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Abstract: In this paper, high-resolution direction of arrival (DOA) estimation techniques of non-
stationary narrowband signals using matching pursuit (MP) are developed. We demonstrate that the 
two proposed methods based on using the MP decomposition are able to discriminate close sources, 
are robust against additive Gaussian noise, and can be applied for underdetermined problems as well. 
The first sensor output is considered as reference. The reference sensor data is decomposed by MP 
based on using the chirplet dictionary. The MP can be employed in two different ways to improve the 
performance of well-known subspace method, MUSIC(Multiple Signal Classification). First method, 
the chosen MP atoms are used to obtain the signal time duration or frequency bandwidth and then the 
conventional MUSIC is applied for the specific time interval or frequency bandwidth. Second method, 
the MP coefficients of array contain the steering vector information and so they can be used to form 
the spatial covariance matrix and estimate the DOA. We show that after decomposing the reference 
sensor output by MP based on chirplet dictionary, using either chosen atoms or coefficients to estimate 
the DOA in array processing outperform the conventional MUSIC for different scenarios. The main 
core of improving the performance of MUSIC is MP source discriminatory capability.  
 
Keywords: Direction of arrival estimation, matching pursuit decomposition, MUSIC algorithm, non-

stationary sources. 
 

INTRODUCTION 
 
Sensor array signal processing emerged as an active research area and was centered on the ability to fuse 

data collected at several sensors in order to carry out a given estimation task (space time processing) (Krim and 
Viberg, 1996) which may be the number of sources, the DOAs of the sources or the signal waveforms. The most 
common structure of sensor array is the uniform linear array (ULA), which consists of adjacent antenna 
elements are equally spaced on a straight line by a given distance.  

DOA estimation is one of the most fundamental tasks in array processing in order to find the spatial 
location of the impinging signals.The high-resolution methods of DOA estimation have been a topic of great 
importance in recent years for their wide-spread applications in radar, sonar, and mobile communication(Schoor 
and Yang, 2008). The MUSIC method (Schmidt, 1986) is well known with super resolution capability and 
independence of array geometrical structure. But, in the scenarios of low signal to- noise ratio (SNR), small 
number of snapshots, or closely spaced non-stationary signal directions, the performance of MUSIC degrades 
rapidly (Li and Liu, 1993 and Stoica and Nehorai, 1898).  

In many scenarios, the source signals are non-stationary (i.e. the spectrums are time variant such as the 
linear frequency modulated signals, LFM) and close in space. The problem of source localization of non-
stationary sources has once been solved with time-frequency (TF) analysis which is called spatial time-
frequency distribution (STFD) method (Belouchrani and Amin, 1999, Zhang and Amin, 2000, Sekihara et al., 
1999, Amin and Zhang, 2000, Amin, 1999). In general, the STFD works based on bilinear distributions such 
asWigner-Ville Distribution(WVD) belong to Cohen class(Cohen, 1989, Qian and Chen, 1999) and it is 
applicable for sources with distinctive instantaneous frequencies (IF)(Boashash, 1992). This method replaces the 
covariance matrix in subspace methods with the results after TF transform, and then obtains DOAs as common 
subspace methods do. WVD is the most popular method used for source localization, however, how to eliminate 
the effect of cross-terms in results is still a problem, which makes the estimations unacceptable sometimes 
(Ghofrani et al., 2013). 

It was shown in(Ghofrani et al., 2013) that an alternative to the STFD framework for DOA estimation is 
matching pursuit (MP)adaptive signal decomposition (Mallat and Zhang, 1993). The MP decomposition 
coefficients bear the source TF localization profiles. These coefficients act like the signal auto-terms in bilinear 
TF transforms. However, unlike the STFD approach, where the cross-sensor WVD is needed to capture the 
phase changes across the array, the linear, instead of bilinear, decomposition of the data at each sensor using MP 
preserves the signal phase. The referred method by forming the coefficient covariance matrix and then applying 
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eigen-decomposition for subspace estimation was developed in (Ghofrani et al., 2013) and named as MP-
MUSIC.  

