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Abstract: The effects of suction and injection on the steady boundary-layer flow of a non-Newtonian
fluid, represented by a power-law model, over a moving permeable flat plate in a moving fluid are
investigated. The governing equations are first transformed to a nonlinear ordinary differential
equation, before being solved numerically. The effects of the governing parameters on the skin friction
coefficient are analyzed and discussed. It is found that dual solutions exist when the plate and the
fluid move in the opposite directions, near the region of separation. It is also found that the drag force
is reduced for dilatant fluids compared to pseudo-plastic fluids. Moreover, the effect of suction is to
increase the surface shear stress, while injection acts in the opposite manners.
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INTRODUCTION

The problem of boundary-layer flow over a moving plate in a moving fluid has attracted considerable
interest of many researchers. Klemp and Acrivos (1972) demonstrated a procedure for numerically integrating
the boundary-layer equations through a region of reverse flow, and then applied it to the problem of uniform
flow past a parallel flat plate of finite length whose surface has a constant velocity directed opposite to that
of the main stream. Abdelhafez (1985) and Chappidi and Gunnerson (1989) studied the skin friction and heat
transfer characteristics on a continuous flat surface moving in a parallel free stream by considering two cases
separately, where the velocity of the moving wall is greater or less than the free stream velocity. Afzal et al.
(1993) then showed that the boundary layer on a moving sheet subjected to a parallel free stream can be
studied by single set of equations, which are in contrast to earlier works of Abdelhafez (1985) and Chappidi
and Gunnerson (1989). Similar problems with various boundary conditions and in different situations have been
considered by Hussaini et al. (1987), Bianchi and Viskanta (1993), Lin and Huang (1994), Chen (2000),
Weidman et al. (2006) and very recently by Ishak et al. (2007, 2009).

The above-mentioned investigations confined the problems to Newtonian fluids. Many practical situations
demand for fluids that are non-Newtonian in nature such as molten plastics, polymeric liquids, food stuffs and
slurries. The problem of boundary layer flow over a moving surface immersed in a non-Newtonian power-law
fluid was investigated numerically by Howell et al. (1997), using a fourth order Runge-Kutta integration
technique. The Merk-Chao series expansion was used to generate ordinary differential equations from the
partial differential equations. Different from Howell et al. (1997), the present work considers the effects of
suction and injection on the moving wall. The governing partial differential equations are transformed into an
ordinary differential equation, using a similarity transformation, before being solved numerically by a shooting
method. The present work may be regarded as an extension of the work by Ishak et al. (2007) to a non-
Newtonian power-law fluid. 

Problem formulation:
Consider a steady, two-dimensional laminar flow of a power-law fluid passing through a moving permeable 

flat plate with constant velocity Uw, in the same or opposite directions to the free stream U� . The x-axis
extends parallel to the plate, while the y -axis extends upwards, normal to the surface of the plate. The
boundary layer equations are (see Howell et al. (1997) and Wang (1994)) 
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subject to the boundary conditions
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where u and v are the velocity components in the x and y directions, respectively, �xy is the shear stress, � is
the fluid density, and Vw (which will be defined later) is the mass transfer velocity at the surface of the plate. 

The stress tensor is defined as (see Wilkinson (1960) and Andersson and Irgens (1990)) 
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denotes the stretching tensor, K is called the consistency coefficient and n is the power-law index. The index
n is non-dimensional, and the dimension of K depends on the value of n. The two-parameter rheological Eq.
(4) is known as the Ostwald-de-Waele model or, more commonly, the power-law model. The parameter n is
an important index to subdivide fluids into pseudo-plastic fluids (n<1) and dilatant fluids (n>1). For n=1 the
fluid is simply the Newtonian fluid. Therefore, the deviation of n from unity indicates the degree of deviation
from Newtonian behavior (Andersson and Irgens 1990). With n�1, the constitutive Eq. (4) represents shear-
thinning (n<1) and shear-thickening (n>1) fluids. Using Eqs. (4) and (5), the shear stress appearing in Eq. (2)
can be written as
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 Now the momentum equation (2) becomes
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The continuity equation (1) is satisfied by introducing a stream function � such that
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The momentum equation can be transformed into the corresponding ordinary differential equation by the
following transformation (Wang 1994):
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where � is the similarity variable, f(�) is the dimensionless stream function, L is the characteristic length and
Re is the generalized Reynolds number defined as 
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Using Eqs. (8) and (9), we obtain
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and thus the mass transfer velocity Vw can be defined as
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where fw=f(0) is the suction/injection parameter with fw>0 is for suction, fw<0 is for injection and fw=0
corresponds to an impermeable plate. The transformed nonlinear ordinary differential equation is 

 (13)1 1(| | ) = 0,
1

nf f ff
n

��� �� � ���
�

where primes denote differentiation with respect to �.
The transformed boundary conditions are

 (14)(0) = , (0) = , ( ) 1 as ,wf f f f� � �� � � ��

where             is the velocity  ratio  parameter. We note  that when        (stationary  plate)  and n = 1 = /wU U� � = 0�
(Newtonian fluid), the present problem reduces to the classical Blasius problem. When        , the fluid and < 0�
the plate move in the opposite directions, while they move in the same direction when       . The case > 0�
           is when the speed of the plate is less than those of the fluid and the opposite is true when      . 0 < < 1� > 1�
Moreover,        corresponds to  the  case  when  the  plate and the fluid move with the same velocity. For = 1�
brevity, in this study we consider only the case       .1� �

The main physical quantity of interest is the skin friction coefficient          , which represents the shear [ (0)]nf ��
stress at the surface. Thus, our task is to investigate how the values of          vary with the suction/injection [ (0)]nf ��
parameter fw and the velocity ratio parameter �.

