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Abstract: This paper presents the Bayesian prediction of spatial data to get the best linear estimator 
under uncertainty. The purpose of this work are; to create parameters and to show the uncertainty 
illustrate a good prediction, to studied different cases of the prior spatial distribution to modify that an 
approach by mixing the parameters between Bayesian method and universal kriging technique. 
Bayesian kriging methods are applied on the real spatial data between gold data (Au) and silver data 
(Ag) from Australia. Outcome clearly during the corresponding between the prediction values with the 
real values of observations illustrates it is very convergent from the original values of spatial data using 
variogram function. That is shown clear during the constraints of weights, kriging variance and 
Bayesian variance. In conclusion, Bayesian approach is used to create components of estimation 
process with universal kriging, these results showed the model describe (96%) of the total variability 
that leads to improve efficiency in spatial distribution.  
 
Key words: Bayesian, kriging, uncertainty, spatial data. 
 

INTRODUCTION 
 
 The first appearance of the spatial statistics was in the form of spatial data maps. Considered Halle 1686 
was installed monsoon winds, and then appeared spatial model by student. Spatial prediction is the inference 
process which aims to deduce at unmeasured sites. (Rudolf, 2003) for examples of prediction in the random 
fields; predict amount of mineral ores in underground; predict level of ground water; predict environmental 
pollution…,etc. (Schabenberger and Gotway, 2005).  
 The spatial prediction in unmeasured locations based on regionalized variables called "Kriging". In 
addition, to prediction it is including error measure or uncertainty under accuracy of Prediction. (Johansson and 
Chen, 2005), (Eldeiry and Garcia, 2009). Methods of kriging techniques was studied, applied and extended 
tocontain linear functions and nonlinear functions (Chiles  and Delfiner, 1999). (Miller, Franklin, and Aspinall, 
2007).Ordinary kriging and universal kriging not depend on primary information about parameters of spatial 
covariance functions. Where both these techniques include many hypotheses about the form of trend and 
variogram functions (Webster and Oliver, 2001),(Cressie, 1993). The theory of universal kriging allows using 
no uncertainty to determine the model.. The first work of uncertanity is (Handcock and Stein, 1993) Bayesian 
method proposed to solve these problems of prediction under uncertainty in prediction parameters, and not 
depend on assumptions about the posterior distribution. Therefore, Bayesian universal krigingextended of linear 
Bayesian theory of spatial prediction with uncertainty to determine the model of spatial distribution 
(Chalkiadakis and Boutilier, 2004). (Diggle and Ribeiro, 2007), (John and William, 2010). (Kuhlman and 
Pardolguz, 2010). Bayesian kriging techniques are used to solve the problem of prediction under uncertainty by 
the theory of spatial variables. 
 
2. Method: 
2.1 Regionalized Variable: 
 Spatial variable defined that variable distributed in the space or in the placeand the phenomena called 
"Regionalization". These variables areobtained from the applications in environment; earth sciences, agriculture, 
groundwater, pollution gases and mineral ores. Each variable is a real function taken realvalue represents the 
observations (such as groundwater level, or the degree of metal) and their locations.Let ( )g s  represents the 

spatial variable: s in the site within the region D, in the space of Euclid, where ps D R∈ ⊆ .And P is the 

dimensional (one ( )s u , two ( , )s u v , and three ( , , )s u v w (in space). Theory of spatial statistics rely on 
regionalized variables that it is a certain structure. The observations of spatial variablehave correlated; this 
correlation based on the distance (h) that separated between two locations. 
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2.2 The Variogram Function: 
 The variogram function is a tool function to refer the spatial correlation between observations that to 
discrepancies between those observations. It is important to create the best mathematical model or defined the 
differences between the observations with lag to each other lag. Let ( )g s and ( )g s h+  be two random 

variables at two points ( )s  and ( )s h+  separated by the vector ( )h . The variogram function between these 
two variables is defined by 

( ) ( ) ( ){ }2
2 ,s h E g s g s hγ = − +  

 
 