MP is an adaptive signal decomposition technique. It is energy conservative and was introduced based on 
using the Gabor functions as atoms. In its general form, MP employs a Gabor dictionary or a dictionary of any 
Gaussian envelope with arbitrary phase (constant, linear, cubic and polynomial)(Mallat and Zhang, 1993, Mann 
and Haykin, 1995, Yong and Yicheng, 2006, Yin et al., 2002, Hong and Zheng, 2000, Bultan, 1999, Lu et al., 
2006 and Cui and Wong, 2006). Clearly, using atoms with more parameters provide not only higher flexibility 
in matching the signal, but also increases the computational cost.  

In this paper, we employ the MP decomposition for estimating the DOA in two forms. As the first view, we 
use MP decomposition based on chirplet atoms (Yin et al., 2002, Hong and Zheng, 2000, Bultan, 1999, Lu et al., 
2006 and Cui and Wong, 2006), which is well known in many applications such as radar (Ming et al., 2007) and 
has the perfect concentration in both time and frequency domains (Orr, 1993). The performance of conventional 
MUSIC can be improved by averaging. We will show that source discriminatory ability either in time or in 
frequency domain, improves the performance of conventional MUSIC. We named this approach as AVE-
MUSIC. As the second view, the MP incorporates into DOA estimation directly(Ghofrani et al., 2013). It means 
the MP decomposition coefficients are used for forming the coefficient covariance matrix and then applyingthe 
subspace method for DOA estimation. This approach, MP-MUSIC, is practical for signals which have overlap 
in both time and frequency. In this work, by implementing these two methods and have a comparison with 
conventional MUSIC, we are trying to show this fact:“the capability of source discriminatory improves the 
performance of subspace method, MUSIC”. 

This paper is organized as follows. In Section 2, we review conventional MUSIC as a subspace method and 
MP as adaptive signal decomposition. In Section 3, we use MPto find the source time interval or frequency 
bandwidth and then improve the performance of MUSIC by simply averaging or implementing AVE-MUSIC. 
In section 4, we explain the direction finding problem by using the MPcoefficients directly, it named MP-
MUSIC. Section 5 includes simulation results, and finally Section 6 concludes this paper. 

The following notations are used in this paper. Boldface lower-case letters (e.g., a ) denote vectors, and 
boldface upper-case letters (e.g., A  ) denote matrices. [.]E represents the statistical mean operation. *(.) , T(.)  

and H(.)  denote complex conjugate, transpose and conjugate transpose, respectively. (.)δ denotes the 

Kronecker delta function, and I is an identity matrix.  In addition, NMC × denotes the space of NM × matrices 
with complex entries.  
 
Background: 

In this section, we review both the MUSIC algorithm (Schmidt, 1986), as a commonly used subspace-based 
DOA estimation method, and MP(Mallat and Zhang, 1993), as adaptive signal decomposition. 
 
Conventional MUSIC : 

AssumeK non-coherent narrow-band signal sources impinging on an M-element uniform linear array (ULA) 
with angles Kkk ,...,2,1, =θ . The array output vector T

M txtxtxt )](),...,(),([)( 21=x at time instantt, Nt ,...,2,1= , is, 
 

)()()( ttt nAsx +=                       (1) 
 
where T

K tststst )](),...,(),([)( 21=s  is the signal source vector and T
M tntntnt )](),...,(),([)( 21=n  is an additive 

noise vector whose , where 2
nσ  is the variance. The kth column of the mixing 

matrix )](),...,(),([ K21 θθθ aaaA =  is expressed as TMjj
k

kk eeθ ],...,,1[)( )1( ωω −=a , where )sin(2 kk
d

θ
λ

πω =  is the 

spatial frequency, λ  denotes the wavelength, and d is the inter-element spacing. The spatial covariance matrix 
is: 
 

IAACxxC ssxx
2)]()([ n

HH ttE σ+==                   (2) 
 
where )]()([ ttE HssCss =  is the source covariance matrix. When the number of sources is less than the number 
of sensors, the source DOAs can be estimated by employing the subspace approach, MUSIC (Schmidt, 1986). 
The basic idea of the MUSIC algorithm is projecting the search steering vector to the noise subspace, nE , of 
the spatial covariance matrix xxC . In practice, the true covariance matrix xxC  is unknown, and is estimated 
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from the available data vectors as NttN
t

