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 There are many situations in Critical Path Method (CPM) in which the project manager 

are crashing the time of project completion to obtain the desired shortest possible 

duration for completing the project at least cost. Due to variations in the real world, 
risks in estimation of project parameters are considerably high. Therefore, use of 

uncertain models, which is capable of formulating vagueness in the real world, to solve 

time-cost trade-off problems, gives a scheduling with more stability against 
environmental variations. On the other hand, crisp decision making in uncertain 

environment causes loss of some parts of information. In this paper, a new fuzzy time-

cost trade-off model is proposed to use ranking function for finding a desired fuzzy 
shortest possible duration to complete project at fuzzy least cost where fuzzy activities 

cost and duration modeled by trapezoidal fuzzy numbers. The purpose of the paper is to 

reveal how to obtain the optimal balance of the desired completion time and the project 
cost in fuzzy environments. Through a real life project, algorithms of fuzzy critical path 

FCP and crashing fuzzy critical activities CFCA are presented. The main result which 
has reached is that the significant feature of the fuzzy time-cost trade-off approach is 

represented by the determination of the desired fuzzy shortest possible duration to 

complete project at fuzzy least cost. 
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INTRODUCTION 
 

Since the late 1950s, Critical-Path-Method 

(CPM) techniques have become widely recognized 

as valuable tools for planning and scheduling of 

projects. But in many cases, project should 

implement before the date that was calculated by 

CPM method. Achieving this goal, equipment or 

hiring more workers can be used more productively 

(Leu et al., 2001). Reducing the original project 

duration which is called crashing PERT/CPM 

networks in many studies which is aimed at meeting 

a desired deadline with the lowest amount of cost is 

one of the most important and useful concepts for 

project managers. Since there is a need to allocate 

extra resources in PERT/CPM crashing networks, 

and the project managers are intended to spend the 

lowest possible amount of money and achieve the 

maximum crashing time, as a result both direct and 

indirect costs will be influenced in the project; 

therefore, in some research the terms ‘time-cost 

tradeoff’ is also used for this purpose (Nikoomaram 

et al., 2010).  

In reality, due to the non availability and 

uncertainty of information as well as the variation of 

management scenario, it is often difficult to obtain 

the exact values of the decision parameters of 

problems. However in real projects, the trade-off 

between project cost and project completion time, 

and the uncertainty of the environment are both 

considerable aspects for project manager. With these 

uncertainties surrounding cost and/or times activities, 

it is unlikely that such deterministic methods and 

random process can be used effectively. Thus, the 

conventional approaches tend to be less effective in 

conveying the imprecision or vagueness nature of the 

linguistic assessment. Consequently, the fuzzy set 

theory can play a significant role in this kind of 

decision making environment to tackle the unknown 

or the vagueness about the decision parameters in a 

project network. 

There are many literatures devoted to research 

about the fuzzy time-cost trade-off problem. Wang et 

al. (1993) developed a model to project scheduling 

with fuzzy information. Leu et al. (1999) developed 

a fuzzy optimal model to formulate effects of both 

certain activity duration and resource constraint. Leu 
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et al. (2001) proposed a new fuzzy optimal time cost 

trade off method in which the activity durations were 

characterized by fuzzy numbers, and the fuzzy 

relationship between the activity time and the 

activity cost was demonstrated by membership 

function. Zheng and Ng (2005) developed a new 

approach for time-cost optimization model by 

integrating fuzzy set theory and nonreplaceable front 

with genetic algorithms, where fuzzy set theory was 

introduced to model the managers’ prediction on 

activity times and costs as well as the associated risk 

levels. Ghazanfari et al. (2009) applied possibility 

goal programming to the time-cost trade-off problem 

to find optimal duration for each activity in the form 

of triangular fuzzy numbers. Ke et al. (2010) built 

three new fuzzy models for the time-cost trade-off 

problem based on credibility theory. Chen and Tsai 

(2011) constructed membership function of fuzzy 

minimum total crash cost based on Zadeh's extension 

principle and transformed the time-cost trade-off 

problem to a pair of parametric mathematical 

programs. Shakeela Sathish (2012) proposed a new 

approach to fuzzy network crashing in a project 

network whose activity times are uncertain. She 

proposes a method for finding an optimal duration by 

crashing the fuzzy activities of a project network 

without converting the fuzzy activity times to 

classical numbers. Jebaseeli and Dhayabaran (2012) 

proposed a new solution procedure for time cost 

trade off problem with limited time period in which 

both times and costs are fuzzy. Khalaf (2013) 

developed a new algorithm based on fuzzy theory 

which is used ranking function for solving the fuzzy 

project scheduling problem where fuzzy activities 

duration modeled by triangular fuzzy numbers. A 

new algorithm is also proposed to compute fuzzy 

total slack (FTS ), fuzzy free slack (FFS ) and fuzzy 

independent slack (FIS ) for each activity in a fuzzy 

project network.  

In this paper, we have presented a new solution 

procedure for time-cost trade off problem with 

limited time period in fuzzy environment. We have 

considered time cost trade off problem in uncertain 

environment in which normal and crash durations 

and cost of each activity are considered uncertain 

and shown in the form of trapezoidal fuzzy numbers. 

Desired fuzzy shortest possible duration to complete 

the project at fuzzy least cost is calculated in the 

form of trapezoidal fuzzy number.  

 

Fuzzy Preliminaries: 

Fuzzy set theory was presented by Zadeh 

(1965). The theory provided a mathematical 

approach for dealing with imprecise concepts and 

problems that have many possible solutions. The 

following definitions of the fuzzy numbers and some 

basic arithmetic operations on them may be helpful 

(Dubois and Prade, 1980, 1981). 