 
In all generality, this variogram ( )2 ,s hγ is a function of both the point ( )s and the vector ( )h .  It is then 

possible to estimate the variogram from the available data: an estimator of ( )2 ,s hγ  is the arithmetic mean of 

the squared differences between two experimental measure at any two points ( ) ( ),i ig s g s h +   separated 

by the vector ( )h , and the semi-variogram function is defined as 

( ) ( ) ( ) ( )
( ) 2

1

1
2

n h

i i
i

h g s h g s
n h

γ
=

 = + − ∑                                                         (1) 

 

 
Where   is the number of experimental pairs ( ) ( ),i ig s g s h +   of data with distance ( )h

 
Note 

that the intrinsic hypothesis is simply the hypothesis of second-order stationarity of these differences of random 
variables. Variogram function characterized by: continuity; where the degree of spatial continuity showed 
increased of variogram function for lag ( )h until it stable; Isotropic variogram that is assume stationary for the 
variable, and defined this function has different values but don't rely on the direction, otherwise called 
Anisotropic. To describe this function must know the following parameters of semi- variogram functions:                                   
1. Nugget effect: is defined the discontinuity at the origin point, denoted (ψ0).  
2. Sill: is defined as the limit for the variogram function to infinityand denoted (ψ)  
3. Range:  A long distance on the x-axis increasing from the start of the curve and when it curved is stability and 
coded (a). (Mingoti and Rosa, 2008). 
 
2.3Intrinsic Hypothesis: 
The random field ( )g s   is second order stationarity if and only if: 

[ ( )]E g s µ= , and [ ( ), ( )] ( )Co vg s h g s C h+ =  
 In this case 

2[ ( )] (0)Var g s C σ= =    , (Cressie, 1993) 
In addition that, the random field ( )g s   is called intrinsic hypothesis if  
I)   [ ( ) ( h)] 0E g s g s− + =  

II) { }21( ) [ ( ) ( h)]
2

h E g s g sγ = − +
 

Thus, the second order stationarity leads to intrinisic hypothesis but the opposite is not true.  
( ), i 1, 2,..., nis =  Set of random variables ( )ig s  at each location 
Because the expected of these function is known as a constant then the random spatial function  
 
2.5 The General Model: 
 

( ) ( ) ( )Tg s f s xα ε= +
                                                                                        (2) 

 
Is the general model: 
 

( ) ( )TE g s f sα α  =    erehw 
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And    ( ) ( ) ( )2
1 2 1 2cov ,g s g s K s sα σ  = −   

[ ] [ ] 2E ,covα µ α σ= = The prior probability: 
 
To get the best linear unbiased estimator, must satisfied two conditions: 
 i) unbiasdness 
ii) Minimum of variance and defined by the following formula: 
 

*min[var{ ( ) ( )}]o og s g s−
                                                                                     (3) 

 
Universal Kriging: 
 Kriging technique is the supposed spatial association between the points known as the spatial variability in 
the Structural Created estimated values. Usually, universal kriging includes the equation of the trend surface in 
the prediction process. 

( ) ( )
1

L

r r
r

A s f sβ
=

 =  ∑                                                                                                     (4) 

rβ is the  coefficient and ( )rf s is the thr  basic function, that describes the trend of the model 

( ) ( ) ( )g s s e sµ= + , then the predictor of g is defined as: 
 

( ) ( )*

1

n

o i i
i

g s g sβ
=

 =  ∑
            

(5)
 

 

With the constraint;
1

1
n

i
i
β

=

=∑ where this constraint ensures the principle of unbiasedness; 

 
( ) ( )*[ ]oE g s sµ=

 
 
Then the model g(s) becomes: 
 
( ) ( ) ( )'g s F s e sβ= +

 
 
kriging is found by minimizing the variance [1]: 
 

[ ] ( )2

1 1

n L

krige i io l o
i l
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= =

= + Ω∑ ∑                                                                                       (6) 
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2.6 Bayesian Approach to Kriging: 
 Prior information in prediction process it is very important to give accuracy of prediction. 
Then the function of all observations defined as: 
 

( ) ( )( ) , 1, 2,...,b
i i m ig s g s s i nµ= − =

 
Therefore, the linear predictor for ( )og s at the site ( )os defined by: 

( ) ( )*

1
( )

n
b

o i i m o
i

g s g s sλ µ
=

= +∑                                                                                   (8)  
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Where the weights denoted by  , 1, 2,...,i i nλ = and to get the best linear unbiased estimator predictor of 