RESULTS AND DISCUSSION

The nonlinear ordinary differential equation (13) subject to the boundary conditions (14) has been solved
numerically by the Runge-Kutta-Fehlberg method with shooting technique. To validate the numerical results
obtained, this equation has also been solved by the Keller-box method, which is very familiar to the present
authors (see Ishak et al. (2007, 2008, 2009, 2010)), for certain values of parameters. The numerical results
obtained by both methods are comparable very well.

Figures 1 and 2 show the variations of the skin friction coefficient          with � for different values of� �(0) nf ��
fw when n=1 (Newtonian fluid) and different values of n when fw=2 (suction), respectively. These figures show
that it is possible to obtain dual solutions of the similarity equation (13) subject to the boundary conditions
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(14) when the plate and the fluid move in the opposite directions. This observation is in agreement with the
results reported by Klemp and Acrivos (1972), Afzal et al. (1993), Hussaini et al. (1987) Ishak et al. (2007)
and Merkin (1980), for a Newtonian fluid. For negative values of �, there is a critical  value  �c,  with  two 
solution  branches for             , unique solution for        , a saddle-node  bifurcation at          and no < < 0c� � 0� � = c� �
solution  for          . The  boundary  layer approximations breakdown at         , and thus no solution is < c� � = c� �
obtained for         . These values of      are given in Table 1, which are in agreement with those reported < c� � c�
by Klemp and Acrivos (1972), Hussaini et al. (1987), Weidman et al. (2006) and Merkin (1980, 1985), for
a Newtonian fluid.

Table 1: Values of �c for different values of n and fw

n fw Klemp and Acrivos (1972) Hussaini et al. (1987) Weidman et al. (2006) Merkin (1980, 1985) Present work

0.5 0.2       -0.4198
0.8 0.2 -0.4337
1 -0.5 -0.1035 -0.1035

-0.2 -0.2716
0 -0.3541 -0.3541079 -0.3541 -0.354 -0.3541
0.2 -0.4460
0.5 -0.7200 -0.7200

1.3 0.2 -0.4630

As was discussed by Weidman et al. (2006) for Newtonian fluid n=1, the upper branch solutions are
physically stable, while the lower branch solutions are not. We expect that similar behavior will be observed 
for other values of n (�1),  since  the  upper branch is the only solution for the case ��0. The variation of 
           with � presented  in  Figure 1  shows that, for the upper branch solution (which we expect to be [ (0)]nf ��
the stable solution), the skin friction coefficient increases with suction, but decreases with injection. Thus, the
suction/injection parameter can play an important role to control the friction between the fluid and the solid
surface, which will influence the heat transfer rate at the surface. 

On  the  other  hand,  Figure  2  shows that for the upper branch solution, the skin friction coefficient 
decreases  as  n  increases.  Thus,  dilatant  fluids  (n>1) reduce the drag force, while pseudoplastic fluids 
(n < 1) act in the opposite manners. Further, it is observed that the range of � for which the solution exists
increases as fw as well as n increases, thus the range of � for which the solution exists increases as these
parameters are increased.

Fig. 1: Variation of the skin friction coefficient            with � for various values of fw when n=1	 
0
n

f ��� �� �
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Fig. 2: Variation of the skin friction coefficient            with � for various values of n when fw = 0.2.	 
0
n

f ��� �� �

Fig. 3: Velocity profiles         for various values of fw  when n=1 and  	 
f �� 0.2� � �

Fig. 4: Velocity profiles          for different values of n with             and   	 
f �� 0.2wf � 0.3� � �
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The typical velocity profiles for selected values of fw and n are presented in Figures 3 and 4, respectively. 
It is evident from these figures that the far field boundary condition is satisfied asymptotically (the velocity
gradient at large distance from the plate is zero), which supports the validity of the numerical results obtained. 
Moreover,  Figures  3  and  4  show  that there exist two different profiles for             and             , = 0.2� � = 0.3� �
respectively, which support the dual nature of the solutions presented in Figures 1 and 2.

Conclusions:
The problem of steady boundary-layer flow of a non-Newtonian power-law fluid flowing over a flat plate,

which is moving in the same or opposite directions to the uniform main stream with suction and injection
effects was considered. A similarity transformation was employed to transform the governing partial differential
equations to an ordinary one, before being solved numerically by a shooting method. The effects of the
governing parameters on the skin friction coefficient and the velocity profiles were analyzed and discussed.
It was found that dual solutions exist when the plate and the fluid move in the opposite directions. The effect
of suction was found to increase the skin friction, while injection decreases it.  Further, it was found that
dilatant fluids reduce the drag force, while pseudoplastic fluids act in the opposite manners.
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