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 Background: In forestry research, probability density functions are commonly used to 

describe the diameter distributions in a forest population. In fact, these functions can 

provide important information regarding the effect of age and interventions, such as 
thinning, in diameter increments in forest plantations, however, there is a lack of studies 

in this subject. Objective: This article discusses the dynamics of increment in diameter 

at breast height (dbh) distribution for Pinus sp. plantations, over a cycle of 28 years, by 
means of probability density functions. Material and Methods: The research was 

conducted with 398 sampled individuals for stem analysis, thus enabling to determine 

the increments in dbh throughout the rotation. It was fitted the Gamma function, 
Normal, Weilbull (2P and 3P), Beta, Lognormal (2P and 3P). The best function was 

selected to represent the annual distributions and to support statistical analysis, in order 

to verify the variation of the distributions’ behaviors in function of age. Results: The 
largest increases were observed in the younger ages of the forest stands, up to the age of 

seven years. There was a decrease in the total amplitude of the increments, therefore not 
keeping all classes over the years. As age increased, there were also more frequent 

observations with smaller increments, causing a positive displacement and accentuating 

the curve asymmetry. Thus, asymmetric positive curves started to accentuate this 
condition, and become less flattened. The Gamma function presented the best 

adherence, and it was used to represent the data for all the years. It was possible to 

demonstrate the formation of age groups with similar behaviors regarding diameter 
increment distribution and anomalous distributions in the intervening years of the 

forest. Conclusion: Based in this study, it was assessed that the distribution of 

increments is highly correlated with the population age and stand interventions. 
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INTRODUCTION 

 

 In Brazil, Pinus genus stands have great socio-

economic and environmental importance. According 

to ABRAF (2013), the area planted exceeds 1.5 

million hectares, with the highest concentration in 

the southern region of Brazil (84.7%). Among the 

main objectives of this culture, we highlight the 

supply of raw material for pulp and paper, steel and 

charcoal, and the timber sector through longer 

rotations and consequent generation of higher value-

added products (Siqueira, 2003; Vasques et al, 2007; 

ABRAF, 2013). According to Gonçalves and 

Benedettii (2000), plantations are managed to 

produce wood for various purposes, which depend on 

the dimensions of the logs’ diameters. Thus, 

undesrtanding the growth of the culture is essential in 

order to proper planning the forest enterprise. 

 In this sense, the use of probability density 

functions (PDF) has been an effective way to 

represent forest growth. Most of these studies 

focused on describing the distribution of variable 

diameter at breast height (dbh). Several studies about 

the Pinus genus in southern Brazil (Scolforo et al. 

2003; Eisfeld et al., 2005; Schneider et al, 2008; Teo 

et al, 2011; Silva, 2012; Teo et al, 2012), like the 

work of Carelli Netto (2008), have tested a wide 

range of equations trying to reach satisfactory results, 

and have emphasized that specific characteristics of 

planting can affect some functions. According to 

Loetsch et al. (1973), diameter distribution indicates 

growth stocks, which favors the development of 

conclusions regarding forest structure. Machado et 

al. (2006) cite the importance of research on the 

adjustment probability density functions to represent 

the distribution of frequencies in forest stands. 
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 In plantations fir wood production purposes, 

forest growth and its relationship with population’s 

age is essential for planning forest management, 

which, in turn, depends on forest inventory data or 

predicted values from growth and yield models 

(Bohora and Cao, 2014; Zhang et al. 2014). When 

associated with prediction, diameter distribution 

models use statistical probability functions to 

characterize stand structure, and these can support 

growth and yield models (Zhang et al., 2010; 

Diamantopoulou et al., 2015). It happens that the 

diameter distribution and its dynamics over the years 

in a plantation are directly linked to diameter 

increment and how it reacts to interventions in the 

stand’s density, such as thinning. It is known that 

high density plantations have reduced increments 

given the increased competition. When intervention 

occurs, the trees tend to accelerate their growth due 

the better use of environmental resources. This effect 

was termed by Assmann (1970) as the "Growth 

acceleration effect ". Studies such as Leite et al. 

(2006), Inoue et al. (2011) and Cardoso et al. (2013) 

pointed that lower densities directly result in larger 

increments in diameter for the Pinus genus.  

 Studies of diameter increments distribution can 

provide important information about the responses of 

forest populations’ to interventions. In addition, these 

can serve as a tool for tree growth prediction. 

However, there is a lack of research reporting 

probability distribution of diameter increments. 

