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The need to predict future forestry re

and politics leaded to the development of mathematic models to express or predict observed phenomena by the 
relation between different variables studied.

Mathematic models or just models are functional relations adjusted to sampled data (Campos and Leite, 
2009). These models are commonly used in forests (Meen
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A B S T R A C T  
Background: Estimation of dendrometric parameters in forest stands is one of the most 
important information to implement forest management properly, once an economic 
and ecologically sustainable planning is achieved based o
yield information, that are easily obtained by mathematical models applicable to 
different species, sites and silvicultural practices adopted. 
present study is to evaluate three hypsometric models and th
estimate the stem height and stem volume of Eucalyptus benthamii
one single model for different planting spacings classes. 
benthamii of four different planting spacings were grouped in spa
m and 3 m x 4 m spacings(Class I), 3 m x 3 m and 2 m x 3 m spacings (Class II) and 
Total for all spacings grouped, for height estimationby Linear, Parabolic and Stofells 
models, and volume estimation Spurr, Stoate and Schumacher
The precision of the Linear, Parabolic and Stofells models for height estimation 
expressed by the adjusted coefficient of determination and the adjusted Schlaegel index 
oscillated from 0.61 to 0.83, for all the spacing classes the Parabolic
statistics, but by normality and homoscedasticity tests the model was applicable only 
for one spacing class. For the volumetric models, Spurr, Stoate and Schumacher
the models coefficient of the determination was the same for each s
0.97 and 0.98, respectively. Spurr was the model indicated for volume estimation.The 
identity test indicates that only the volumetric models can be applied for the planting 
spacings grouped Conclusion: ForE. benthamiithe Parabolic model
stem height estimationand the model of Spurrfor stem volume estimation. The identity 
test indicates that the hypsometric models must be applied for the planting 
spacingsseparately, and the volumetric models can be applied for the planting
grouped. 

INTRODUCTION 

The need to predict future forestry resources, as the decision of silvicultural practices, forest management 
and politics leaded to the development of mathematic models to express or predict observed phenomena by the 
relation between different variables studied. 

Mathematic models or just models are functional relations adjusted to sampled data (Campos and Leite, 
These models are commonly used in forests (Meenet al., 2012) and will an important role (Ashraf 
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Estimation of dendrometric parameters in forest stands is one of the most 
important information to implement forest management properly, once an economic 
and ecologically sustainable planning is achieved based on forest growth and forest 
yield information, that are easily obtained by mathematical models applicable to 
different species, sites and silvicultural practices adopted. Objective: The aim of the 
present study is to evaluate three hypsometric models and three volumetric models to 

Eucalyptus benthamiiand test the use of 
one single model for different planting spacings classes. Methodology:Trees of E. 

of four different planting spacings were grouped in spacing classes, 4 m x 4 
m and 3 m x 4 m spacings(Class I), 3 m x 3 m and 2 m x 3 m spacings (Class II) and 
Total for all spacings grouped, for height estimationby Linear, Parabolic and Stofells 
models, and volume estimation Spurr, Stoate and Schumacher-Hallmodels. Results: 
The precision of the Linear, Parabolic and Stofells models for height estimation 
expressed by the adjusted coefficient of determination and the adjusted Schlaegel index 
oscillated from 0.61 to 0.83, for all the spacing classes the Parabolic model had better 
statistics, but by normality and homoscedasticity tests the model was applicable only 
for one spacing class. For the volumetric models, Spurr, Stoate and Schumacher-Hall, 
the models coefficient of the determination was the same for each spacing class, 0.96, 
0.97 and 0.98, respectively. Spurr was the model indicated for volume estimation.The 
identity test indicates that only the volumetric models can be applied for the planting 

the Parabolic model is indicated for 
stem height estimationand the model of Spurrfor stem volume estimation. The identity 
test indicates that the hypsometric models must be applied for the planting 
spacingsseparately, and the volumetric models can be applied for the planting spacings 

cultural practices, forest management 
and politics leaded to the development of mathematic models to express or predict observed phenomena by the 

Mathematic models or just models are functional relations adjusted to sampled data (Campos and Leite, 
., 2012) and will an important role (Ashraf et al., 
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2015), once they can guarantee economic and sustainable planning based on information of growth, yield and 
quality of wood products that can be easily predicted using these mathematical models. 