H /)()(ˆ
1∑ == xxCxx . Denote the estimate of the noise subspace as nÊ , 

then the DOA of the sources in the field of view is estimated by searching the peaks ofthe spatial pseudo-
spectrum: 

)(ˆˆ)(
1)(

θθ
θ

aEEa nn
HHP =                     (3) 

 
MP Decomposition Theory: 

The MP adaptive signal decompositionis based on a dictionary that contains a family of functions called 
elementary functions or TF atoms (Mallat and Zhang, 1993). Let }{ lD g=  is a redundant dictionary including a 

family of functions which are normalized to unit norm, i.e. 1|||| =lg , where ∑ ∗>==<
t

lllll tgtgg )()(,|||| 2 gg  

denotes the vector inner product, and ‘t’ refers to discrete time. The linear expansion of x  over a set of 
elementary functions selected from the dictionary in order to best match its inner structures is computed. After L 
iterations, the MP decomposition of an arbitrary signal x is written as, 

][
1

0

~ L
L

l
llc xgx +=∑

−

=

,                     

  (4) 
where ][lx  is the residue after L times signal decomposition, lg  is the chosen atom, l is the iteration index, and 

lc~  is the complex coefficient, >=< l
l

lc gx ,~ ][ . By letting, xx =]0[ , the MP algorithm decomposes the residue at 
each stage. It was shown in (Mallat and Zhang, 1993) that the MP recovers the components of any noise free 
signal, x , when the dictionary is complete,  

∑
+∞

=
=

0

~
l

llc gx                          (5) 

 
Since the equality in Eq. (5) applies to all signal samples, Nt ,...,2,1= , it can be written as, 

∑
+∞

=
=

0
)(~)(

l
ll tgctx .                       (6) 

The WVD of the decomposed signal is, 

∑∑∑
+∞

=

+∞

=′

∗
′

+∞

=
′≠

′
+=

0 00

2 ),(~~),(|~|),(
l l
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l

glx
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lll
tWcctWctW ωωω                (7) 

where fπω 2= , and 

τττω ωτ detxtxtW j
x

−
+∞

∞−

∗∫ −+= )
2

()
2

(),(                   (8) 

The double sum in Eq. (7)corresponds to the cross terms of the WVD, so the MP distribution is defined by 
keeping the first term (Mallat and Zhang, 1993), 

.),(|~|),(
0

2∑
+∞

=

=
l

glx tWctE
l

ωω                      (9) 

The MP dictionary includes TF atoms, )()(1)( tje
s

ut
s

tg φγ −
= , in general, where 

24/12)( tet πγ −=  denotes 

the Gaussian envelope and )(tφ  is an arbitrary phase. Although MP at first introduced with Gabor dictionary 
(Mallat and Zhang, 1993), where tt ζφ =)(  and the atoms are specified by three parameters, ),,( ζus , it has 
been extended to other dictionaries, such as the chirplet dictionary (Yin et al., 2002, Lu et al., 2006), where 

2

2
)( ttt β

ζφ +=  and the atoms are defined by four parameters, ),,,( βζus . We notice, among all atoms with 

Gaussian shape envelope, the Gabor and chirplet atoms are unique in the sense that they have the highest 
concentration in both the time and frequency domains (Orr, 1993). The elements of the parameter set 

),,,( βζus  are real, and denote, in order, the width, the time center, the frequency center, and the frequency 
modulation rate. In addition, the width, s, is always positive. In (Ghofrani and McLernon, 2009), we derived the 
MP distribution based on chirpletdictionary as follows: 
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( ) ∑
+∞

=

−−−
−

=
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2 )))((()(|~|2,
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l
lx utsF

s
utHctE βζωω              (10) 

where 
22)( tetH π−= ; 

2

2
1

)(
ω

πω
−

= eF .As long as the chosen atoms are either Gaussian or chirplet, then the MP 
distribution is always positive irrespective of the signal being analysed (Ghofrani and McLernon, 2003) and it 
can be interpreted as an energy density function of x  in the TF plane. 