Definition 1: A fuzzy number 𝐴  is a trapezoidal 

-fuzzy number denoted by (𝑎, 𝑏, 𝑐, 𝑑) and it’s 

membership function 𝜇Ã 𝑥  is given below (Dubois 

and Prade, 1980, 1981): 

 

𝜇Ã 𝑥،𝑎،𝑏،𝑐،𝑑 =

0         𝑖𝑓       𝑥 ≤  𝑎
𝑥 − 𝑎

𝑏 − 𝑎
      𝑖𝑓  𝑎 < 𝑥 < 𝑏

 1        𝑖𝑓   𝑏 ≤ 𝑥 ≤ 𝑑
𝑑 − 𝑥

𝑑 − 𝑐
     𝑖𝑓  𝑐 < 𝑥 < 𝑑

0        𝑖𝑓        𝑥 ≥ 𝑑

 

 

Definition 2: A trapezoidal fuzzy number (a, b, 

c, d) is said to be non-negative fuzzy number if a ≥0. 

(Dubois and Prade, 1980; Kaufmann and Gupta, 

1985). 

 

Definition 3: let 𝐴 =  a1, b1, c1 , d1   and 

𝐵 =  a2, b2 , c2,d2   be two trapezoidal fuzzy 

numbers. (Dubois and Prade, 1980; Kaufmann and 

Gupta, 1985) Then 

 

𝐴 ⊕ 𝐵 =  𝑎1 + 𝑎2, 𝑏1 + 𝑏2 , 𝑐1 + 𝑐2, 𝑑1 + 𝑑2   
𝐴 1 = 𝐴 2 if a1 = a2, b1 = b2, c1 = c2, d1=d2 

 

Ranking Functions: 

An appropriate approach for comparing a fuzzy 

number is by the use of ranking function. A ranking 

function ℜ: 𝐹 𝑅 → 𝑅, where 𝐹 𝑅  (a set of all 

fuzzy numbers defined on set of real numbers), maps 

each fuzzy number into a real number of 𝐹 𝑅  

(Zimmermann, 1969; Kaufmann and Gupta, 1985). 

Let 𝑎  and 𝑏  be two fuzzy numbers in 𝐹 𝑅 , then 

 𝑖  𝑎 ≥ℜ 𝑏  if and only if ℜ 𝑎  ≥ ℜ 𝑏   

 𝑖𝑖  𝑎 >ℜ 𝑏  if and only if ℜ 𝑎  > 𝑅 𝑏   

 𝑖𝑖𝑖  𝑎 =ℜ 𝑏  if and only if ℜ 𝑎  = ℜ 𝑏   

Let ℜ be any linear ranking function. Then, 

𝑎 ≥ℜ 𝑏  if and only if 𝑎 − 𝑏 ≥ℜ 0  if and only if 

−𝑏 ≥ℜ− 𝑎  . 
if 𝑎 ≥ℜ 𝑏  and 𝑐 ≥ℜ 𝑑 , then  𝑎 + 𝑐 ≥ℜ 𝑏 + 𝑑  . 
 

Ranking Functions for Trapezoidal Fuzzy Number: 

For trapezoidal fuzzy number 𝐴 =  a, b, c, d  

ranking function is given by 

 ℜ 𝐴  =
1

2
 (𝑖𝑛𝑓

1

0
𝑎𝛼 + 𝑠𝑢𝑝 𝑎𝛼)𝑑𝛼  , where 𝑎𝛼  

is 𝛼 −cut on 𝐴  (Zimmermann, 1969; Kaufmann and 

Gupta, 1985). This reduces to ℛ 𝐴  =
1

4
 𝑎 + 𝑏 +

𝑐 + 𝑑 . 

 

Computing Fuzzy Time Values and Critical Path in 

a Fuzzy Project Network: 

A fuzzy project network is an acyclic digraph, 

where the vertices represent events, and the direct 

edges represent the activities, to be performed in a 

project. Formally, A fuzzy project network is 

represented by N = (V,A,T). Let V = {v1,v2, …, vn} 

be a set of vertices, where v1 and vn are the start and 

final events of the project, and each vi belongs to 

some path from v1 to vn. Let A⊂V×V be the set of a 
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directed edge aij= (vi, vj), that represents the activities 

to be performed in the project. Activity aij is then 

represented by one, and only one, arrow with a tail 

event vi, and a head event vj. For each activity aij, a 

fuzzy number  t  ij∈ T is defined, where  t  ij is the 

fuzzy time required for the completion of aij. A 

critical path is a longest path from v1 to vn, and an 

activity aij on a critical path which is called a critical 

activity. Let ES i and LS i be the fuzzy earliest start of 

event i, and the fuzzy latest start of event i, 

respectively. Let EF j and LF j be the fuzzy earliest 

finish of event j, and the fuzzy latest finish of event j, 

respectively. Let Dj = {i / i∈V and aij∈A} be a set of 

events obtained from event j ∈V and i < j. If the 

forward pass calculations of CPM are entirely done 

in a fuzzy project network, the fuzzy earliest start of 

event i (ES i) and earliest finish (EF j) may be defined 

by the equations (Buckley and Feuring, 2000; Chen, 

2007):

 

ES 1=0  (the fuzzy earliest time of the first event is traditionally set as zero)      (1) 

EF j= Max{ℜ (ES i ⊕  t  ij)}                                                    (2) 

 

Similarly, let Hi = {j/j∈V and aij∈A} be a set of 

events obtained from event i∈V and i < j. If the 

backward pass calculations of CPM are entirely done 

in a fuzzy project network, the fuzzy latest finish of 

event j (LF j) and latest star (LS i) can be defined by 

the equations: 

 

LF end = EF end (Last activity in the project therein LF j equal EF j)       (3) 

LS i= Min{ ℜ (LF j ⊝ t  ij)}            (4) 

 