The mainly forestry predictions used are hypsometric and volumetric models with parameters determined 
by regression, specially developed for planted forests of Eucalyptus spp., Pinusspp. and other species (Müller et 
al., 2014a; Silvestre et al., 2014). Hypsometric models predict the height by relations with diameter at breast 
height (DBH) and another complementary variables, such site quality, dominant height and age (Campos and 
Leite, 2009). Volumetric models can predict essential information of available forest volume for forestry 
planning and management, based on diameter at breast height, circumference at breast height and height 
(Vibranset al., 2015). Many efficient volumetric models were developed for forests stands, however, not all can 
be adjusted for different species and conditions, then they need to be tested to ensure the use of correct model 
for each condition (Thomaset al., 2006). These models can be applied for Eucalyptus benthamii that is adapted 
to could regions with temperature change in the winter from 1 °C to 3 °C, tolerate from 3 to 10 frosts per year, 
has fast growth, good stem shape, yield (Higa and Pereira, 2003) and has great potential in pulp and paper 
industries (Mülleret al., 2014b). 

For the height and volume prediction, frequently one single model can be adjusted for data from diverse 
scenarios, as different storeys, ages, spacings and sites (Regazzi, 2003), applying only one model to grouped 
data of these scenarios. In this cases, to verify if one model can be adjusted to predict the relation between 
variables from different conditions the Graybill identity test is needed (Graybill, 1976), as the height and 
volume can change in different planting spacings (Rocha et al., 2015). 

Thus, by the importance of E. benthamiistands in could regions, the increase of plantation areas (Müller et 
al., 2014b) and the lack of information about hypsometric and volumetric models adjusted for the species in 
different conditions, the present study has the aim to verify the adjustment of three hypsometric and three 
volumetric models to predict stem height (H) and stem volume (V) of E.benthamii with six years of age with 
different planting spacings, analyzed separately and grouped by the Graybill identity test. 

 
MATERIAL AND METHODS 

 
Study area characterization: 

The area is located in the municipality of Guarapuava in the Middle-Western region of Paraná State with an 
altitude of 1098 meters, the measurements were made in stands with UTM coordinates 449938.73m E and 
7192325.20m S. The region climate is temperate (Cfb) with mean annual precipitation between 1800 and 2000 
mm (ThomazandVestena, 2003). The soil of the region is mainly latosols, cambisols, rocky outcrops and 
neosols(EmbrapaFlorestas, 2012). 

The study area is an experimental planting site of E. benthamii of circa one hectare located in the Middle-
West State University, with four different planting spacings: 4 m x 4 m, 3 m x 4 m, 3 m x 3 m and 2 m x 3 m. 
The seedlings for the area are from selected seeds (EBC 06 Candói) of E. benthamiifrom Reflorestadora Golden 
Tree Ltda, and were evaluated with six years of age. 

 
Data assessment: 

Were evaluated the diameter at breast height (DBH) and height (H) of 68 trees of E. benthamii, that were 
grouped by DBH classes. The individual tree volume was calculated by calculation procedure of Smalian, 
sectioning the stem in two absolute heights of 0,1 m and 1,3 m along with relative heights of 15%, 25%, 35%, 
45%, 55%, 65%, 75%, 85% and 95% of the total stem height. 

Once the number of trees of each planting spacing was less than 30, trees were grouped in two spacing 
classes 4 m x 4 m and 3 m x 4 m (Class I) with 33 trees and 3 m x 3 m and 2 m x 3 m (Class II) with 35 trees. 
The grouping was needed to ensure the sample size for statistical analysis (FigueiredoFilhoet al., 2011). 