Generally, there is no analytical solution for finding the optimum values of MP atoms parameters. As a 
result, there is a trade-off between flexibility in matching the signal and computational cost. It is noted that the 
MP attempts to decompose a discrete time signal into a large number of atoms which are generated from a 
mother Gaussian function, with a pre-considered phase based on the dictionary type. The atoms are sampled in 
time to have the same length, N, as input signal or the residuals. In addition, the parameters that describe an 
atom should also be discretized. In this paper, according to the length of observed signal snapshots, N, we 
discretize the parameter s(Ferrando and Kolasa, 2002), followed by other variables, to generate the dictionary 
based on chirplet atoms. That is,  

NJjjs Jj ≤≤≤= 2where,1for,2][ . 
]1,0[ −= Nu where the step/increment value is 2/][ js . 

],0[ πζ = where the step/increment value is ][/ jsπ . 

]
][

)2][(,
][

)2][([ 22 js
js

js
js −−

−=
ππβ where the step/increment value is ][/ 2 jsπ . 

 
Ave-Music: 

Consider, there are many non-stationary sources but they occupy either different time durations, Fig. 1(a), 
or frequency bandwidth, Fig 1(b). This assumption helps to improve the MUSIC performance. We named this 
approach AVE-MUSIC and explain more in following. 
 
MP Determines Time Duration: 

Suppose, there are K uncorrelated sources that do not have any overlap in time. It means the time interval 
for source ‘k’ is, ][ )(

1
)(

0
kk tt . The spatial cross sensor output in time domain, based on Eq. (1), is 

 
)()()()()()()()()()( tttttttttt HHHHHHH nnAsnnAsAsAsxx +++=           (11) 

 
We consider the first sensor output as reference and decompose it by MP based on chirplet atoms. Assume, each 
chosen atom belongs to one source, then each source time interval can be approximated, i.e. ]ˆˆ[ )(

1
)(

0
kk tt . The 

approximate covariance matrix for each source based on averaging in time is 
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and DOA estimation based on sub-space decomposition can be performed. As the noise is considered to be zero 
mean, the time averaging over the second and third term in Eq. (11) are zero. In addition, as the noise is 
considered to be spatial and time white and stationary, so the fourth term in Eq. (11) remains diagonal matrix 
with the same variance as before in conventional MUSIC. So, the variance of noise, Eq. (12), is not changing in 
AVE-MUSIC whereas the signal power is increasing, therefore, SNR is enhanced. In other words, using the 
capability of discriminating sources improves the performance.Notice, integrating for all snapshotsresults the 
conventional MUSIC. 
 
MP Determines Frequency Bandwidth: 

The Parsevalequivalence is well known for any one dimension signal. If we consider one dimension signal 
in time )(tx and the corresponding one dimension signal in frequency domain )( fX , then, 

∫∫ ∗∗ ==
ft

x dffXfXdttxtxE )()()()(                   (13) 

It means that the amount of signal energy can be obtained using either time or frequency domain. Now 
consider the array outputs as T

M txtxt )](),...,([)( 1=x  and the corresponding Fourier transform of a N-

dimension, length-M signal vector )(tx as T
M fXfXf )](),...,([)( 1=X ,where, 
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∫ −=
t

tfj dtetf
Tπ2)()( xX                      (14) 

and T
Nttt ],...,[ 1= and T

Nfff ],...,[ 1= , (Matz and Hlawatsch, 2003). It is easy to prove, 

∫∫ ==
f

H

t

H dfffdtttE )()()()( XXxxx                        (15) 

It means the covariance matrix for DOA estimation can be obtained either in time or in frequency 
domain.Consider the linear model, Eq. (1), and take the Fourier transform, 
 

)()()( ωωω nASX +=                    (16) 
 

The spatial cross sensor output in frequency domain is, 
 

)()()()()()()()()()( ωωωωωωωωωω HHHHHHH nnASnnASASASXX +++=        (17) 
 
In this part, we suppose the sources may overlap in time but they do not have overlap in frequency, i.e., the 

true frequency bandwidth for source ‘k’ is ][ )(
1

)(
0

kk ωω . We decompose the first sensor output as reference by 
MP based on chirplet atoms. Assume, each chosen atom belongs to one source, the source frequency bandwidth 
can be approximated, i.e. ]ˆˆ[ )(

1
)(

0
kk ωω . So the approximate covariance matrix in frequency domain and for each 

source signal is, 
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So, the DOA estimation based on sub-space decomposition can be performed in frequency domain. As the 
noise is considered to be zero mean, the frequency averaging over the second and third term in Eq. (17) are zero. 
In addition, as the noise is considered to be spatial and time white and stationary, so the fourth term in Eq. (17) 
remains diagonal matrix with the same variance as before in conventional MUSIC. So in AVE-MUSIC the noise 
variance is not changingwhereas we use the more power of signal. On the other hand source discriminatory 
improves the performance of AVE-MUSIC. Averaging on specific frequency interval that there is only one 
source uses the capability of source discrimination and enhances SNR.  