( )og s  must satisfied two conditions: 

i) Unbiasedness *[ ( ) ( )] 0o oE g s g s− = , with the constraint the weights 

ii) The error in prediction of ( )og s  by *( )og s is minimum: *min[var{ ( ) ( )}]o og s g s−  

Then
     ( ) ( )* ' b

o m og s g sλ µ= +  where 
1

1 10
0 1

(1 ' )[ ).
'

J J
J J
γ γλ γ γ γ
γ

−
− −

−

−
= +

 
And the variance of Bayesian kriging  is: 

( )
1

2 1 10
0 01

(1 ' ) 1 ' '
'Bk

J J
J J
γ γσ γ γ γ γ γ
γ

−
− −

−

−
= + +                                                                 (9) 

 
 
4.   Analysis of data: 
 The spatial data of each group: gold (Au), and silver (Ag); with their locations are Selected of this 
application (John, A. and William, A. 2010). Firstly, to apply the matrix of distances for (100) sits represent by 
two dimensions by means of the Eludes distance. The experimental semi-variogram function is computed for 
each set according the equation (1). Table (1) below shows the results of semi-variogram function for (100) 
samples of gold data (Au) these data compute in two directions ( )0 , 90θ θ= =  multiply ( )1.0 004e − of 

lag ( )h , 1, 2, ,9h =  and because these two directions haves the same lag of h, we found the average of 

semi-variogram, by the same way we compute the semi-variogram function of second lag ( )h ,where 

1.414,2.828, ,12.72h =  by two directions ( )45 , 135θ θ= =   multiply ( )1.0 003e − . Also, these 

two angles having the same lag ( )h were found to be the average of semi-variogram. Refer to Table (1). 
 
Table 1: Results of semi-variogram function for gold data (Au).

 
semi-variogram ( )45 , 135θ θ= =   lag  

( )h  
semi-variogram ( )0 , 90θ θ= = 

 
 

lag 

( )h  

0.1367 1.414 0.0871 1 
0.1708 2.828 0.1214 2 
0.1755 4.243 0.1337 3 
0.1885 5.657 0.1474 4 
0.1644 7.071 0.1928 5 
0.2216 8.485 0.2146 6 
0.2865 9.899 0.2002 7 
0.4337 11.313 0.3299 8 
0.5125 12.727 0.4683 9 

 
 Figure (1) below shows the variogram function for the gold data with two directions ( )0 , 90θ θ= =  , shows 

the curves near the y- axis at ( 0.000381oψ = ) and the curve increased where the lag ( )h is increase unite 

stable at the range 8a = , at this distance the variogram equal the variance  ( 0.0001928ψ = )approximately. 

By the same behaviors for two directions ( )45 , 135θ θ= =   shows the curves at ( 0.0001367oψ = ) and the 

curve is increase unite stable at the range 11.31a = , at this distance the variance equal 
( 0.0001885ψ = )approximately. This curve of gold data is more similarity Gaussian model. 
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Fig. 1: Variogram functions for (Au) data: (a) theta (0, 90), (b)theta (45,135), (c) Average of variogram 

functions for (0, 90), and (45,135). 
 
 Table (2) illustrates the features of the semi-variogram function for gold data in all directions. When the 
function does not equal to zero with y- axis that is called Nugget Effect ( oψ ), while the Sill is defined as the 
limit for the variogram function to infinity and denoted (ψ). And Range coded ( a ) and defined the distance on 
the x-axis from the origin point to a distance of approach when   the curve is stability. Refer to Table (2). 
  
Table 2: Results of semi-variogram features for gold (Au). 

semi-variogram ( )45 , 135θ θ= =   semi-variogram ( )0 , 90θ θ= = 

 
 

Parameters
 

0.0001367  0.000381  Nugget Effect  ( oψ ) 

0.0001885 0.0001928  Variance (ψ ) 
11.31 8  Range( a ) 

 
 Table (3) shows the results of semi-variogram function for (100) samples of silver data (Ag) these data 
compute in two directions ( )0 , 90θ θ= =   multiply ( )1.0 004e − of lag ( )h , 1, 2, ,9h =   we found 

the average of semi-variogram because these two directions haves the same lag of h. by the same way we 
compute the semi-variogram function of 1.414,2.828, ,12.72h =  by two directions ( )45 , 135θ θ= =   

multiply ( )1.0 003e − .Refer to Table (3). 
 