Three hypsometric models and three volume models were adjusted for the tree height (H) and volume (V) 
estimation, for both variables were adjusted one simple linear model, one multiple linear model and one 
nonlinear model (linearized using logarithmic function). The models were applied for each class of spacing 
(Class I and Class II) and for the totality of data (Total). The hypsometric models and volumetric models 
adjusted are shown in Table 1. 

 
Table 1: Hypsometric models and the volumetric models adjusted for E. benthamii. 

Models 
Hypsometric Volumetric 

(1) H = β0 +β1.DBH + ɛi(Linear) (4) V = β0 +β1.(DBH2.H) + ɛi(Spurr) 
(2) H = β0 +β1.DBH + β2.DBH2 + ɛi(Parabolic) (5) V = β0 +β1 .DBH2 + β2 .(DBH2.H) + β3.H + ɛi(Stoate) 
(3) ln H = β0 +β1.lnDBH + ɛi(Stofells) (6) ln V =β0 + β1 .ln DBH + β2 .ln H + ɛi(Schumacher-Hall) 

 
where H is the total height (m), DBH is the diameter at breast height (cm), ln is the natural logarithm, ɛi is 

the aleatory error and β0, β1 and β2 the coefficients of the model. 
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Models adjustment and comparison: 
The adjustment of the models was analyzed based on the models coefficients significance, adjusted 

coefficient of determination (R²adj),adjusted Schlaegel index (SIadj), normality (N), homoscedasticity (H), 
standard error of estimate (Syx%) and graphic analysis of residuals (Res%). The adjusted coefficient of 
determination (R²adj) was calculated by  

����� = � − 	� − ��
. � ��
�����where�� = � − ∑ ����Ŷ�����

	∑ 	���Ȳ�
���
      (1) 

Where R²adj is the adjusted coefficient of determination, R² the coefficient of determination, n is the 
number of observations, p the number of model variables, Yi  the observed values, Ŷithe estimated values and 
Ȳithe average of the observed values. 

 
The standard error of estimate (Syx%) was calculated by 

���% = ���
 ! . 100  ��� = $ �%&'(

)�*�+        (2) 

Where Syx% is the standard error of estimate (%), Syxthe standard error of estimate (m³), Ȳthe average of the 
observed values, SQres is given by ∑ �Ŷ, − Ȳ,�)-.* , n is the number of observations and p the number of model 
variables. 

The residuals (Res%) for each estimated values is given by: 

/01,23451	%
 =  6�Ŷ6
 6 . 100         (3) 

Where  Yiobserved values and Ŷithe estimated values. 
Before the determination of R²adj, Syxand Syx% to the linearized models by logarithmic function, the 

estimated values were transformed to the unity of interest, meters for the hypsometric model and cubic meters 
for the volumetric model: 
ŷ� = 7Ŷ�            (4) 

Where ŷiis the estimated values in the unity of interest, e = 2,718281828, Ŷi= (ln y)estimated 
The estimation of the volumetric model with logarithmic function was corrected by the Meyer Index (MI) 

calculated by: 
89 = 7:,<.=>?²           (5) 

  
For comparison of the determination coefficients and standard error of estimate between the models, the 

linearized models had the adjusted coefficient of determination determined by the adjusted Schlaegel index 
(SIadj) and the adjusted standard error of estimate determined, as follow: 

�@ABC = 1 − 	1 − @D
. � )�*
)�*�+�where@D = 1 − �∑ 	�6E6�F ��G6�H


∑ 	�6��!E6�F 
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=>?J7K�LK = $∑ 	>��ŷ�
�
����

�.� and =>?	%
 = =>?J7K�LK
>N . �::     (7) 

 
Finally, normality (N) and homoscedasticity (H) tests were performed to the residuals distribution based on 

the Kolmogovov-Smirnov (K-S) and Breusch-Pagan-Godfrey (BPG) tests, respectively. After the adjustment of 
the hypsometric and volumetric models for the spacing classes and for the totality of the data, the identity test 
(Graybill, 1976) was applied to asses if one or more models can be applied for the spacing classes grouped. All 
the models analysis of variance, the models parameters, normality test, homoscedasticity test and identity test 
were analyzed using F-test at 5% probabilityerror. 