Fuzzy Time-Cost Relationship: 
Traditionally CPM assumes that the estimated 

completion time for a project can be shortened by 

applying additional resources–labor, equipment, and 

capital–to particular key activities. It assumes that 

the time to perform any project activity is variable, 

depending on the amount of effort or resources 

applied to it. But in fact, because of some new 

activities in the project, lack of detailed information 

before task completion and some unclear internal and 

external events, project time and cost are not 

identified certainly and precisely. Although statistics 

was used for project scheduling, most of activity’s 

time and cost cannot be defined as a random number 

with density function. For example, in a project with 

a new activity, there is no statistical data or the 

probability distribution is not identified. Therefore, 

using statistics in this project would not be a suitable 

method (Stevens, 1990; Nicholas, 2004). In recent 

years fuzzy theory widely used to model uncertain 

environment. Fuzzy numbers theory is a suitable 

option in dealing with environments that do not have 

sufficient statistical data. This study tries to make the 

model more realistic through using fuzzy numbers 

theory and considering several modes for each 

activity. One of the advantages of this algorithm is 

the use of fuzzy numbers theory. Based on fuzzy 

assumption, the formula for the fuzzy cost slope is: 

 

Fuzzy cost slope (𝑈 𝑖) =
𝐶 𝑐⊝𝐶 𝑛

𝑇 𝑛⊝𝑇 𝑐
                       (5) 

 

where 𝐶 𝑐  and 𝐶 𝑛  are the fuzzy crash and normal 

costs, respectively, and 𝑇 𝑐  and 𝑇 𝑛  are the fuzzy crash 

and normal times for the same activity (Feng et al., 

1997, 2000).  

 

Definition of abbreviations: 

CFCA : Approach of crashing fuzzy 

critical activities. 

A𝑖  : Project’s activities, where i = (1, 2, 3,…, 

n).  

B  : Fuzzy maximum available budget. 

T  : Desired fuzzy shortest possible duration to 

complete the project at fuzzy least cost within the 

fuzzy maximum available budget. 

p𝑖  : Set of immediate precedes for activity i, 

which includes all activities that must immediately 

complete before activity i. 

q𝑖  : Set of immediate followers for activity i, 

which includes all activities that can immediately 

start after activity i.   

T N,i  : Fuzzy normal time for activity i.  

T C,i  : Fuzzy crash time for activity i.  

C N,i  : Fuzzy normal cost for activity i.  

C C,i  : Fuzzy crash cost for activity i. 

U i  : Fuzzy cost slope for activity i. 

CP  : Fuzzy critical path (longest path in the 

fuzzy project network).  

D N,q  : Fuzzy normal time for fuzzy 

critical activity q, where q = (1, 2, 3,…, L).    

D C,q  : Fuzzy crash time for fuzzy critical activity 

q.      

C C,q  : Fuzzy crash cost for fuzzy critical activity 

q.   

U S  : Fuzzy cost slope for fuzzy critical activity 

S, where S begin with fuzzy critical activity that      

has the smallest rank of fuzzy cost slope = (1, 2, 

3,…, Y). 

D r,S  : Fuzzy max reduction in duration for fuzzy 

critical activity S. 

TC N  : Fuzzy total cost to complete the project in 

normal condition. 
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TE C  : Fuzzy extra cost that adding to crash fuzzy 

critical activities. 

TC C  : Fuzzy total cost to meet T .   

 

Algorithm to Find Fuzzy Critical Path 𝑭𝑪𝑷 : 
In this section, a fuzzy critical path algorithm is 

utilized to find a critical path of project network in a 

fuzzy environment. The description of the algorithm 

is presented in the following (Khlaf, 2013). 

1. Define the fuzzy project network with all of 

its significant activities or tasks. The fuzzy project 

network (made up of several tasks) should have only 

a fuzzy single start activity and a fuzzy single finish 

activity. 

2. Develop the relationships among the 

activities. Decide which activities must precede and 

which must follow others. 

3. Draw the "fuzzy Project Network" 

connecting all the activities. Each activity should 

have a unique event numbers. Dummy arrows are 

used where required to avoid giving the same 

number to two activities. 

4. Assign fuzzy time estimates to each 

activity.  

5. Compute the fuzzy longest time path 

through the network by using appropriate ranking 

formula to:  

a. Find the fuzzy earliest finish of any activity 

j (EF j) (i.e. select the fuzzy earliest finish of any 

activity j (EF j) whose the (EF j) has the largest rank) 

as in equations (1–2). 

b. Find the fuzzy latest star (LS i) of any 

activity i (i.e. select the fuzzy latest start (LS i) whose 

the (LS i) has the smallest rank) as in equations (3–4). 

6. Use the fuzzy project network to help plan, 

schedule, monitor and control the project in the fuzzy 

environment. 

 

Algorithm of Fuzzy Time-Cost Trade-off Approach 

(Crashing Fuzzy Critical Activities (CFCA)): 

Step 1:  Draw the fuzzy project network. 

Step 2: Determine the fuzzy normal time and 

fuzzy normal cost for each activity to determine the 

fuzzy critical and noncritical activities.      

Step 3:  Find the fuzzy total normal cost (fuzzy 

total cost of the project in fuzzy normal condition) 

and fuzzy normal duration of the project (fuzzy 

critical path of the project network in fuzzy normal 

condition) as in the following equations, 

respectively.  

 

𝑻𝑪 N  =  𝐶 𝑁,𝑖
𝑛

𝑖=1
                         (6) 

𝑪𝑷 .K =  𝐷 𝑁,𝑞
𝐿

𝑞=1
                         (7) 

 

If 𝐓  equals the fuzzy normal duration of 

completion then we stop the procedure. 

Step 4:   Compute the fuzzy cost slope for each 

activity as in equation (5).   