Table 3: Results of semi-variogram function for silver (Ag).

 semi-
variogram ( )45 , 135θ θ= =   

Lag 

( )h  
semi-variogram ( )0 , 90θ θ= = 

 
 

lag 

( )h  

0.0275 1.414 0.0189 1 
0.0417 

 
2.828 0.0322 2 

0.0474 4.243 0.0338 3 
0.0476 5.657 0.0375 4 
0.0487 7.071 0.0358 5 
0.0502 8.485 0.0300 6 
0.0508 9.899 0.0322 7 
0.0897 11.313 0.0501 8 
0.1656 12.727 0.0793 9 
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 Figure (2) below shows the variogram function for the silver data with two directions ( )0 , 90θ θ= =  , 

shows the curves near the y- axis and the curve increased and the lag ( )h is called the range 

8a = approximately. By the same behaviors for two directions ( )45 , 135θ θ= =   shows the curve is increase 

unite stable at the range 11.31a = , at this distance the variance approximately.  
 

 
 
Fig. 2: Variogram functions for (Ag) data: (a) theta (0, 90), (b) theta (45,135), (c) Average of variogram 

functions for (0, 90), and (45,135). 
 
 Table (4) shows the features of the semi-variogram function for (100) samples of silver data in all 
directions. Nugget Effect denoted ( oψ ), while the Sill is denoted (ψ). And Range coded ( a ) and defined the 
distance on the x-axis when the curve of variogram is stable. Refer to Table (4). 
 
Table 4: Results of semi-variogram features for silver data (Ag).

 
semi-variogram ( )45 , 135θ θ= =   semi-variogram ( )0 , 90θ θ= = 

 
 

Parameters
 

0.02746  0.01889  Nugget Effect  ( oψ ) 

0.04875  0.03385  Variance (ψ ) 

11.31 8  Range( a ) 
 
 Ten locations for ten observations are selected randomly for both sets of data to estimate the values using 
kriging variance according the equation (7) and variance of *( )ig s  and reached the following results refer to 
table (5). The observed curves as well as the observed points were displayed as a reference for the covariance 
models. The model was able to capture a lot of variations in the different fields.  
 
Table 5: Results of prediction values using kriging. 

2
KBσ *1.0e-011 

*( )ig s  ( )s v  ( )s u  Data 

0.0341 0.65 3.4 4.2 Gold (Au) 
0.0461 9.14 6.5 7.4 
-0.0096 0.82 1.6 2.6 
0.0605 1.90 4.6 2.5 
0.1335 0.77 7.5 2.9 
-0.0112 2,42 5.5 4.2 Silver (Ag) 
-0.1142 7.44 4.1 3.8 
-0.1479 3.82 1.4 8.3 
-0.0588 4.50 6.6 3.6 
-0.1327 2.98 3.5 7.0 

 
 Table (6) below illustrates prediction for ten values of each data gold and silver with their locations All the 
curves using Bayesian kriging model are closer to the observed points.By using Bayesian kriging style we 
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compute the weights and satisfied the condition. Also we compute the Bayesian kriging variance according the 
equation (9).    
 
Table 6: Results of prediction values using Bayesian kriging variance. 

*
2

( )ig s
σ  

2
krigeσ  

*( )ig s  Data 

-0.0014 0.0017 3.14 Gold (Au) 
-0.0142 0.0144 4.23 
-0.0144 0.0146 2.7 
-0.0014 0.0016 7.3 
0.0004 0.0006 5.9 
-0.0015 0.0016 5.4 Silver (Ag) 
0.0102 0.0066 1.3 
-0.0104 0.0122 3.3 
0.0009 0.0016 6.0 
-0.0013 0.0007 8.5 

 
Conclusion: 
 Uncertainty case in prediction stimulates the estimation of the trend and the parameters. And these results 
were noted in this paper. Bayesian kriging technique has given the best prediction under uncertainty, based on 
the prior information must be corrected. Performance of Bayesian kriging is the good technique, in addition, the 
variance is minimum and the outcome, showed the model explain (96%) of the total use of variogram functions. 
These results supported prediction process.   
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