The above two approaches are applicable when signals overlap either in time or in frequency. Consider Fig. 
1(d) where sources overlap in both time and frequency. Therefore, source discriminatory is impossible in either 
time or frequency, but they can be resolved in the joint TF domain. TF-MUSIC or STFD was proposed to 
overcome the above mentioned problem for non-stationary sources (Cohen, 1989, Qian and Chen, 1999 and 
Boashash, 1992). MP-MUSIC (Ghofrani et al., 2013)is an alternative to achieve the goals. In the next section, 
we explainthat the subspace-based DOA estimation method, MUSIC, can be reformulated within the MP 
frameworkusing the MP decomposition coefficients.  
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Fig. 1: Illustrative pattern scenarios in the TF domain: (a) patterns occupying the same frequency band; the 

sources can be distinguished in time domain (b) patterns occupying the same time bands; the sources 
can be distinguished in frequency domain, (c ) patterns partly occupying the same frequency band, but 
not intersecting; (d) patterns overlapping on some time and frequency bands; the sources can’t be 
distinguished in one dimensional domain, and joint TF is needed for source discrimination. 
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Mp-Music: 
It was known that MP coefficients can be interoperated as the TF domain representation of a nonstationary 

signal and, when they are designed to well represent signal presence, they act asthe signal auto-terms in the TF 
domain(Ghofrani et al., 2013). As such, it was shown (Ghofrani et al., 2013) the spatial MP coefficients can be 
used to replace the spatial observed sensors output to lead to a better subspace decomposition and improved 
DOA estimation performance. Suppose the data observation vector at the first sensor output for Nsnapshots as 
reference, 
 

11 nsx +=                        (19) 
 
anddefine >=< ′′ llll gg ,,µ  as the atom inner product or atom cross-correlation, where ]1,0[, ∈′llµ , and 

decompose the reference sensor output by MP, 
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Where ∑
−

=
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1

0
,
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i
iilll ccc µ  is MP signal coefficient, ∑

−

=
−=

1

0
,

~~ l

i
iilll nnn µ  is MP noise coefficient, >=< llc gs,  is 

the signal decomposition coefficient, >=< lln gn, is the noise decomposition coefficient, 00
~ cc = , and 00

~ nn = . 
The additive noise at the output of sensors is considered with zero mean and temporally white, i.e., 

)()]()([ 21
2

21 tttntnE n −=∗ δσ . So, the random noise coefficient, ln , is also zero mean, 0][ =lnE , and with variance

llnllnnE ′
∗
′ = ,

2][ µσ (Ghofrani et al., 2013). 
It is evident from the Eq. (20)that the MP coefficient at each iteration includes both MP signal coefficient 

and MP noise coefficient, i.e., lll ncc ~~ˆ += . We assume that the signal is properly decomposed by the L iterations 
and the remainder is assumed to be noise. With L atoms, the decomposed first sensor output is, 
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Using the same decomposition atoms, 1:0}{ −= Lllg , for all other sensors, we obtain 
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and as a function of sample index t, 
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Putting Eq. (22) in a vector-matrix form yields, 

 
)(~)(~)()(ˆ ttt gNgcax += θ                     (23) 

 
where T

M txtxtxt )](ˆ),...,(ˆ),(ˆ[)(ˆ 21=x is the decomposed array output, 1)( ×∈ MCθa  is the steering vector, 
L

L Cccc ×
− ∈= 1

110 ]~,...,~,~[~c  is the MP signal coefficient vector, 1
110 )](),...(),([)( ×
− ∈= LT

