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and Traveling Salesman Problem
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Abstract: This paper presents a new constructive approach based on simulated annealing for the large
scope of scheduling problem can be assumed as traveling salesman problem (TSP). The main
contribution of this research is developing a new definition of TSP. We solve the TSP when there are
no roads between some cities. This leads us to incomplete graph constructed based on TSP. We
demonstrate this reality is strongly adaptable with the real world situation. This research simulates
scheduling problems with incomplete ATSP and develops one stochastic heuristic based on
initialization and improvement to solve them. Computational results show that operation research
approaches is applicable to find final route up to 200 cities in reasonable time. To solve large scale
problems, we use a stochastic heuristic which distinct this work from the past researches. Comparison
study shows that our approach reaches good solution against one of the best recent algorithm.
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INTRODUCTION

The Travelling Salesman Problem (TSP) is an NP-hard problem in combinatorial optimization studied in
operations research and theoretical computer science. Given a list of cities and their pairwise distances, the task
is to find a shortest possible tour that visits each city exactly once. The problem was first formulated as a
mathematical problem in 1930 and is one of the most intensively studied problems in optimization. It is used
as a benchmark for many optimization methods. Even though the problem is computationally difficult, a large
number of heuristics and exact methods are known, so that some instances with tens of thousands of cities can
be solved (Oda, Y. 2002; De?neko et al., 2006). Since TSP is NP-hard, researchers have identified several
polynomial solvable cases of it Baki, M.F. (2006).

TSP can be modeled as an undirected weighted graph, such that cities are the graph's vertices, paths are
the graph's edges, and a path's distance is the edge's length. A TSP tour becomes a Hamiltonian cycle, and
the optimal TSP tour is the shortest Hamiltonian cycle. Often, the model is a complete graph (i.e., an edge
connects each pair of vertices). If no path exists between two cities, adding an arbitrarily long edge will
complete the graph without affecting the optimal tour (Lawler et al., 1985). 

This research focuses on the asymmetric travelling salesman problem (ATSP). In the ATSP, the distance
between two cities is the same in each opposite direction, forming an undirected graph. This symmetry halves
the number of possible solutions. In the asymmetric TSP, paths may not exist in both directions or the
distances might be different, forming a directed graph. Traffic collisions, one-way streets, and airfares for cities
with different departure and arrival fees are examples of how this symmetry could break down. Some
researchers developed exact approach for solving ATSP. Carpaneto et al. (1995) presented a lowest-first,
branch-and-bound algorithm for the Asymmetric Travelling Salesman Problem. But the exact approaches are
not so applicable in the large scale problems. Heuristic methods such as the Or-opt heuristic by Or, (1976)
and local search algorithm based on the S&C ejection chain method by Gamboa at al. (2006) are well known
for the symmetric travelling salesman problem. Also, a few attempts have been made to solve it by various
meta-heuristics such as tabu searches (Tsubakitani and Evans, 1998) and genetic algorithms (Schmitt and
Amini, 1998).

The ATSP does not seem to be more tractable from the viewpoint of approximation either (Righini and
Trubian, 2004). Mathematical programming formulations for the ATSP involve the assignment constraints along
with subtour elimination constraints (SECs), besides the binary restrictions on the decision variables (Oda,
2002). Mak and Boland, (2007) introduced a polynomial size mixed-integer linear programming (MILP)
formulation for the ATSP. Righini and Trubian, (Righini and Trubian, 2004) showed that some ATSP instances
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are approximable within bounds equal to 3 and 9/5, when they satisfy sufficient conditions more restrictive
than the triangle inequality, very simple to test and nicely structured. Finally Choi et al. (2003) presents a
genetic algorithm to solve the ATSP.

This research simulates large scope of scheduling problem as ATSP in which some roads are not existed
between some cities. To solve this group of N-P hard problem one stochastic approach besed on meta-
heuristics are proposed that can find a good route between all cities in reasonable time and with acceptable
error. 

2. Problem statement:
In general, ATSP can be defined as follows. Given a set of n nodes and distances for each pair of nodes,

find a roundtrip of minimal total length visiting each node exactly once. In this case, the distance from node
i to node j and the distance from node j to node i may be different.