 
RESULTS AND DISCUSSION 

 
Hypsometric and volumetric models adjustment: 

To the hypsometric models the adjusted determination coefficients (R²adj) and the adjusted Schlaegel index 
(SIadj), for the logarithmic model, oscillated between 0,61 and 0,83. For spacingclasses, the Parabolic model has 
better coefficient determinations between the models, as the standard error of the estimate (Syx) and percentage 
standard error of estimate (Syx%), this one that varied between 5,75% and 6,14%, but by normality and 
homoscedasticity tests, the Parabolic model is applicable only for the spacing class II (Table 2). Parabolic model 
is indicated when compared with otherdifferent hypsometric modelsforE. benthamii(Hess et al., 2012), when the 
coefficient of determination, estimate standard error and residual graphic are considered. For Pinuscaribaeavar. 
hondurensis the Parabolic is also indicated for height estimation, with lower standard error in comparison to the 
logistic, Michaelis-Menten and Curtis models (Mendonçaet al., 2011). 

 
Table 2: Estimated Coefficients (OPQ, OP*, OPR, OPS
 and adjusted coefficient of determination (R2 

adj), adjusted Schlaegel index (SIadj), standard 
error of estimate (Syx), recalculated standard error of estimate (SyxR), percentage standard error of estimate (Syx), normality (N) and 
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homoscedasticity (H) for the hypsometric models H = β0 +β1.DBH + ɛi, H = β0 +β1.DBH + β2.DBH2 + ɛiand ln ln H = β0 

+β1.lnDBH + ɛifor the spacing classes. 
Model 1: H = β0 +β1.DBH + ɛi(Linear) 

Classes 
Estimated Coefficients Model Statistics 

OPQ OP* OPR OPS R2 
adj SIadj Syx(m3) SyxR Syx% N H 

I 14,2010**  0,5005**  - - 0,61 - 1,4972 - 6,32 0,60ns 0,02* 

II 12,2777**  0,6507**  - - 0,71 - 1,7773 - 7,44 0,93ns 0,0011* 
Total 13,2618**  0,5728**  - - 0,65 - 1,7057 - 7,17 0,59ns 5,95.10-5* 

Model 2: H = β0 +β1.DBH + β2.DBH2 + ɛi(Parabolic) 

Classes 
Estimated Coefficients Model Statistics 

OPQ OP* OPR OPS R2 
adj SIadj Syx(m3) SyxR Syx% N H 

I -1,8223ns 2,2373**  -0,0453* - 0,66 - 1,4126 - 5,96 0,92ns 0,003* 

II -3,5089ns 2,5856**  -0,0557**  - 0,83 - 1,3741 - 5,75 0,20ns 0,13ns 

Total -1,8941ns 2,3351**  -0,0487* - 0,74 - 1,4604 - 6,14 0,37ns 0,0044* 
Model 3: ln H = β0 +β1.lnDBH + ɛi(Stofells) 

Classes 
Estimated Coefficients Model Statistics 

OPQ OP* OPR OPS R2 
adj SIadj Syx(m3) SyxR Syx% N H 

I 1,9291**  0,4211**  - - - 0,63 - 1,4667 6,19 0,57ns 0,0012* 

II 1,6265**  0,5387**  - - - 0,74 - 1,6855 7,05 0,50ns 1,30.10-6* 

Total 1,7637**  0,4842**  - - - 0,68 - 1,6365 6,88 0,41ns 4,67.10-10* 
(**) Significant values at 1% of probability of error, (*) Significant values at 5% of probability of error and (ns) non-significant values at 
5% of probability of error. 
 

