuzzy time series model using distance-based
fuzzy time series and forecasted the exchange rate. Egrioglu et al. (2009) proposed a hybrid high-order
approach to analyze seasonal fuzzy time series, they determined the order of the model using Box-Jenkins
model. The above literature shows that almost a lot of work has been done about effective partitioning of the
system. In this paper, we will use SA-FTS to show how SA is able to increase the performance of the system. 

3. Fuzzy Time Series:
Since the seminal paper of Zadeh (1965) many contributions have been made to this area in various

aspects from fuzzy simulation, fuzzy decision making, fuzzy control, etc. One of these contributions is the one
made by Song and Chissom (Song, 1993; Song, 1994) who first proposed a fuzzy forecasting model called
Fuzzy Time Series in which observations are mapped to linguistic values. The very basic concepts of fuzzy
time series are described as follows:

Definition 1: 
(Song, 1993; Song, 1994) Let Y(t)(t =..., 0,1,2, ...), a subset of real numbers, be the universe of discourse

by which fuzzy sets fj(t) are defined. If F(t) is a collection of f1(t), f2(t). . then F(t) is called a fuzzy time-series
defined on y(t). 
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Definition 2: 
(Song, 1993; Song, 1994) If there exists a fuzzy relationship R(t-1,t), such that F(t)=F(t-1)×R(t-1, t), where

× is an operator, then F(t) is said to be caused by F(t-1). The relationship between F(t) and F(t-1) can be
denoted by: F(t-1) 6 F(t). 

Definition 3: 
(Song, 1993; Song, 1994) Suppose F(t-1) = Ai and F(t) =Aj, a fuzzy logical relationship is defined as Ai

6 Aj ; where Ai is named as left-hand side of the fuzzy logical relationship and Aj the right-hand side. 

Definition 4: 
(Song, 1993; Song, 1994) Fuzzy logical relationships with the same fuzzy set on the left-hand side can

be further grouped into a fuzzy logical relationship group. Suppose there are fuzzy logical relationships such
that:
Ai 6 Aj1

Ai 6 Aj2

…
They can be grouped into a fuzzy logical relationship group Ai 6 Aj1, Aj2, …

Definition 5: 
(Song, 1993; Song, 1994) Suppose F(t) is caused by F(t-1) only, and F(t) = F(t-1)×R(t-1, t). For any t,

if R(t-1, t) is independent of t, then F(t) is named a time-invariant fuzzy time series, otherwise a time-variant
fuzzy time series. 

Definition 6: 
(Song, 1993; Song, 1994) In a multivariate fuzzy inference process, an m-factor k-order fuzzy time series

is a time series consisting of m factors which is of kth order. For example, a two factor kth order fuzzy time
series with X as the primary and Y as the second factor could be stated as:
 
if (X1 = X1,y1 = y1), (X2 = X2,Y2 = y2),...(Xk = xk,Yk = yk) 6 (Xk+1 - xk+1)   (1)

Song and Chissom (1993;1994) introduced time-invariant and time-variant models to forecast the
enrolments of University of Alabama. Since these models required numerous calculations, Chen (1996)
proposed a simplified algorithm for fuzzy time series using simple arithmetic operations. 

This study aims at improving forecasting error by integrating SA algorithm with Chen's model. The
selection of Chen's model in this paper is due to two distinct reasons. First, it is known that Chen's model
forecasts better than Song and Chissom's model. Moreover, Chen's model could be integrated with heuristic
models better than the model of Song and Chissom. 

A drawback of Chen's model (1996) is its ignorance about transitions (fuzzy logic relationship) frequency
of the historical data. To overcome this drawback, the frequency weighted method (Tsaur, 2005) will be used
in this paper. 

4. Proposed Approach:
This section presents the solution procedure of this paper.

A. Overview of Simulated Annealing:
Simulated Annealing (SA) is a local search procedure that is capable of searching the space stochastically

and tries to escape from being trapped in local minima. SA avoids local minima by accepting worse solutions
during search with a monotonically decreasing probability. SA was first introduced by Metropolis et al. in 1953
and popularized by Kirkpatrick et al. (1983). In each iteration of SA, the algorithm looks for a new solution
in a neighborhood of the current solution. Then the fitness of the new solution is compared with fitness of the
current solution in order to determine. In case of an improvement, the new solution becomes the current
solution. If the solution has a worse fitness, it is accepted as the current solution with a probability determined
using the Boltzmann function Exp (-ª/kT), where k is the predetermined constant and T is the current
temperature. In the sequel of this paper, the performance of SA on our problem will be expounded.
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B. Encoding Scheme:
In this section, we present the encoding scheme of the proposed model. Let C be the number of intervals,

and U be the universe of discourse, a solution X is a vector consisting of (C-1) elements x1, x2, x3, …, xc-1

where xi-1 < xi,1 < I < n-1. Therefore, based on this solution we will have sets of intervals int1 = (Umin, x1),
int2 = (x1, x2), … intc = (xc-1, Umax). Each solution element xi, 1 < i < C-1  is called a break-point. Take figure
1 as a sample graphical representation of a solution. It is shown that the range between Umin and Umax is
divided into 7 partitions with unequal lengths.

C. Neighborhood Search Structure (NSS):
A Neighborhood Search Structure (NSS) is a mechanism in which a solution is slightly changed to reach

a new solution. NSS play a pivotal role in performance of SA. 
In this paper, two various NSS mechanisms are used called Substitute and Adjust. A substitute operator

is used whenever xi is changed to another value within the range [Umin, Umax]. It should be noted that the
solution vector needs sorting after a substitute move is employed.

And the second is Adjust operator in which, randomly chosen break-point, like xi,, 1 < i < C-1 substituted
with another randomly generated break-point (y) that max (umin, xi-1) < y < min (xi-1 u,max,). 