This research focuses on single machine scheduling problems and simulates them as asymmetric salesman
problems. In the single machine scheduling problem n jobs must processed on a single machine one by one.
As shown later some sequence in final solution of production planning of jobs may be impossible cause of
high setup costs imposed to the process. This problem can be shown as a graph that jobs are nodes and
possible sequence are edges. The solution of the graph can be simulated as a solution of ATSP that some roads
are not possible. We call this problem as incomplete asymmetric traveling salesman problem (IATSP). Of
course IATSP can be assumed as an ATSP that some routes have unlimited cost.

Compared to the ATSP, the IATSP is more adequate to model the real life situations, since it is capable
of handling incomplete graph. These situations arise mostly in various routing and scheduling problems. Some
applications are as follows:

Scheduling problems:
Scheduling problems are major problems in the research fields. One of the main branches of this category

is sequence dependent problem that setup cost (and maybe setup time) of each job depends on the previous
job has been already finished. In the real situations we can find wide group of problems that are compatible
with this assumption [13]. Consider single machine scheduling problem; there is one production line and some
jobs that must be completed on it one by one. In the real world situation maybe some sequences create high
setup cost and cause the finished cost of related job exceeds the competitive or desired cost. This situation
especially can be seen in processes involving color. For example in dyeing process, sequencing bright color
(white, bright cream) after dark color (black, dark blue) makes high cost (some fiber are wasted and washing
time of baskets are high). Therefore this sequence is not acceptable in the final production plan. The same
situations exist in cable industry (producing colored wire) and car industries. Hence, there are n jobs that must
be processed one by one on a production line with the goal of minimum total cost of production. In this
problem; some sequences are not acceptable based on imposed cost (their setup costs are so high). Each job
can be assumed as a node. Also we can show each sequence of jobs that is acceptable by one edge. Actually
there are some nodes that must be processed on production line and some feasible sequences exist between
them. Each edge has a cost according to the related setup cost. Hence there will be one graph based on nodes
and edges. We can simulate this diagraph by TSP; each node indicates one city and each possible edge
indicated one road between two cities. The traveling cost between two cities is equal to setup cost between
two jobs. Actually we are faced by the problem with the goal of finding shortest Hamiltonian cycle. For
example if we have three jobs, then there would be three nodes that must be covered one by one on a single
machine. This case is shown in Figure 1. In this figure another node is added to the related graph as node 0.
This node is artificial to convert the problem to TSP. Each node except node 0 indicates one job. In the related
graph we start at node 0 and go to other nodes exactly one time with the minimum cost indicated on edges.
The only difference with classical TSP is that we do not back to the first city (node 0). Also in sequence-
dependent setup problem, the setup cost for production of job i after job j can be different from setup cost of
producing job j after job i. Hence, the related graph can be asymmetric. In these cases we have an incomplete
ATSP.

Chemical reaction:
Especially in chemical industry, producing one job immediately after some jobs is impossible because of

some danger chemical reaction. Hence in scheduling process, there are some impossible roads to be taken. Also
in these cases, there is an incomplete TSP (ITSP) or if dimensions are not symmetric, there is an IATSP.
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Fig. 1: Sample graph when there is three cities

3. Formulation:
First the following parameters are defined:

Cij : Cost of traveling from node i to node j 
n : Total number of nodes (cities)
A : Set of total possible routes
Yij : 1, If city i precedes city j immediately; 0, otherwise 

Then the mathematical model can be developed as follows:
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Constraints to prevent the occurrence of subtours   (4)

              i,j=1, 2, … , n and ij 0 A   (5)ijY Binary

Relation (1) is going to minimize the total cost of traveling between all nodes. In scheduling problems,
Cij can be setup cost of producing product i immediately before product j. Constraint (2) implies each node
must be met only one time. Constraint (3) states each node must be left after meeting, because we are looking
for a cycle of nodes not a tree. Constraints (4) prevent the occurrence of subtours. For example if four nodes
numbered 1, 2, 3 and 4 exist, constraints regarding to (4) are as follows:

              œ i, j =1,2,…,n and ij0 A   (6)1ij jiY Y 

                   œ i, j, k=1,2,…,n and ij, jk, ki 0 A   (7)1ij jk kiY Y Y  

Finally constraint (5) is clear and, together with the other constraints, provides a valid formulation for the
IATSP.