For the spacing classes the residuals graphic analysis of the estimated height was similar, but the Parabolic 
model presented less tendency of height overestimation and underestimation (Figure 1). 

 

   

  
Fig. 1: Residuals of height estimation by the hypsometric models adjusted: Linear (H = β0 +β1.DBH + ɛi), 

Parabolic (H = β0 +β1.DBH + β2.DBH2 + ɛi) and Stoffells (lnH = β0 + β1.ln DBH + ɛi) for the spacing 
classes. 

  
The three volumetric models adjusted for spacing classes had adjusted coefficient of determination (R²adj) 

and adjusted Schlaegel index over 0,96. The model of Stoate has the higher values of R²adjand the lowest 
standard errors of estimate between the models, however the coefficients of the model were statistically not 
significant, this is due to high linear association (multicollinearity) between the variables DBH² and DBH2.H (r 
= 0,99), and DBH².H and H (r = 0,82) (Table 3). The multicollinearity can be avoided by the use of models with 
low numbers of variables, that also ensures agility for data processing (Couto and Bastos, 1987). 
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The coefficient of determination of all the volumetric models adjusted was 0,96, 0,98 and 0,97 for Class I, 
Class II and Total, respectively, for Spurr and Schumacher-Hall models these simalirities are also observed for 
cloned Eucalyptus urophylla (Miguel et al., 2015).However, by the standard error of estimate Stoate has better 
adjustment for all spacing Classes between the volumetric models adjusted. The volumetric model of 
Schumacher–Hall is indicated for estimation volume of cloned eucalypt plantations in different spacings 
(Oioleet al., 2014) and for different species of eucalypt in different regions (Martins et al., 2015), but this model 
has no homoscedasticity for Class II, while Stoate was indicated only for Class I and Spurrapplicable for all the 
spacing classes (Table 3). 

 
Table 3: Estimated Coefficients (OPQ, OP*, OPR, OPS
 and adjusted coefficient of determination (R2 

adj), adjusted Schlaegel index (SIadj), standard 
error of estimate (Syx), recalculated standard error of estimate (SyxR), percentage standard error of estimate (Syx), normality (N) and 
homoscedasticity (H) for the volumetric models V = β0 +β1.(DBH2.H) + ɛi, V = β0 +β1 .DBH2 + β2 .(DBH2.H) + β3.H + ɛiand lnV 
=β0 + β1 .ln DBH + β2 .ln H + ɛifor the spacing classes. 

Model 1: V = β0 +β1.(DBH2.H) + ɛi(Spurr) 

Class 
Estimated Coefficients Model Statistics 

OPQ OP* OPR OPS R2 
adj SIadj Syx(m3) SyxR Syx% N H 

I 0,0178ns 3,3.10-5**  - - 0,96 - 0,0281 - 8,71 0,22ns 0,23ns 

II 0,0114ns 3,4.10-5**  - - 0,98 - 0,0216 - 7,18 0,95ns 0,19ns 

Total 0,0142* 3,4.10-5**  - - 0,97 - 0,0246 - 7,96 0,75ns 0,07ns 

 Model 2: V = β0 +β1 .DBH2 + β2 .(DBH2.H) + β3.H + ɛi(Stoate) 

Class 
Estimated Coefficients Model Statistics 

OPQ OP* OPR OPS R2 
adj SIadj Syx(m3) SyxR Syx% N H 

I 0,0647ns -0,0005ns 0,0001**  0,0009ns 0,96 - 0,0280 - 8,67 0,47ns 0,33ns 

II -0,0048ns -0,0006* 0,0001**  0,0024ns 0,98 - 0,0192 - 6,41 0,72ns 0,02* 
Total -0,0040ns -0,0004ns 4,6.10-5**  0,0020ns 0,97 - 0,0236 - 7,57 0,34ns 0,04* 
 Model 3: ln V =β0 + β1 .ln DBH + β2 .ln H + ɛi(Schumacher-Hall) 