The first operator "Substitute" changes the current solution intervals randomly with another randomly
generated interval, this operator is like to diversify the search space. The procedure of this operator could be
explained as: a random number (ri) generated for each break-point (xi) where ri 0 (O,1) and 1 < i < n-1 If
the value of ri is higher than P (a constant parameter) this break-point will substitute with another break-point
(y) that umin, < y < umax. 

The Adjust move tries to shift one or more break-points from their current position. Let U be the number
of break-points that will be adjusted, for example U = 1. Choose one of the C-1 break-points randomly to
change. The selected break point will substitute with another break point (y) such that max (umin, xi-1) < y <
min (xi-1 umin). In other words, the break-point is free to shift between its left-hand and right-hand break-points.
This move intensifies the search.

D. Boltzmann Function:
Let F(x) denote the forecasting error of x. The function P(F(xn), F (x),T = exp           is defined as

1

iF

T



 Boltzmann function. Where ÎFi = F (xn) - F(x) and Ti is temperature at step i. This function is a
non-increasing function of i (iteration counter). If F (xn) < F (x), xn will be replaced with x otherwise if  F
(xn) > F (x), the probability of replacing xn with x is exp (-ÎF). 

Ti

E. Cooling Schedule:
Another parameter which is of paramount importance in SA is cooling schedule. A cooling schedule

determines the starting temperature, the trend of decreasing temperatures and the temperature to terminate the
algorithm. In this paper, we utilized a geometric cooling schedule with α = 0.98 and followed the same
procedure as (Crama, 2003) to determine the starting temperature.

5. Computational Experiments and Calibration of Model:
There are various test beds for testing the performance of the methods proposed in FTS literature. A

well-known dataset is the data relating to enrolments in University of Alabama. To verify the performance of
the proposed approach, the same dataset was used in this paper. The methods of Liu (2007) Cheng et al (2008)
Jilani (2007) Kuo et al (2009). were employed as comparison models.
To inspect the performance of model we use MAPE (Mean absolute percentage error) as the measure of
performance.
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where At is the actual and Ft is the forecasted value for time t. 
In order to tune the model parameters (P,U and β), various versions have been solved by increasing P and

β parameters from 0 up to 100 with a step size of 0.05 and increasing U from 0 up to C-1 with a step size
of 1.
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Each model was run 20 times and the best solution (Minimum MAPE) among 20 runs is taken as the final
result and the relative parameter value is taken as final parameter value. Tuning results of parameters P,U, β
are given in figures 4,5,6 respectively. These results show that P = 0.75, U = 1, and β = 1 lead to the best
solutions if each of them is tuned separately.

F. Model Results:
Using the fine-tuned model, it is possible to forecast enrollment data with an MAPE equal to 0.56%.

Figure 7 represents actual and forecasted values, and figure 8 exhibits the forecasting error during 500
iterations. 

The forecasts from (Jilani, 2007; Kuo, 2009; Liu, 2007; Cheng, 2008) and the proposed model are listed
in table 2. It is observed that when the universe of discourse is being partitioned by SA, the proposed model
shows highest accuracy (smallest error) of forecasting compared to other fuzzy time series methods.

Fig. 1: Graphical representation of solution (c=7)

Fig. 2:  The substitute structure.

Fig. 3: The adjust structure.
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Fig. 4: Tuning the value of  P.

Fig. 5: Tuning the value of  U.

Fig. 6: Tuning the value of β.

Fig. 7: Actual and forecasted values.
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Fig. 8: Forecasting error.

Table 1: Model parameters and their tuned values.
Parameter Description Tuned value
L Iterations with steady temperature 80
Ts Starting temperature 1.2
Te Ending temperature 2×10-4
α Temperature decrementing factor 0.98
P Parameter of Substitute 0.75
U Parameter of Adjust 1
β Chance of using a substitute move 0.2
Table 1 shows the calibrated parameters of our proposed SA.

Table 2: Comparison of the forecasted results for different models.
Actual Liu (2007) Cheng et al (2008) Jilani (2007) Kuo et al (2008) Proposed Model
13055 N/A N/A 13579 N/A N/A
13563 13500 14242 13798 13555 13716
13867 13800 14242 13798 13994 13716
14696 14700 14242 14452 14711 14705
15460 15600 15474.3 15373 15344 15472
15311 15400 15474.3 15373 15411 15213
15603 15750 15474.3 15623 15411 15552
15861 15400 15474.3 15883 15411 15948
16807 16800 16146.5 17079 16816 16806
16919 17100 16988.3 17079 17140 16928
16388 17100 16988.3 16497 16464 16394
15433 15300 16146.5 15373 15505 15359
15497 15750 15474.3 15373 15411 15552
15145 15400 15474.3 15024 15411 15213
15163 15300 15474.3 15024 15344 15214
15984 15750 15474.3 15883 16018 15948
16859 16800 16146.5 17079 16816 16806
18150 17100 16988.3 17991 18060 17914
18970 18900 19144 18802 19014 19087
19328 19200 19144 18994 19340 19087
19337 19050 19144 18994 19340 19087
18876 19050 19144 18916 19014 19087
MAPE 1.33% 2.40% 1.03% 0.68% 0.56%

Conclusions and Future Research Areas:
This paper dealt with a new forecasting based on fuzzy time series model and simulated annealing. The

main contribution of this paper is using SA to PARTITION the universe of discourse. 
Forecasting in stock market considering the stock relation with other stocks and market index could lead

to better results. Therefore, to implement this model on stock markets, designing a model that considers stock
market VAR-COVAR matrix, could make better forecasts. This is a great avenue for future study. In addition,
tuning the SA parameters together and conduct a set of sensitivity analysis are recommended for future
research.
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