Therefore, this study aimed to describe the increment 

dynamics of diameter at breast height utilizing 

probability density functions over a cycle of Pinus sp 

stand, in the state of Paraná, in southern Brazil. 

 

MATERIAL AND METHODS 

 

Data source: 

 The sampled individuals were Pinus sp., in the 

county of Bituruna, Paraná, Brazil. The stand’s initial 

spacing was 3x2 m, and the management regime 

consisted of thinning at ages 8 and 11 years. 

 We analyzed 398 individuals of different ages 

and these were chosen randomly, with the oldest 

being 28 years old. The number of individuals 

selected by age and mean diameter at breast height 

(dbh) are shown in Table 1. 

 
Table 1: Number of sampled individuals and mean diameter at breast height according to tree age of Pinus sp. 

Age (years) Number of individuals Mean dbh (cm) 

1 2 1.9 

3 57 11.62 

4 81 13.59 

5 59 18.36 

6 69 20.26 

7 46 20.68 

8 10 23.56 

9 20 23.62 

10 26 25.31 

12 2 25.2 

26 3 52.47 

27 5 49.69 

28 18 53.36 

 

 The data used was obtained by complete stem 

analysis, which was gathered after felling the 

selected tree, by collecting discs at heights 0.1 m, 0.7 

m, 1.3 m, and at 1 in 1 m, after 1.3 m, up to the tree’s 

total height. These samples were dried and sanded in 

order to facilitate the visualization of the limits of 

annual rings. Four lines were drawn on the discs, 

wherein the annual growth rings were measured with 

LINTAB
®
 equipment. From the mean of four lines, 

the diameters for each age were obtained. 

 With this data in diameter derived from the stem 

analysis, annual current increments (ICA) were 

calculated by the expression suggested by Finger 

(1992): 

ICA = Y(m+1) - Y(m)                                                  (1) 

 Where: ICA = annual current increment, in 

cm.year
-1

; m = year or age of reference; Y = diameter 

at breast height, in cm. 

 

Fitted probability density functions (PDF): 

 The following probability density functions were 

fitted to describe the increase in dbh: Gamma, 

Normal, Weilbull (2P and 3P), Beta, Lognormal (2P 

and 3P). 

 For the selection of the probability density 

function, six ages samples were distributed over the 

plantation cycle in order to evaluate the initial, 

intermediate and final ages. The distribution 

assessment ages were 1, 5, 10, 15, 20 and 25 years. 

The class interval in dbh increase was set at 1 

centimeter. 

 All functions were fitted using the Proc 

capability procedure described in SAS (2002), and 

the best-fitted function was selected by the 

Kolgomorov-Smirnov test at 95% probability. 

 

Data analysis: 

 The effect of age over the form and evolution of 

dbh increased distribution curves was evaluated 

using the asymmetry and kurtosis measures, besides 

the mean, minimum and maximum values. 

 The asymmetry coefficient was interpreted 

according to the following criterion: when greater 

than 0, the asymmetry is positive; when it is less than 
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0, asymmetry is negative or left. Asymmetry 

coefficient of 0 is when there is the same value for 

mode, median and arithmetic mean, which is the case 

of a symmetrical distribution (Normal distribution). 

If the asymmetry coefficient in module is between 

0.15 and 1, it is considered moderate; if greater than 

1, it is considered strong (Machado et al., 2006). 

 The kurtosis coefficient refers to the degree of 

flattening or elevation relative to the normal 

distribution. Pearson (1895) and Pearson (1905) 

defined three types of curves relative to the kurtosis: 

- Leptokurtic: distribution having a relatively high 

peak negative excess, ie, coefficient of kurtosis 

<0.263. 

- Platykurtic: curve that presents a flattened top with 

positive excess, i.e., coefficient of kurtosis> 0.263. 

- Mesokurtic: intermediate curve, with kurtosis 

coefficient of 0.263. 

 After choosing the best-fitted model, and in 

order to compare the curves, ie, whether there was a 

significant difference between them, the Chi-square 

statistical test ( ) was applied, and was obtained by 

the expression: 

                                               (2) 

 Where: fij = probability of frequency calculated 

in class i in year j; fik = probability of frequency 

calculated in class i in year k; n = number of classes. 

 The significance was verified at 95% 

probability. 

 

RESULTS AND DISCUSSIONS 

 

 Figure 1 shows the dynamics of the influence of 

age over the form and evolution of the increments in 

diameter distribution curves. The biggest increase of 

fluctuations over the ages were observed with 

maximum values, while the mean and minimum 

values after seven-year-old followed a more defined 

trend (Figure 1a). 