4. Heuristic approach:
Proposed model includes binary variables and also has a lot of constraints. Clearly finding optimal solution

of the problem is so time consuming, especially in the real world situations. No choice except develop heuristic
approach to solve the problem. One of the most famous approaches especially in TSP is one that finds one
initial route and then improves it by some rules. Many heuristics find initial route based on a pool of random
routes or some initialization, but in the proposed TSP because some roads are not existed, finding an initial
route is not easy. Firstly the feasibility of existence at least one route between cities based of feasible roads
must be checked. If there is no route, the problem is infeasible and if existence of at least one route is
approved we can improve it to find the good route. To check of existence of at least one route, it is required
to construct graph based on the problem. In each problem, there are n cities numbered 1 to n that must to be
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met and also there are some feasible roads between cities. Hence the related graph (called G) is a double (V,
A), where:

V is a finite set called the set of vertices of G. Each node indicates one city, so for n cities there are n
vertices.

E is a subset of {ij | i,j0V and i…j} called the set of edges of G. Each edge ij indicates a feasible road
between city i and city j, in other word, it is feasible to visit city j immediately after city i .But if city j
cannot be visited immediately after city i, there is no edge from node i to node j. Hence existence of edge
between vertices in G indicates feasibility of road between cities in the problem.

In G each node has unique number related to the city number (node 1 indicates city 1 and etc.). Also one
additional node numbered 0 is shown in G. Each edge 0i (i0V) in G indicates road 0i and it means select city
i as starting city of tour. Road 0i is feasible for all cities and therefore there is one edge from node 0 to each
in G. Two graphs (G1 and G2) are shown in Figure 2.

Fig. 2: Two sample of graphs

After construction G some other edges must be eliminated. Let node i has various exiting edges. If one
of these edges ends to one degree node (node with only one entering edge), say node j, it means city j, and
no other cities, must be visited by a tour after city i. Therefore all iz edges, z0j, indicate impossible road and
must be eliminated from G. Also edge ji (if exists) indicates impossible road because if city j must be visited
after city i, city i can not be visited after city j. We call these edges as extra edges. For example in Figure
2, node 1 in G1 and G2 are one degree. Therefore edge 02 in G1 and G2 are extra and must be eliminated. The
process of elimination extra edges from G1 and G2 are shown in Figure 3.

Fig. 3: Elimination of extra edge in G1 and G2

After G is modified, the feasibility of the problem must be checked. It means the feasibility of existence
at least one tour between cities based on the feasible routes must be checked. One of the most widely used
representations for TSP is order-to-position representation. In this kind of representation, a single row array
of the size equal to the number of the cities to be visited is formed. The value of the first element of the array
indicates which city is visited first. The second value shows which city is visited second and so on. This
representation is called complete tour. For example (1-3-2) is a complete tour for G 1 and means city 1 is
visited first, city two is visited second and city 3 last. It is clear to have one complete tour for the problem
with n cities, n positions in single row array are required (first, second,…, nth). To check the feasibility of
at least one complete tour, it is enough to count the number of positions created by feasible routes. To count
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the number of positions, the care should be made regarding the edges of the G. Each edge indicates one
feasible road and can contribute in the creation of required positions which is called edge contribution. Assume
m edges end to node u. Because in any complete tour, node u has one position (from first to nth), sum of
contributions of these edges in position creation is equal to 1. Without loss generality, we can assume each
edge has edge contribution equal to 1/m. For example in Figure 2, in G1 and G2 edge contribution of 01 is
equal to 1/1=1. Also edge contribution of each 12 in G1 is 1 and in G2 is 0. But for the problem with n cities,
to have at least one complete tour, it is required to have n positions, so the sum of edges contributions must
be equal to n. Sum of edges contributions in G 1 is 1+1=2 and sum of edges contributions in G 2 is 1+0=1.
Therefore in G 1, problem is feasible (one complete tour is possible like 1-2) but in G 2, problem is infeasible.
The process of extra edges elimination, edge contribution calculation and comparison with the required position
is called route possibility test or RPT.

In this paper we develop one strong meta-heuristic to find an initial route and improve it by some effective
neighborhood search. The quality of final solution is strongly depends on the initial solution then we do not
use random search as initialization. The effective approach used in this paper is simulated annealing (SA). By
analogy with this approach, each step of the SA algorithm replaces the current solution by a random "nearby"
solution, chosen with a probability that depends both on the difference between the corresponding function
values and also on a global parameter T (called the temperature), that is gradually decreased during the process.
The dependency is such that the current solution changes almost randomly when T is large, but increasingly
"downhill" as T goes to zero. SA developed in this paper is hybridized with the initial solution (construction
phase) and three search neighborhoods (pairwise interchange, forward insertion and backward insertion).