Step 5:  Use appropriate ranking formula to 

calculate the rank of fuzzy normal time, fuzzy 

normal cost, fuzzy crash time and fuzzy crash cost to 

calculate the rank of fuzzy cost slope for each 

activity by using the following formula:  

ℜ(𝑈 𝑖) =
ℜ(𝐶 𝑐)−ℜ(𝐶 𝑛 )

ℜ(𝑇 𝑛 )−ℜ(𝑇 𝑐)
            (8) 

 

Step 6: Crash the fuzzy critical activity: start 

with the fuzzy critical activity whose the unit of 

fuzzy cost slope has the smallest rank, first to the 

maximum extent possible so that the fuzzy project 

duration is reduced simultaneously.  

Step 7: Calculate the new fuzzy total cost 𝑇𝐶 C 

cumulatively by adding the fuzzy total extra cost 

𝑇𝐸 C of the crashing to the current fuzzy total cost 

𝑇𝐶 N as in the following equations, respectively. 

 

𝑻𝑬 C  =  𝐷 𝑟  ,𝑆
𝑌

𝑆=1
. 𝑈 𝑆            (9) 

𝑻𝑪 C  = 𝑇𝐶 N +𝑇𝐸 C          (10) 

 

Step 8: When fuzzy critical activities are 

crashed and the fuzzy duration is reduced, other 

paths may also become fuzzy critical. Such fuzzy 

critical paths are called fuzzy critical paths. When 

there is more than one fuzzy critical path in a 

network, fuzzy project duration can be reduced only 

when either the fuzzy duration of a critical activity 

common to all fuzzy critical paths is reduced or the 

fuzzy durations of different suitable activities on 

different fuzzy critical paths are simultaneously 

reduced.  

Step 9: Stop when the fuzzy project is 

completed within time 𝐓  or when the fuzzy total cost 

is minimum. This gives the fuzzy optimum (fuzzy 

least cost) schedule called fuzzy optimum duration. 

 

Practical Example: 

A construction company decided to accept the 

offer to construct an Al-SAMA plant. The fuzzy 

maximum budget available for the client is $B . Note 

that the client needs the plant within T  to go into 

operation product. The management looks forward to 

the challenge of bringing the project in on schedule. 

However, since it is sure that it will be infeasible to 

finish the project within T  in fuzzy normal work 

conditions. So the project manager decides to use the 

fuzzy time-cost trade-off with applied CFCA to 

complete the project within T . 

 

Numerical Data of Al-SAMA Plant in a Fuzzy 

Environment: 

The fuzzy data of Al-SAMA plant is 

summarized in Table 1 in which there are 12 

activities, where: Ai = (A1, A2,…, A12). B  

=$(670,790,910,1030), T = (18,25,32,39)weeks.
Table 1: Activities data of Al-SAMA plant in a fuzzy environment 
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Activities 

Name 

Activity predecessor Normal  Fuzzy 

time 𝑇 𝑛  

Normal Fuzzy  Cost 

𝐶 𝑛  

Crash 

Fuzzy  time 

𝑇 𝑐  

Crash  Fuzzy Cost 𝐶 𝑐  

A1 --- 3,4,5,6 20,30,40,50 1,2,3,4 25,35,45,55 

A2 A1 2,3,4,5 10,20,30,40 1,2,3,4 20,30,40,50 

A3 A2 3,4,5,6 30,40,50,60 2,3,4,5 50,60,70,80 

A4 A2 2,3,4,5 25,35,45,55 1,2,3,4 30,40,50,60 

A5 A2 4,5,6,7 50,60,70,80 2,3,4,5 65,75,85,95 

A6 A5 , A3 3,4,5,6 40,50,60,70 1,2,3,4 60,70,80,90 

A7 A4 2,3,4,5 30,40,50,60 2,3,4,5 30,40,50,60 

A8 A7 5,6,7,8 15,25,35,45 4,5,6,7 20,30,40,50 

A9 A6 6,7,8,9 75,85,95,105 3,4,5,6 85,95,105,115 

A10 A8, A9 3,4,5,6 65,75,85,95 1,2,3,4 75,85,95,105 

A11 A3, A5 8,9,10,11 80,90,100,110 6,7,8,9 90,100,110,120 

A12 A10, A11 9,10,11,12 100,110,120,130 7,8,9,10 120,130,140,150 

Fuzzy total cost in 

fuzzy normal and crash 
conditions 

540,660,780,900  670,790,910,1030   

 

 

RESULTS AND DISCUSSION 

 

1. Completing the project in fuzzy normal 

duration and fuzzy normal cost: 

a. Fuzzy Critical Path (FCP) Computations for 

the Project (Forward and Backward Pass): 
From equations (1–2) and (3–4), we can 

calculate the fuzzy earliest starting (ES i), fuzzy 

earliest finishing (EF j), fuzzy latest finish (LF i) and 

fuzzy latest start (LS i) to make a Forward and 

Backward Pass through the fuzzy project network to 

determine the critical activities. After determining q 

(fuzzy critical activities in the project network 

A1→A2→A5→A6→A9→A10→A12) we can find the 

fuzzy critical path 𝐶𝑃 .K (normal duration to complete 

the project in fuzzy normal condition) from equation 

(9) as follows (see Table 2): 

 

 

 𝑪𝑷 .K =  𝐷 𝑁,𝑞
𝐴12

𝑞=𝐴1
= 𝐷 𝑁,𝐴1

⊕ 𝐷 𝑁,𝐴2
⊕

𝐷 𝑁,𝐴5
⊕ 𝐷 𝑁,𝐴6

⊕ 𝐷 𝑁,𝐴9
⊕ 𝐷 𝑁,𝐴10

⊕ 𝐷 𝑁,𝐴12
 

          = (30,37,44,51) 
where q = {A1, A2, A5, A6, A9, A10, A12}. 