 It was also noticed that the increase in the 

maximum values occurred in the years of thinning or 

subsequent to them, featuring the direct response of 

individuals to the performed intervention. Coelho 

and Hosokawa (2010) reported the acceleration of 

increases in the following years after thinning of 

Pinus taeda L. individuals analyzed by partial stem 

analysis. 

 

  

  
 

Fig. 1:(a) Maximum, minimum and mean values; (b) mean, median and mode of distribution; (c) dynamics of  

asymmetry and (d) dynamics of kurtosis in dbh increase distribution of Pinus sp. along a cycle of 28  

years. 

 

 The asymmetry and kurtosis presented the same 

trend over the years (Figure 1c and 1d). The 

asymmetry and kurtosis coefficients indicated a 

positive asymmetric distribution for most of the ages. 

Such a condition was restricted only for stands with 

3, 4 and 6 years, in which the indices pointed to an 

approximately symmetrical distribution. The one 

year-old population demonstrated atypically 

a 
 

b 
 

c 
 

d 
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compared to initial ages of the stands, once its 

asymmetry was strong. 

 As shown in Figure 1d, the asymmetry was 

moderate from 7 to 16 years, except for age 9, 

possibly due thinning in the previous year. From age 

17, the asymmetry was strongly positive. Figure 1a 

demonstrates that mean values approach the 

observed minimum values, thus demonstrating the 

strong asymmetry due curves’ higher frequency of 

dots in the smallest increment classes, that is, causing 

the displacement of the curve towards these classes. 

 Regarding kurtosis, the observed distributions of 

increments oscillated between platykurtic and 

leptokurtic, with predominance of leptokurtic, ie 

more elongated curve than normal, again with the 

exception of ages 1 and 9. From the 16 years, the 

curves shown only the standard of platykurtic 

behavior. Therefore, as age increased, the curves that 

were positive asymmetric passed to accentuate this 

condition and become flatter. This may also be 

evidenced by the evolution of the mean, mode and 

median over the years (Figure 1b), in that a clear 

downward trend in these position measures. 

 Table 2 shows the adhesion test for the fitted 

PDFs in relation the sampled ages. Among the PDFs, 

the Kolmogorov-Smirnov test revealed that all 

functions have not resulted in satisfactory fit for the 

first year of the forest. For others, the Gamma 

function, Lognormal (3P) and Normal showed the 

best results, ie the values of the Kolmogorov-

Smirnov test were not significant. This condition 

indicates that the observed and expected frequencies 

are not statistically different from each other, 

accepting thus the hypothesis of nullity. On the other 

hand, significant values indicate inadequate estimates 

of expected frequencies. Due to the sensitivity of this 

test for any difference in the center value and the 

dispersion, it has been utilized to evaluate the 

theoretical distribution’s goodness of fit of a data set 

(CAO, 2004). 

 
Table 2: Kolmogorov-Smirnov test of DPFs adjusted to describe the frequency of diameters increasing in Pinus sp. with 1, 5, 10, 15, 20 and  

25 years of age. 

Distribution Ano 

1 5 10 15 20 25 

Gamma 0.082* 0.079ns 0.065ns 0.096ns 0.083ns 0.149ns 

Lognormal (3P) 0.073* 0.079ns 0.065ns 0.100ns 0.074ns 0.137ns 

Normal 0.165* 0.077ns 0.120ns 0.114ns 0.201ns 0.215ns 

Weibull 0.143* 0.089* 0.094ns 0.107ns 0.139ns 0.120ns 

Weibull (3P) 0.08* 0.086* 0.081ns 0.092ns 0.088ns 0.165ns 

Beta 0.083* 0.082ns 0.068ns 0.169ns 0.150ns 0.265* 

Lognormal 0.083* 0.122* 0.067ns 0.095ns 0.128ns 0.136ns 

Where: ns = not significant at the 95% probability; * significant at 95% probability according to Kolmogorov-Smirnov distribution. 

 

 Among the functions, it was decided to select 

the Gamma function, because according to Silva 

(2003), it has been applied as a function that 

represents in an efficient manner the diameter 

distribution in various types of forests and in 

asymmetric curve situations, besides, it presents the 

lower Kolmogorov-Smirnov test values in the 

evaluated database. The observed and predicted 

values for Gamma function are highlighted in Figure 

2 and the coefficients shown in Table 3. The 

properties of this function can be found in Johnson et 

al. (1995), and it is given by: 

)(.
)(

/1

 






 xex
xf                                               (3) 

 Where: α = shape parameter to be estimated; β = 

scale parameter to be estimated; Γ = Gamma 

function. 
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Fig. 2: Observed values and estimated by the Gamma function of diameter at breast height increment in Pinus  

sp. with 1, 5, 10, 15, 20 and 25 years of age. 

