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Abstract: By using of the Jost soluthion of the Sturm-Liouville equation on the half-line we obtain

nodal points and nodal lengths. Furthermore, by using nodal points we have shown that the potential

function can be established uniquely.
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INTRODUCTION

Let us consider the Sturm-Liouville problem

  (1)

   (2)

where q(x) � L(0,�) is a complex-valued function and h is a complex number. Let ë = ñ , ñ = ó + iô and2

let for definiteness ô := Imñ� 0. Inverse nodal problems consist in recovering operators from given

nodes(zeros) of their eigenfunctions. From the physical point of view this corresponds to finding, e.g., the

density of a string or a beam from the zero-amplitude positions of their eigenvibrations. Mclaughlin seems to

be the first to consider this sort of inverse problem (Mclaughlin,J.R., 1988). Later on, some remarkable results

were obtained. For example, X.F. Yang got the uniqueness for general boundary conditions using the same

method as Mclaughlin (Yang, X.F., 1997); C.K. Law and Ching-Fu Yang (Koyunbakan, H., 2006) have

reconstructed the potential function and its derivatives from nodal data. The inverse nodal problems were

studied for second-order differential equations with a linear dependence on the spectral parameter (Koyunbakan,

H., 2006, Shieh, C.T., V.A. YurkoInverse 2008).

In (Freiling, G., V.A. Yurko, 2001) authors considered inverse problem of (1)-(2) they proved an expansion

theorem and solved the inverse problem of the Sturm-Liouville equation from its Weyl function. In this work,

we investigate inverse nodal problem for the boundary value problem (1)-(2)(i.e., we will consider inverse

problems of recovering h and q(x) from the given nodal characteristics). 

2 Inverse Nodal Problems:

The  study  of  inverse  nodal  on  a  finite interval considered by O.H. Hald (1998) and J. R. Mciaughlin

(1988).  In  this  section,  we  consider  the  inverse  nodal  problems  on  the  half-line.  Put 

Theorem 1.  Equation  (1) has  a  unique  solution y=e(x,ñ), ñ� Ù, x � 0, satisfying the integral equation

   (3)
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The function e(x, ñ) has the following properties:

(i) For x ��, and each fixed ä > 0,

   (4)

äuniformly in Ù  .                                   . Moreover,  e(x,  ñ)  is  the  unique  solution  of

(1)having this property.

(ii)                                 

   (5)

uniformly for x � 0.

(iii) For each fixed x � 0, and v = 0, 1, the functions e  (x, ñ) are analytic for Im ñ > 0, and are continuous(v)

for ñ � Ù.

(iv) For real ñ � 0, the functions e(x, ñ) and e(x,�ñ) form a fundamental system of solutions for (1), and

   (6)

where                          is the Wronskian.

The function e(x,ñ) is called the Jost solution for (1).

proof. (Freiling, G., V.A. Yurko, 2001).

  (7)

By virtue of Theorem 1, the function Ä (ñ) is analytic for Imñ > 0, and continuous for ñ � Ù.

It follows from (5) that for                    

  (8)

where                                

Substituting (8) into the relation Ä(ñ) = 0, we get

  (9)

where                       

In  the following  Theorem  we obtain asymptotic expressions for the points              (j=1,2,...,n- 1,

n nn=1,2,...) at which y , the eigenfunction corresponding to the eigenvalue ë  of the problem (1)-(2), vanishes.

Theorem 2. We consider the boundary value problem (1)-(2). Then, the nodal points of the problem (1)-(2)

are
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          (10)

and the nodal length is

          (11)

proof. Let us suppose that

  (12)

By (12) the Jost solution has the representation

   (13)

and kernel k(x, t) is expressed in terms of q([5,chapter3,section1]) k(x, t) is continuously differentiable with

respect to their arguments and

  (14)

   (15)

where

  (16)

The solution e(x, ñ) also satisfies

   (17)

see[7,Appendix II]. Hence, we use the classical estimate

  (18)

where  M  is  a  constant.  Thus  e(x,  ñ)  will  vanish  in  the intervals whose end points are solutions to

             .

This equation can also be written as

  (19)

After some straightforward computations, we get
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then, expanding arccos(M), we obtain that

   (20)

The nodal length is

 

  (21)

this completes the proof.  

Now, we will give a uniqueness theorem.

Theorem 3. Suppose that q is integrable. Then h and            are uniquely determined by any dense set of

nodal points. 

proof.  Assume  that we have  two  problems of the type (1)-(2) with                . Let the nodal points 

n         satisfying            from  a  dense set  in [0,�). We  take  solutions of (1)-(2) as ö  for (h,q) and

                 . It follows from (1) that

      .   (22)

Let            . To show that h = , we integrate both sides of (22) from 0 to      and using the boundary

condition (2) we obtain

   (23)

We note that           are uniformly bounded in n and the         are uniformly bounded in n and x � [0,�).

We now select a subsequence of nodes from the dense set. If the subsequence tends to zero, then the rights

side of (23) is equal to zero. Hence we get h =    .



Aust. J. Basic & Appl. Sci., 3(4): 4498-4502, 2009

4502

We take a sequence      accumulating  at  an arbitrary x � [0,�) and using the above technique, since

h =  

From the asymptotic forms of           we have

 

We take a sequence     accumulating at an arbitrary x � [0,�). Hence

 

and this holds for all, we can therefore conclude that                   is uniquely determined by a dense set

of nodes. This completes the proof. 

corollary 4. For the problem (1)-(2) the potential q is uniquely determined by a dense set of nodes and the

constant

 

proof. Suppose that          . Since h =   , it follows that                 .  Hence, we  can  conclude from

Theorem 3 that q =    almost every where on [0,�).
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