 

b. Finding Fuzzy total Cost to Complete the 

Project: 

We can compute the fuzzy total normal cost 𝑇𝐶 N 

(normal cost to complete the project in fuzzy normal 

condition) from equation (8) as follows:  

 

𝑻𝑪 N=  𝐶 𝑁,𝑖
𝑛

𝑖=1
= 𝐶 𝑁,𝐴1

⊕ 𝐶 𝑁,𝐴2
⊕ 𝐶 𝑁,𝐴3

⊕

𝐶 𝑁,𝐴4
⊕ 𝐶 𝑁,𝐴5

⊕ 𝐶 𝑁,𝐴6
⊕ 𝐶 𝑁,𝐴7

⊕ 𝐶 𝑁,𝐴8
⊕ 𝐶 𝑁,𝐴9

⊕

𝐶 𝑁,𝐴10
⊕ 𝐶 𝑁,𝐴11

⊕ 𝐶 𝑁,𝐴12
 

       = $(540,660,780,900) 

where i = {A1, A2, A3, A4, A5, A6, A7, A8 A9, A10, 

A11, A12}. 

 

2. Reducing Fuzzy Project Duration by CFCA 

Mechanism: 

Starting with the fuzzy project schedule by 

assuming a fuzzy normal pace for all activities, the 

fuzzy project can be completed in (30,37,44,51) 

weeks at a fuzzy expense of $(540,660,780,900). 

Suppose that we want to shorten the fuzzy project 

duration or the fuzzy critical path: 

A1→A2→A5→A6→A9→A10→A12 (30,37,44,51) 

weeks, the first step activity A1 is selected because it 

has the smallest fuzzy cost slope (i.e. select the fuzzy 

cost slope of any fuzzy critical activity that has the 

smallest rank) (see Table 3). Reducing fuzzy critical 

activity (𝐴 1) by one week shortens the fuzzy project 

duration to (29,36,43,50) weeks and adds $2.5 (the 

rank of fuzzy cost slope of 𝐴 1) to the fuzzy project 

cost, thereby increasing the fuzzy project cost to 

$(542.5, 662.5, 782.5, 902.5). This step does not 

change the fuzzy critical path because the fuzzy 

critical path still is the longest (29,36,43,50) weeks. 

So, if needed, an additional week can be cut from 

(𝐴 1) to give a project duration of (28,35,42,49) 

weeks for a fuzzy cost of (545,665,785,905), the 

second step reduces (𝐴 1) to two weeks, its fuzzy 

crash time, so no further reductions can be made to 

(𝐴 1) if needed, an additional week can be cut from 

another activity on the fuzzy critical path, which has 

a fuzzy smallest cost slope. 

Thus, the third, fourth and fifth steps are to 

reduce of activity (𝐴 9) three weeks, this activity 

would be selected because it has the second smallest 

cost slope (i.e. select the fuzzy cost slope of any fuzzy 

critical activity that has the second smallest rank) 

shortens the project duration to  25,32,39,46  weeks 

and adds $9.9 to the project cost, thereby increasing 

the project cost to $(554.9, 674.9, 794.9, 914.9).  

At the eighth step the nature of the problem 

changes. Table 4 shows, all of the slack on paths 

𝐴 1 → 𝐴 2 → 𝐴 3 → 𝐴 𝑑𝑢𝑚 → 𝐴 6 → 𝐴 9 → 𝐴 10 → 𝐴 12  

and 𝐴 1 → 𝐴 2 → 𝐴 4 → 𝐴 7 → 𝐴 8 → 𝐴 10 → 𝐴 12  have 

been used up, so the network now have three critical 

paths: A1→A2→A5→A6→A9→A10→A12, 𝐴 1 → 𝐴 2 →
𝐴 3 → 𝐴 𝑑𝑢𝑚 → 𝐴 6 → 𝐴 9 → 𝐴 10 → 𝐴 12  and 𝐴 1 →
𝐴 2 → 𝐴 4 → 𝐴 7 → 𝐴 8 → 𝐴 10 → 𝐴 12 . Any further 

reduction in project duration must be made by 

shortening all three paths because shortening just 

one would leave the other at (22,29,36,43) weeks. 

The fuzzy least costly way to reduce the project to 



141                                                                  Wakas S. Khalaf, 2015 

Australian Journal of Basic and Applied Sciences, 9(23) July 2015, Pages: 136-143 

(18,25,32,39) weeks is to reduce 𝐴 2 by one week, 

as shown in Table 4. The sequence of steps to 

shorten the project duration within T  to 

(18,25,32,39)weeks is summarized in Table 4.   

We can compute the new fuzzy total cost 𝑇𝐶 C 

cumulatively by adding the fuzzy total extra cost 

𝑇𝐸 C of the crashing to the current fuzzy total cost 

𝑇𝐸 C for reducing the fuzzy project duration to 

(18,25,32,39) weeks from equations (9) and (10) 

respectively.