L Ctgtgtgtg  includes the 

L leading atoms, and LMT
M C ×∈= ]~,...,~,~[~

21 nnnN is the noise matrix with T
Lmmmm nnn ]~,...~,~[~

1,,1,0, −=n .  
Because atoms do not bear the DOA information, we only consider the MP decomposition coefficient 

matrix,  
 

NcaC ~~)(ˆ += θ ,                      (24) 
 
where Ĉ  is of size LM × . The MP spatial correlation matrix, according to Eq. (24), is  
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HHHHHHH NNacNNcaaccaCC ~~)(~~~~)()(~~)(ˆˆ +++= θθθθ .             (25) 
 

Taking the expected value of both sides of the above equation, and applying the zero-mean property of the 
noise matrix, the MP coefficient covariance matrix is derived 
 

IaccaCC 2~)(~~)(]ˆˆ[ n
HHHE σθθ += .                  (26) 

For more details about the expression of 2~
nσ , see (Ghofrani et al., 2013).  

 
Simulation Results: 

In following, three simulations are performed to compare the performance of original MUSIC, AVE-
MUSIC and MP-MUSIC. Unless otherwise stated, we assume a uniform linear array of four sensors with an 
inter-sensor spacing of half wavelength. The noise is a zero-mean Gaussian white random process. 
 
Example 1: 

Consider two sources with incident angles of 5±  and the number of snapshots is N=501. The WVDs of 
two chirps as sources are shown in Fig. 2 when combined at the reference sensor. As the WVD of sources shows, 
thepatterns occupying the same frequency band and the sources can be distinguished in time domain. We use 
MP based on chirplet in order to implement AVE-MUSIC as well as MP-MUSIC. We used two iterations 
involving two chirplet atoms, each captured one source signal. For DOA estimation by AVE-MUSIC, the 
selected chirps obtain each source time duration, Eq. (12), and for DOA estimation by MP-MUSIC, the MP 
coefficients are used separately, Eq. 27. Both methods are working based on signal subspace and noise subspace. 
The performance, root mean square error (RMSE), of the three methods versus different SNRs is illustrated in 
Fig. 3. As long as MP finds the correct atoms that matches with signal, above SNR=-5dB, the performance of 
AVE-MUSIC and MP-MUSIC are similar and superior to original MUSIC as well. Now, the incident angles of 
two sources is 5.1± , and SNR=10dB. The spatial spectra of five independent trials for original MUSIC, AVE-
MUSIC and MP-MUSIC are shown in Fig. 4. Using the capability of source discrimination makes the AVE-
MUSIC and MP-MUSIC superior to conventional MUSIC as they show two spectral peaks at the correct source 
angular locations.  
 

 
 
Fig. 2: WVD of two chirps which is computed individually and illustrated jointly.  
 
Example 2: 

Consider two sources with incident angles of 5±  and the number of snapshots is N=101. The WVDs of 
two chirps as sources when combined at the reference sensor are shown in Fig. 5. As the WVD of sources shows, 
the patterns occupying the same time duration and the sources can be distinguished in frequency domain.We use 
MP based on chirplet in order to implement AVE-MUSIC and MP-MUSIC respectively. We used two iterations 
involving two chirplet atoms, each captured one source signal. For DOA estimation by AVE-MUSIC, the 
selected chirps obtain each source frequency bandwidth, Eq. (18), and for DOA estimation by MP-MUSIC, the 
MP coefficients are used separately, Eq. 27.Both methods are working based on signal subspace and noise 
subspace. The performance, RMSE, of the three methods versus different SNRs, is illustrated in Fig. 6. As long 



Aust. J. Basic & Appl. Sci., 7(9): 120-131, 2013 

127 

as MP finds the correct atom that matches with signal, above SNR=-5dB, the performance of AVE-MUSIC and 
MP-MUSIC are similar and superior to the original MUSIC as well. Now, the incident angles of two sources is 
considered to be 5.1± , and SNR=10dB. The spatial spectra of five independent trials for original MUSIC, 
AVE-MUSIC and MP-MUSIC are shown in Fig. 7. Using the capability of source discrimination makes the 
AVE-MUSIC and MP-MUSIC superior to conventional MUSIC as they show two spectral peaks at the correct 
source angular locations.  

 
Fig. 3: The DOA estimation RMSE’s versus SNRs.  