Now we present our algorithm as follows:

Construction:
1. The following steps are taken to construct the initial solution by selecting cities one by one in the

complete route:
2. Construct the graph and do RPT for the related graph. If it is not valid, the problem is infeasible. If it

is valid, insert additional city 0 (or additional node 0) at the position 0 and set k=1.
3. Put each city i (i=1,…,N)  not visited up to now in position k. Select one city with the least traveling cost.

Here traveling cost of city i is the setup cost of producing product i immediately after the previous
product.

4. Eliminate those edges emanating from unselected vertices (cities) and leading to a selected node. Also
eliminate all edges emanating from node visited at the position k-1, except that unique edge leads to a
selected node. Do RPT for the new graph. If it is valid, put the selected city at the position k and
substitute the old graph with the new one. If it is not valid, select the next city with the least traveling
cost from step 2 and do the same. Do these till RPT is valid. Put k=k+1 and if k#N (N indicates the
number of cities) go to step 2. If not, selection process is finished.
For example in Figure 1, we start at node 0. If node 1 has the least traveling cost, edges 02, 03, 04, 21

and 41 must be eliminated and the RPT must be checked that is not valid. Hence selection must change. 

Improvement:
The effectiveness of a local search/improvement procedure depends on neighborhood structure,

neighborhood generation mechanisms, the starting solution and the evaluation of neighboring solutions, among
other things. Since the solutions obtained from the construction phase are usually not even locally optimal
solutions, it is better to perform local search on these solutions. We use three different search neighborhoods
as pairwise interchange neighborhood, forward insertion neighborhood and backward insertion neighborhood
(Gupta and Smith, in press). We show objective function (1) by OF.

1. for i=1 to n do
2. Initialize Max-iterations, Temp-start.
3. Set Count = 1, T = Temp-start.
4. Let the best route obtained in the initialization step be called the current route, xc.
5. Compute OF(xc).
6. Randomly generate a neighboring route using either the interchange neighborhood, Forward Insertion

Neighborhood or Backward Insertion Neighborhood. Let the neighboring route be called the adjacent route,
xa. Compute OF(xa).

7. If neighborhood is feasible route based on possible roads 
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8. If OF(xa)<OF(xc)
9. Then set xc = xa;
10. Else
11. Set D= OF(xa)-OF(xc);
12. Set T= Temp-start/log(1+Count);

13. With probability       set xc = xa.
/Te

14. Else
15. Increment Count by 1;
16. If Count<Max-iterations, go to step 3.
17. Output the current best route as the final route.

This method is called HSA in this paper.

5. Comparison study:
This section describes the computational tests which are used to evaluate the effectiveness and efficiency

of the proposed algorithm to find good route. Hence for this purpose, we tested the following three methods: 
• MM: Mathematical Model proposed in this paper as a lower bound for small size problems
• EF: The efficient heuristic described by Gambao et al. (2006).
• HSA: Proposed heuristic algorithm described in this paper. 

The traveling costs between each two nodes were random integers from the Uniform distributions in the
ranges of 1 to 10. 

Computational testing was conducted on some of test problems. We randomly generated these problems
because no test suite exists for the IATSP with proposed features. Within the test, we varied one problem
characteristics: number of cities. We tested problem with 50, 100, 200, 300, 500, 1000 and 3000 cities. The
size of problems has been taken in correspondence with the real size of scheduling problems. After
constructing the related graph, we tested three methods .As an example of the notation; consider the N5 set
of problems: it consists of 20 instances generated with traveling cost between 1 and 10 and 5 cities.
Considering all configurations tested, we obtain a total of 120 problem instances. MM has been solved by
quadratic estimate and Newton search method that can be assumed as a lower bound for small size problems.
EF needs an initial solution. Previous methods can not find the initial route in lack condition of some roads.
Hence we use the initial route of HSA for EF.