 

𝑻𝑬 C=  𝐷 𝑟  ,𝑆
𝐴 6 ,𝐴 4

𝑆=𝐴 1
. 𝑈 𝑆 = 𝐷 𝑟 ,𝐴 1

. 𝑈 𝐴 1
⊕ 𝐷 𝑟 ,𝐴 1

. 𝑈 𝐴 1
⊕ 𝐷 𝑟 ,𝐴 9

. 𝑈 𝐴 9
⊕ 𝐷 𝑟 ,𝐴 9

. 𝑈 𝐴 9
⊕ 𝐷 𝑟 ,𝐴 9

. 𝑈 𝐴 9
⊕

𝐷 𝑟 ,𝐴 10
. 𝑈 𝐴 10

⊕ 𝐷 𝑟 ,𝐴 10
. 𝑈 𝐴 10

⊕ 𝐷 𝑟 ,𝐴 5
. 𝑈 𝐴 5

⊕ 𝐷 𝑟 ,𝐴 2
. 𝑈 𝐴 2

⊕ 𝐷 𝑟 ,𝐴 12
. 𝑈 𝐴 12

⊕ 𝐷 𝑟 ,𝐴 12
. 𝑈 𝐴 12

⊕ 𝐷 𝑟 ,𝐴 6
. 𝑈 𝐴 6

⊕

𝐷 𝑟 ,𝐴 4
. 𝑈 𝐴 4

 

        = $(92.4, 92.4, 92.4, 92.4) 

where s ={𝐴 1, 𝐴 1, 𝐴 9, 𝐴 9, 𝐴 9, 𝐴 10 , 𝐴 10 , 𝐴 5, 𝐴 2, 𝐴 12 , 𝐴 12 , 𝐴 6 𝐴 4}. 

 

The fuzzy total extra cost 𝑇𝐸 C to reduce the fuzzy duration of the projects (18,25,32,39) weeks is 

$ 92.4, 92.4, 92.4, 92.4  (see Table 4). 

  

𝑻𝑪 C  = 𝑇𝐶 N +𝑇𝐸 C= $(540,660,780,900) ⊕  77.4, 77.4, 77.4, 77.4  

          = $(617.4, 737.4, 857.4, 977.4) 

 

The fuzzy total cost 𝑇𝐶 C of the project by CFCA is $(617.4, 737.4, 857.4, 977.4) 
 

Table 2: Fuzzy paths and paths lengths throughout Al-SAMA plant network 

Paths Fuzzy Length (Week) Rank of fuzzy Length 
(Week) 

𝐴 1 → 𝐴 2 → 𝐴 3 → 𝐴 𝑑𝑢𝑚 → 𝐴 11 → 𝐴 12 (25,30,35,40) 32.5 

𝐴 1 → 𝐴 2 → 𝐴 3 → 𝐴 𝑑𝑢𝑚 → 𝐴 6 → 𝐴 9 → 𝐴 10 → 𝐴 12  (29,36,43,50) 39.5 

𝐴 1 → 𝐴 2 → 𝐴 5 → 𝐴 6 → 𝐴 9 → 𝐴 10 → 𝐴 12 (30,37,44,51) 40.5 

𝐴 1 → 𝐴 2 → 𝐴 5 → 𝐴 11 → 𝐴 12  (26,31,36,41) 33.5 

𝐴 1 → 𝐴 2 → 𝐴 4 → 𝐴 7 → 𝐴 8 → 𝐴 10 → 𝐴 12  (26,33,40,47) 36.5 

 

Table 3: Rank of normal fuzzy time, normal fuzzy cost, crash fuzzy time, crash fuzzy cost and fuzzy cost slope for each activity of Al-

SAMA plant   

Activi

ties 

Name 

Activit

y 

predece

ssor 

Normal  

Fuzzy 

time 𝑇 𝑛  

Normal 

Fuzzy  

Cost 𝐶 𝑛  

Cras

h  

Fuzz

y  

time 

𝑇 𝑐  

Crash  

Fuzzy 

Cost 𝐶 𝑐  

Rank of 

Normal  

Fuzzy 

time 

ℜ(𝑇 𝑛) 

Rank of 

Normal 

Fuzzy 

Cost 

ℜ(𝐶 𝑛) 

Rank 

of 

Crash 

Fuzzy 

time 

ℜ(𝑇 𝑐) 

Rank 

of 

Crash 

Fuzzy 

Cost 

ℜ(𝐶 𝑐) 

Rank 

of  

Max 

Reducti

on in 

Fuzzy 
time 

Rank 

of 

Fuzzy 

Cost 

Slope 

ℜ(𝑈 𝑖) 

A1 --- 3,4,5,6 20,30,40,5

0 

1,2,3

,4 

25,35,45,5

5 

4.5 35 2.5 40 2 2.5 

A2 A1 2,3,4,5 10,20,30,4
0 

1,2,3
,4 

20,30,40,5
0 

3.5 25 2.5 35 1 10 

A3 A2 3,4,5,6 30,40,50,6

0 

2,3,4

,5 

50,60,70,8

0 

4.5 45 3.5 65 1 20 

A4 A2 2,3,4,5 25,35,45,5
5 

1,2,3
,4 

30,40,50,6
0 

3.5 40 2.5 45 1 5 

A5 A2 4,5,6,7 50,60,70,8

0 

2,3,4

,5 

65,75,85,9

5 

5.5 65 3.5 80 2 7.5 

A6 A5 , A3 3,4,5,6 40,50,60,7
0 

1,2,3
,4 

60,70,80,9
0 

4.5 55 2.5 75 2 10 

A7 A4 2,3,4,5 30,40,50,6

0 

2,3,4

,5 

30,40,50,6

0 

3.5 45 3.5 45 0 0 

A8 A7 5,6,7,8 15,25,35,4

5 

4,5,6

,7 

20,30,40,5

0 

6.5 30 5.5 35 1 5 

A9 A6 6,7,8,9 75,85,95,1

05 

3,4,5

,6 

85,95,105,

115 

7.5 90 4.5 100 3 3.3 

A10 A8, A9 3,4,5,6 65,75,85,9
5 

1,2,3
,4 

75,85,95,1
05 

4.5 80 2.5 90 2 5 

A11 A3, A5 8,9,10,

11 

80,90,100,

110 

6,7,8

,9 

90,100,11

0,120 

9.5 95 7.5 105 2 5 

A12 A10, 
A11 

9,10,11
,12 

100,110,12
0,130 

7,8,9
,10 

120,130,1
40,150 

10.5 115 8.5 135 2 10 

Fuzzy total cost in normal 

and crash conditions 

540,660,78

0,900 

 670,790,9

10,1030 

      