 
Table 3: Coefficients obtained for the Gamma function to describe the diameter increase in Pinus sp. along a cycle of 28 years. 

Year Beta Alpha Year Beta Alpha 

1 0.396 4.468 15 0.176 11.17 

2 0.451 6.923 16 0.269 6.984 

3 0.748 5.612 17 0.249 7.658 

4 0.375 10.017 18 0.224 7.801 

5 0.286 12.843 19 0.211 8.149 

6 0.287 11.076 20 0.235 7.396 

7 0.391 6.798 21 0.228 7.315 

8 0.164 15.679 22 0.214 8.070 

9 0.237 9.868 23 0.304 5.350 

10 0.255 8.196 24 0.269 5.522 

11 0.424 5.429 25 0.173 7.944 

12 0.200 11.24 26 0.211 6.493 

13 0.167 12.782 27 0.239 4.954 

14 0.163 12.275 28 0.222 5.767 

 

 By fitting a PDF to a data set, it accepts the 

hypothesis that the distribution might suitably 

represent a certain set of information (Catalunha et 

al., 2002). Thus, this characteristic allows the 

evaluation of the dynamics over time by the 

changing of the curve’s shape, given by the different 

coefficients obtained after fitting each year in 

question. 

 With the maturing of individuals, there was a 

decrease in the full range of increments in dbh, and 

thus not all the classes were kept over all the ages. 

As expected, the highest increases were observed up 

to the age of seven, ie, in the juvenile phase of the 

trees, where there is faster growth than during stages 

of maturity and senescence (Assmann, 1970; Husch 

et al., 1982). Larger amplitudes in the distribution of 

these increases were also observed in the early ages. 

 In order to evaluate the evolution of annual 

increments in diameter over time with respect to the 

interventions in the stands, together with the age 

effect on the curves estimated by the Gamma 

function, curves were plotted for each age. The 

frequency of spots with smaller diameters in 

increments tended to be more intense as age 

increased, resulting in the movement and in the 

accentuated positive asymmetry of the curve (Figure 

3). 
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Fig. 3: Dynamics of diameter increases distribution in Pinus sp. over a cycle of 28 years. 

 

 Over the years, when differences of curves with 

respect to the age was checked by the Chi-square test 

(X²), it was detected the formation of 4 groups, that 

is, within each group the X² values were not 

significant (95% probability), which implies in the 

absence of significant differences between the 

expected and actual values. The first group was 

formed by ages 2, 3, 4, 5, 6 and 7 years. The second 

through the ages 9, 10, 12, 13, 14 and 15 years. The 

third group 16, 17, 18, 19, 20, 21 and 22 and the 

fourth by 23, 24, 25, 26, 27 and 28 years. 

 A final group was formed without statistical 

criteria by considering the atypical years, as in the 

case of ages one and in the years 8 and 11, when 

interventions were performed. The first year of the 

forest is the environment adaptation phase, thus, 

different effects were produced in relation to 

subsequent years. However, thinning is responsible 

for the increase of available growing space, which is 

likely to cause the changes in the format of the 

distribution of increases in dbh. As aforementioned, 

in the theory of "Growth acceleration effect" 

described by Assmann (1970), the remaining trees 

after thinning start to present higher increment values 

driven by reduced competition. Len (2012) relates 

the immediate response of Pinus resinosa Ait. to 

different intensities of thinning. On the other hand, 

Schneider (1993), mentioning other authors, reports 

that this phenomenon can occur up to four years after 

thinning, since the tree would have to adapt to the 

new conditions it was subjected.  

 

Conclusion: 

 The increment distribution of diameter of breast 

height is highly correlated with the age of the 

population and with the interventions over the stand. 

 There was a decrease in the full range of 

frequency of dbh increments, and not all the classes 

were kept over the cycle of the forest stands. 

 The largest increments were observed in the 

younger ages of the stands, ie until the age of seven. 

 The functions that presented the best 

performances to describe the increment frequency in 

diameter at breast height were the Gamma, 

Lognormal (3P) and Normal. 

 The Gamma function had the best performance, 

allowing to conclude that, with increasing ages, 

curves’ increments were asymmetrical positive and 

started to accentuate this condition and become less 

flattened, indicating a strong positive or right 

asymmetry. 

 The years in which there was thinning resulted 

in atypical distributions when compared to the other 

ages. 
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