Two methods of HSA and EF are coded and run on a 2000 MHz Pentium-based PC with 512 RAM. 
Each problem instance was solved using each method. In addition, for each problem, the best solution was

found using the best result gained by all methods. For small size problems MM creates the best solution but
in large size problems it is so time consuming. We compare all results and select the best solution. Using the
output from these programs, the percentage relative error (PRE) for each method h is computed as follows:

PRE=(Mh!BS)/BS   (8)

where Mh is the solution for the method h and BS is equal to the result of the best solution. The average,
minimum, and maximum PRE values for all methods are shown in Table 2. The ‘Min’ labeled columns show,
in subscript, the number of instances for which the algorithm solution was equal to the corresponding BS. In
'Average' column we show two sub columns including average result and average time to solve all 20
instances. The maximum time of solution is assumed to be 2000 seconds.

Table 1 demonstrates that EF and HSA seem so fast and can create almost the good solutions especially
for the small size problems compared to the lower bound solution gained by MM.

We now test the hypothesis that the population corresponding to the differences has mean µ zero.
Specifically, we test the (null) hypothesis µ = 0 against the alternative µ>0. We assume that the OF difference
is a Normal variable, and choose the significance level α = 0.05. If the hypothesis is true, the random variable

                                       has a t distribution with:2 2
2 1 1 1 2 2( ) / ( / ) ( / )T X X S n S n  
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                                                         degrees of freedom. The critical value of c is obtained 
2 2 2 2

2 2 2 1 1 2 2
1 1 2 2

1 2

( / ) ( / )
( / / ) /( )

1 1

S n S n
S n S n

n n
   

 
from the relation Prob (T > c)= α = 0.05. For example, the first entry in Table2 corresponds to the sample 

size= n1 = n,2 = 20, μ00 sample mean for HSA and EF are             and             respectively. Sample 1 84.9X  2 86.5X 

standard deviation for HSA and EF are S1 = 1.32 and S2 = 1.74 respectively. Since t = 1.65 < T = 3.28, we
conclude that the difference is statistically significant. Table 2 displays all differences are significant.

Table 1: PRE values for all mentioned methods
Instances HSA EF MM

----------------------------------------------- ---------------------------------------------------- -----------------------------------------------------
Min PRE Ave. Max PRE Min PRE Ave. Max PRE Min PRE Ave. Max PRE

------------------ -------------------- --------------------
PRE Time PRE Time PRE Time

N50 018 0.01 <1 0.1 010 0.07 <1 0.12 020 0 37.2 0
N100 09 0.06 7 0.07 03 0.1 10 0.13 020 0 151.2 0
N200 05 0.09 24 0.12 00 0.12 38 0.21 020 0 890.8 0
N300 016 0.01 89 0.04 03 0.03 110 0.1 - - >2000 -
N500 019 0 185 0.03 01 0.01 224 0.17 - - >2000 -
N1000 017 0 870 0.02 07 0.02 1012 0.07 - - >2000 -
N3000 020 0 1940 0 - - >2000 - - - >2000 -

Table 2: Evaluation of the differences between solutions

Instances Average OF or  SD OF or S T u t SignificantX
---------------------------- ---------------------------
HSA EF HSA EF

N50 84.9 86.5 1.32 1.74 3.28 35 1.65 Yes
N100 157.28 161.2 1.87 2.21 6.06 37 1.66 Yes
N200 205.7 209.1 5.02 5.71 2.00 37 1.66 Yes
N300 564.3 584.23 3.07 3.39 19.49 38 1.69 Yes
N500 941.1 987.15 1.57 4.32 44.80 24 1.65 Yes
N1000 2047.2 2231.4 3.91 7.21 100.4 29 1.71 Yes
N3000 10240.2 11127.3 3.02 9.13 412.5 23 1.65 Yes
Each instances contains 20 independent test
OF means objective function (1) and SD means standards deviation

Conclusion:
This paper describes a new definition of TSP based on the real world situation especially in scheduling

process. For the problems consistent with this definition, a mathematical model is developed. Also one solution
method is proposed and accuracy and efficiency of method was tested. Experimental results demonstrate good
quality of output of proposed method. Incomplete graph is so compatible with a large scope of real problems
especially in sequence dependent problems. Because of the nature of problem, to find an initial solution in
proposed method is time consuming. To achieve a faster approach to reach the initial solution can be
recommended as an area of future research. Also attention to multi criteria objective function can be
recommended for another area of future research.
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