 
(a)                                                                               (b) 

 
                                          (c ) 

Fig. 4: Spatial spectra of five independent trials for two chirps with close impinging angles of 5.1±  and 
SNR=10dB (M=4, N=501). (a) MUSIC, (b), and (c) AVE-MUSIC and MP-MUSIC based on chirplet 
atoms for two iterations.  
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Fig. 5: WVD of two chirps which is computed individually and illustrated jointly.  

 
 
Fig. 6: The DOA estimation RMSE’s versus SNRs. 

 
(a)                                                                         (b) 
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                                                   (c)  

Fig. 7: Spatial spectra of five independent trials for two chirps with close impinging angles of 5.1±  and 
SNR=10dB (M=4, N=101). (a) MUSIC, (b), and (c) AVE-MUSIC and MP-MUSIC based on chirplet 
atoms for two iterations.  

 
 
Fig. 8: Sum of WVD demonstrating four intersected chirps in the TF plane. 

 

 
(a)                                                                                     (b)   

 
Fig. 9: MP-MUSIC spatial spectra of five independent trials for four intersected chirps with impinging angles of 

10± , 20± (M=4, N=256) in the presence of Gaussian noise. (a) SNR=0dB, (b) SNR=10dB. 
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Fig. 10: The DOA estimation RMSE’s versus SNRs of MP-MUSIC for 100 independent trials. 
 
 
Example 3: 

Consider four cross chirps as the non-stationary sources, and each chirp signal is assumed to have a unit 
input power. The sum of the individual signal WVDs is shown in Fig. 8 which clearly depicts equal time 
duration and bandwidth for all signals. The angles of the impinging sources are 10± and 20± , and the number 
of snapshots is N=256. Since the number of sources is equal to the number of sensors, the conventional MUSIC 
would naturally fail(underdetermined). In addition, AVE-MUSIC is not working properly because the signal 
sources patterns overlapping on some time and frequency bands; it means, the sources can’t be distinguished in 
one dimensional domain, and joint TF is needed for source discrimination.The MP-MUSIC uses the chirplet 
dictionary to separately perform DOA estimation for each atom, and the respective spectra are shown in Fig. 
9for five independent trialsand for two different SNRs.The DOAs of all the four sources are clearly estimated. 
The average standard deviation of the four sources is 1.08 and 0.87 in order when SNR is 0dB and 10dB. The 
RMSE of the MP-MUSIC for 100 independent trials versus different SNRs, are also illustrated in Fig. 10. 
Comparing with the sketched CRB shows the MP-MUSIC robustness against noise.There is always a bias, 
because we are analyzing four intersecting chirps. There is a point (cross) and absolutely with the highest 
amplitude, that chooses at every iteration. Any way it can be seen that the MP is not sensitive to additive 
Gaussian noise and it works appropriate until the SNR becomes less than -5dB. Above SNR=-5 dB, the MP can 
choose the correct atoms without performing any pre-processing. 

According to the first and second example, it is seen that for signals withoverlap either in time or frequency, 
AVE-MUSIC and MP-MUSIC get similar performance for DOA estimation.It is also seen that the proposed 
methods definitely outperform the conventional MUSIC when SNR is low or impinging angles of arriving 
sources are too close. Anyway, signal analysis in a single domain, whether time or frequency, fails to reveal the 
local behavior of the signal when the different sources overlap in both time and frequency domain. So both 
MUSIC and AVE-MUSIC would not have an appropriate performance whereas MP-MUSIC still working 
properly.  
 
Conclusion: 

We have developed two DOA estimation techniques of non-stationary narrowband signals by using the MP 
adaptive signal decomposition. The simulation results show that the proposed algorithms, AVE-MUSIC and 
MP-MUSIC, successfully estimate DOAs of the incidents signals impinging on the antenna array and they both 
outperform the conventional MUSIC. Although the MUSIC is well known with super resolution capability, in 
the scenarios of low SNR and closely spaced non-stationary signal directions, the performance of MUSIC 
degrades rapidly. The ability for source discrimination, through MP decomposition, allows DOA estimation to 
be processed for individual sources. Therefore, the two approaches can work for the underdetermined problem 
where the number of sensors is equal to or less than the number of sources. In addition, theyhave appropriate 
performance under the low SNR. Anyway, in general, the AVE-MUSIC is not applicable where sources have 
overlap simultaneously both in time and frequency such as cross chirps whereas the MP-MUSIC is still working 
properly.  
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