Class 
Estimated Coefficients Model Statistics 

OPQ OP* OPR OPS R2 
adj SIadj Syx(m3) SyxR Syx% N H 

I -10,2595**  1,7287**  1,2576**  - - 0,96 - 0,0282 8,74 0,16ns 0,80ns 

II -10,4038**  1,7106**  1,3144**  - - 0,98 - 0,0202 6,73 0,71ns 0,01* 
Total -10,3226**  1,7371**  1,2673**  - - 0,97 - 0,0239 7,67 0,10ns 0,16ns 

(**)Significant values at 1% of probability of error, (*) Significant values at 5% of probability of error and (ns) non-significant values at 5% 
of probability of error. 
 

For the volumetric models the residuals graphics were similar for all spacing classes, the overestimation and 
underestimation ranged from 30% to -30% (Figure 2). 
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Fig. 2: Residuals of volume estimation by the volumetric models adjusted: Spurr (V = β0 +β1.(DBH2.H) + ɛi), 
Stoate (V = β0 +β1 .DBH2 + β2 .(DBH2.H) + β3.H + ɛi) and Schumacher-Hall (ln V =β0 + β1 .ln DBH + β2 

.ln H + ɛi) for the spacing classes. 
 
Graybill identity test: 

The identity test calculated by the reduced mean squares (RedMS) and residual mean square (RMS) from 
analysis of variance of the models adjustment, indicates that for height estimation the models must be adjusted 
for each spacing class, and for the volume estimation the identity test attest that the adjustment of all the 
volumetric models adjusted can be used for the spacings grouped (Table 4), although the Stoate and 
Schumacher–Hall models had multicollinearity and homoscedasticity problems. In large stand areas the height 
estimation can lead to unwanted responses, by different relations of H and DBH for different sites, thus for each 
site different hypsometric models should be applied (Leite and Andrade, 2003).In even-aged plantations of 
TectonagrandisVendruscoloet al.(2015) tested the identity of a hypsometric model for eleven spacing 
combinations and concluded that a single model can be applied only for four spacing combinations, for the other 
combinations the model need to be adjusted separately. The same applies for identity of volumetric model of 
Schumacher-Hall (linearized by logarithmic function), that can be adjusted for eucalypt plantations from some 
regions, but no in all of them (Martins et al., 2015). 

 
Table 4:Graybill identity test for hypsometric and volumetric models adjusted. 

  Models RedMS RMS F0 Ftab 
H = β0 +β1.DBH (Linear) 9,1400 2,7146 3,3669 3,1404* 

Hypsometric H = β0 +β1.DBH + β2.DBH2 (Parabolic) 6,1183 1,9401 3,1537 2,7530* 

  ln H = β0 + β1.ln DBH (Stofells) 0,0181 0,0056 3,2195 4,9530* 

V = β0 +β1.(DBH2.H) (Spurr) 7,54.10-5 0,0006 0,1210 3,1404ns 

Volumetric V = β0 +β1 .DBH2 + β2 .(DBH2.H) + β3.H (Stoate) 0,0003 0,0006 0,5794 2,5252ns 

  ln V =β0 + β1 .ln DBH + β2 .ln H (Schumacher-Hall) 0,0016 0,0067 0,2439 2,7530ns 

(RedMS) Reduction Mean Square, (RMS) Residual Mean Square, (F0) calculated F, (Ftab) tabled F, (*) Significant values by F-test at 5% of 
error probability and (ns) non-significant values by F-test at 5% of error probability. 

 
In conclusion, forE. benthamii the stem height is better estimated by the Parabolic model (H = β0 +β1.DBH 

+ β2.DBH2 +ɛi) for different plantation spacings, but the adjustment had no homoscedasticity for the spacing 
classes, to estimate stem volume the model of Spurr (V = β0 +β1.(DBH2.H) +ɛi) is indicated for all the spacing 
classes analyzed. The hypsometric models adjusted are not suitable for all the planting spacings grouped, while 
all the volumetric models can be adjusted for the four planting spacings grouped. 
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