 
Table 4: Mechanism of CFCA of Al-SAMA plant 
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S
tep

s 

C
ritical activ

ity
 th

at h
as a 

sm
allest  slo

p
e  

resp
ectiv

ely
 

M
ax

 red
u

ctio
n

 in
 d

u
ratio

n
 

S
m

allest ran
k

  o
f F

u
zzy

 

C
o

st S
lo

p
e ℜ

(𝑈  
𝑖 ) 

resp
ectiv

ely
 

Rank of fuzzy path length T
o

tal fu
zzy

 co
st after 

ad
d

in
g

 ex
tra fu

zzy
 co

st 

𝐴 1 

𝐴 2 

𝐴 5 

𝐴 6 

𝐴 9 

𝐴 10  

𝐴 12  

𝐴 1 

𝐴 2 

𝐴 3 

𝐴 𝑑𝑢𝑚  

𝐴 6 

𝐴 9 

𝐴 10  

𝐴 12  

𝐴 1 

𝐴 2 

𝐴 4 

𝐴 7 

𝐴 8 

𝐴 10  

𝐴 12  

𝐴 1 

𝐴 2 

𝐴 5 

𝐴 11  

𝐴 12  

𝐴 1 

𝐴 2 

𝐴 3 

𝐴 𝑑𝑢𝑚  

𝐴 11  

𝐴 12  

    ℜ 30,37,44,51  
40.5 

ℜ 29,36,43,50  
39.5 

ℜ(26,33,40,47) 

36.5 

ℜ(26,31,36,41) 

33.5 

ℜ(25,30,35,40) 

32.5 

$(540,660,780,900) 

St

ep 

1 
𝐴 1 1 2.5 

ℜ 29,36,43,50  
39.5 

ℜ 28,35,42,49  
38.5 

ℜ 25,32,39,46  
35.5 

ℜ 25,30,35,40  
32.5 

ℜ 24,29,34,39  
31.5 

$(542.5, 662.5, 782.5, 902.5) 

St

ep 

2 
𝐴 1  1 2.5 

ℜ 28,35,42,49  
38.5 

ℜ 27,34,41,48  
37.5 

ℜ 24,31,38,45  
34.5 

ℜ 24,29,34,39  
31.5 

ℜ 23,28,33,38  
30.5 

$(545, 665, 785, 905) 

St

ep 

3 
𝐴 9 1 3.3 

ℜ 27,34,41,48  
37.5 

ℜ 26,33,40,47  
36.5 

ℜ 24,31,38,45  
34.5 

ℜ 24,29,34,39  
31.5 

ℜ 23,28,33,38  
30.5 

$(548.3, 668.3, 788.3, 908.3) 

St

ep 

4 
𝐴 9 1 3.3 

ℜ 26,33,40,47  
36.5 

ℜ 25,32,39,46  
35.5 

ℜ 24,31,38,45  
34.5 

ℜ 24,29,34,39  
31.5 

ℜ 23,28,33,38  
30.5 

$(551.6, 671.6, 791.6, 911.6) 

St

ep 

5 
𝐴 9 1 3.3 

ℜ 25,32,39,46  
35.5 

ℜ 24,31,38,45  
34.5 

ℜ 24,31,38,45  
34.5 

ℜ 24,29,34,39  
31.5 

ℜ 23,28,33,38  
30.5 

$(554.9, 674.9, 794.9, 914.9) 

St

ep 

6 
𝐴 10  1 5 

ℜ 24,31,38,45  
34.5 

ℜ 23,30,37,44  
33.5 

ℜ 23,30,37,44  
33.5 

ℜ 24,29,34,39  
31.5 

ℜ 23,28,33,38  
30.5 

$(559.9, 679.9, 799.9, 919.9) 

St

ep 

7 
𝐴 10  1 5 

ℜ 23,30,37,44  
33.5 

ℜ 22,29,36,43  
32.5 

ℜ 22,29,36,43  
32.5 

ℜ 24,29,34,39  
31.5 

ℜ 23,28,33,38  
30.5 

$(564.9, 684.9, 804.9, 924.9) 

St

ep 

8 
𝐴 5  1 7.5 

ℜ 22,29,36,43  
32.5 

ℜ 22,29,36,43  
32.5 

ℜ 22,29,36,43  
32.5 

ℜ 23,28,33,38  
30.5 

ℜ 23,28,33,38  
30.5 

$(572.4, 692.4, 812.4, 932.4) 

St

ep 

9 
𝐴 2  1 10 

ℜ 21,28,35,42  
31.5 

ℜ 21,28,35,42  
31.5 

ℜ 21,28,35,42  
31.5 

ℜ 22,27,32,37  
29.5 

ℜ 22,27,32,37  
29.5 

$(582.4, 702.4, 822.4, 942.4) 

St

ep

10 
𝐴 12  1 10 

ℜ 20,27,34,41  
30.5 

ℜ 20,27,34,41  
30.5 

ℜ 20,27,34,41  
30.5 

ℜ 21,26,31,36  
28.5 

ℜ 21,26,31,36  
28.5 

$(592.4, 712.4, 832.4, 952.4) 

St

ep 

11 
𝐴 12  1 10 

ℜ 19,26,33,40  
29.5 

ℜ 19,26,33,40  
29.5 

ℜ 19,26,33,40  
29.5 

ℜ 20,25,30,35  
27.5 

ℜ 20,25,30,35  
27.5 

$(602.4, 722.4, 842.4, 962.4) 

St

ep 

12 

𝐴 6  

𝐴 4 

1 

1 

10 

5 

ℜ 18,25,32,39  
28.5 

ℜ 18,25,32,39  
28.5 

ℜ 18,25,32,39  
28.5 

ℜ 20,25,30,35  
27.5 

ℜ 20,25,30,35  
27.5 

$(617.4, 737.4, 857.4, 977.4) 

St

ep 

13 

𝐴 6  

𝐴 8 

1 

1 

10 

5 

ℜ 17,24,31,38  
27.5 

ℜ 17,24,31,38  
27.5 

ℜ 17,24,31,38  
27.5 

ℜ 20,25,30,35  
27.5 

ℜ 20,25,30,35  
27.5 

$(632.4, 752.4, 872.4, 992.4) 

 

Conclusion: 

The trade-off between the project cost and the 

project completion time is an important issue for 

managers in real projects. Fuzzy Crashing Critical 

Activities FCCA as discussed thus far determines, 

step-by-step, which activities to speed up so as to 

reduce the fuzzy project completion time. This 

stepwise reduction of the fuzzy project duration 

eventually leads to the fuzzy shortest possible project 

duration and its associated cost. In this paper a new 

fuzzy time-cost trade-off model is proposed to use 

ranking function for finding fuzzy shortest possible 

duration to complete project at fuzzy least cost where 

fuzzy activities cost and duration characterized by 

trapezoidal fuzzy numbers. The significant feature of 

the fuzzy time-cost trade-off approach is the 

determination of the desired fuzzy shortest possible 

duration to complete project at fuzzy least cost. To 

validate algorithms of fuzzy critical path FCP and 

crashing fuzzy critical activities CFCA developed 

here, a numerical real life project has been presented 

 

REFERENCES 

 



143                                                                  Wakas S. Khalaf, 2015 

Australian Journal of Basic and Applied Sciences, 9(23) July 2015, Pages: 136-143 

Buckley, J.J. and T. Feuring, 2000. Evolutionary 

algorithm solution to fuzzy problems: Fuzzy linear  

programming. Fuzzy Sets and Systems, 109: 35-53. 

Chen, S.P., 2007. Analysis of critical paths in a 

project network with Fuzzy activity times. European 

Journal of Operations Research, 183: 442-459. 

Chen, S. and M. Tsai, 2011. Time-cost trade-off 

analysis of project networks in fuzzy environments, 

European Journal of Operations Research, 212: 386-

397. 

Dubois, D. and H. Prade, 1980. Fuzzy sets and 

systems: theory and applications. New York: 

Academic Press. 

Dubois, D. and H. Prade, 1981. Additions of 

interactive fuzzy numbers. IEEE Transactions on 

Automatic Control, 26: 926-936. 

Feng, C.W., L. Liu and S.A. Burns, 1997. Using 

genetic algorithms to solve construction time-cost 

trade-off problems. Journal of Computing in Civil 

Engineering, 11(3): 184-189.  

Feng, C.W., L. Liu and S.A. Burns, 2000. 

Stochastic construction time–cost trade-off analysis. 

Journal of Computing in Civil Engineering, 14(2): 

117-126. 

Ghazanfari, M., A. Yousefli, , Jabal, M.S. Ameli 

and A. Bozorgi-Amiri, 2009. A new approach to 

solve time–cost trade-off problem with fuzzy 

decision variables. The International Journal of 

Advanced Manufacturing Technology, 42: 408-414.  

Jebaseeli, M.E. and D.P. Dhayabaran, 2012. A 

Comparative Study on Fully Fuzzy Time Cost-Trade 

Off. Annals of Pure and Applied Mathematics, 1(2): 

97-107.  

Kaufmann, A. and M.M. Gupta, 1985. 

Introduction to Fuzzy Arithmetics: Theory and 

Applications. New York: Van Nostrand Reinhold. 

Ke, H., W. Ma, X. Gao and W. Xu, 2010. New 

fuzzy models for time-cost trade-off problem. Fuzzy 

Optimal Decision Mathematics, 9(2): 219-231. 

Khalaf, W.S., 2013. Solving the fuzzy project 

scheduling problem based on a ranking function. 

Australian Journal of Basic and Applied Sciences, 

7(8): 806-811. 

Leu, S.S., A.T. Chen and C.H. Yang, 1999. 

Fuzzy optimal model for resource constrained 

construction scheduling. Journal of Computing in 

Civil Engineering, 13: 207-216. 

Leu, S.S., A.T. Chen and C.H. Yang, 2001. A 

GA-Based fuzzy optimal model for construction 

time-cost trade-off. International journal of Project 

Management, 19: 47-58. 

Nicholas, J.M., 2004.  Project Management for 

Business principles and practice, (2nd ed). 

Burlington, MA: Elsevier.  

Nikoomaram, H.F., H. Lotfi, J. Jassbi and M.R. 

Shahriari, 2010.  A New mathematical model for 

time cost trade-off problem with budget limitation 

based on time value of money. Applied 

Mathematical Sciences, 4(63): 3107-3119.  

Stevens, J.D., 1990. Techniques for 

Construction Network Scheduling. New York : 

McGraw-Hill.  

Shakeela, S. and K. Ganesan, 2012. Fully fuzzy 

time-cost trade-off in a project network – a new 

approach. Mathematical Theory and Modeling, 2(6): 

53-65.  

Wang, K.H., J.H. Chi and E.H. Wan, 1993. 

Decision making of project under fuzzy information. 

Journal of China Instructors Engineers, 16(5): 33-41. 

Zadeh, L.A., 1965. Fuzzy sets. Information and 

Control, 8: 338-353. 

Zimmermann, H.J., 1969. Fuzzy set theory and 

its applications, 2nd edn. Boston: kluwer Academic. 

Zheng, D.X.M. and S.T. Ng, 2005. Stochastic 

time-cost optimization model incorporating fuzzy 

sets theory and nonreplaceable front. Journal of 

Construction Engineering and Management, 131(2): 

176-186.

 


