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Abstract: The steady, two dimensional flow of an incompressible micropolar fluid near the stagnation
point on a vertical plate with prescribed surface heat flux is studied. The free stream velocity and the
surface heat flux are assumed to be proportional to the distance from the stagnation point. Similarity
transformation is employed to transform the governing partial differential equations to a set of ordinary
differential equations. The transformed equations are then solved numerically using the Keller box
method. The effects of the material parameter, buoyancy parameter and Prandtl number on the skin
friction coefficient and the heat transfer rate at the surface are discussed and the corresponding
velocity, temperature and microrotation profiles are shown graphically. Both assisting and opposing
flows are considered and it is found that dual solutions exist for both cases.
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INTRODUCTION

The flow of a micropolar fluid with various physical effects has been extensively studied since the last
few decades, after the theory is developed by Eringen (1966, 1972). This theory is capable to explain the
complex fluids behavior such as liquid crystals, polymeric suspensions, animal blood, etc. by taking into
account the effect arising from local structure and micro-motions of the fluid elements. An extensive review
of micropolar fluids and their applications has been done by Ariman et al. (1973).

The free or mixed convection flow of a micropolar fluid towards a vertical surface has been studied by
many authors. Bhargava et al. (2003) have analyzed the effect of temperature dependent heat sources on the
fully developed free convection electrically conducting micropolar fluid between two parallel porous vertical
plates in a strong cross magnetic field by solving the governing differential equations using the quasi-
linearization method. The laminar mixed convection boundary layer flow of a micropolar fluid from an
isothermal vertical flat plate has been considered by Jena and Mathur (1984). Gorla (1995) studied the unsteady
laminar mixed convection boundary layer flow of a micropolar fluid over a vertical flat plate by assuming the
free stream velocity undergoes arbitrary variation with time. Lok et al. (2006) studied the unsteady mixed
convection boundary-layer flow of a micropolar fluid near the stagnation point on a heated or cooled vertical
surface, and very recently Ziabakhsh et al. (2009) investigated the problem of a stagnation point flow towards
a horizontal permeable plate immersed in a micropolar fluid. They obtained the solutions using homotopy
analysis method, and found that their solutions are in favorable agreement with the numerical solutions
previously reported by Attia (2006).

Motivated by the above investigations, the present paper considers a steady mixed convection flow of a
micropolar fluid near the stagnation point on a vertical plate with prescribed surface heat flux. The similar
problem in a viscous fluid was studied by Ramachandran et al. (1988) by considering both cases of an
arbitrary surface temperature and arbitrary surface heat flux. They found that dual solutions exist for certain
range of the buoyancy parameter, for opposing flow case only. Devi et al. (1991) extended this problem to
the unsteady case, while Lok et al. (2005) investigated the case when the plate immersed in a micropolar fluid.
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They also found that dual solutions exist for the opposing flow only. The objective of the present study is to
show that dual solutions also exist for the prescribed surface heat flux case, for both assisting and opposing
flows.

Problem Formulation:
Consider a steady, two-dimensional flow of an incompressible micropolar fluid near the stagnation point

on a vertical flat plate placed in the plane y =0 of a Cartesian system of coordinates Oxy. The fluid occupies
the half plane y> 0. It is assumed that the free stream velocity U(x) and the surface heat flux qw (x) are
proportional to the distance x from the stagnation point, i.e. U(x) = ax and qw (x) = bx, where a and b are
constants. Under these assumptions, the simplified governing equations are given by
 

  (1)

  (2)

  (3)

  (4)

subject to the boundary conditions

  (5)

where u and v are the velocity components along the x and y axes, respectively. Further, �, �, �, �, �, �, g,
T, j and N are the dynamic viscosity, vortex viscosity (or the microrotation viscosity), fluid density, spin
gradient viscosity, thermal diffusivity, thermal expansion coefficient, acceleration due to gravity, fluid
temperature, microinertia density and microrotation vector, respectively. It should be noted that n is a constant
such that 0 < n < 1. The case n =0, is called strong concentration by Guram and Smith (1980), which
indicates N =0 near the wall, represents concentrated particle flows in which the microelements close to the
wall surface are unable to rotate (Jena and Mathur, 1981). The case n =1/2 indicates the vanishing of anti-
symmetric part of the stress tensor and denotes weak concentrations (Ahmadi, 1976). The case n =1, as
suggested by Peddieson (1972), is used for the modeling of turbulent boundary layer flows. We shall consider
here only the case of n =1/2 (weak concentration). Further, we follow the work of many recent authors by
assuming that � = (�+� /2)j = � (1 + K/2)j. This assumption is invoked to allow the field of equations predicts
the correct behavior in the limiting case when the microstructure effects become negligible and the total spin
N reduces to the angular velocity (Ahmadi, 1976; Yücel, 1989).

The continuity equation (1) is satisfied by introducing a stream function � such that

  (6)

 
The momentum, angular momentum and energy equations can be transformed into the corresponding

ordinary differential equations by the following transformation:
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  (7)

where k is the thermal conductivity. The transformed ordinary differential equations are:

  (8)

  (9)

 (10)

subject to the boundary conditions (5) which become

 (11)

where we have taken j = v /a as a reference length (Nazar et al. 2004). In the above equations, primes denote
differentiation with respect to � , K = �/� is the material parameter, Pr = v/� is Prandtl number and � =
Grx/Rex

5/2 is the buoyancy parameter. Further, Grx = g� qw x4/(kv2 ) is the local Grashof number and Rex = Ux/
v is the local Reynolds number. We notice that � is a constant with � < 0 and 	 > 0 correspond to the
opposing and assisting flows, respectively, while 	 =0 is for pure forced convection flow. When K = 0 (viscous
fluid), the present problem reduces to those of Ramachandran et al. (1988).

The physical quantities of interest are the skin friction coefficient Cf and the local Nusselt number Nux ,
which are defined as

 (12)

where the wall shear stress tw and the wall heat flux gw are given by

 (13)

using (7), we obtain

 (14)
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RESULTS AND DISCUSSION

The nonlinear ordinary differential equations (8)-(10) subject to the boundary conditions (11) have been
solved numerically using a finite-difference scheme known as the Keller box method, as described in the book
by Cebeci and Bradshaw (1988) for some values of the governing parameters, namely the material parameter
K, buoyancy parameter 	 and Prandtl number Pr, while we consider n =1/2 throughout the paper, which
represents weak concentration of fluids particles at the surface. In order to validate the accuracy of the present
method, we have compared our results with those cases reported by Ramachandran et al. (1988) as presented
in Tables 1 and 2 which show a favorable agreement. In addition, in these tables we present also the results
for the second solution (lower branch) for certain values of Pr when 	 =1 and � = 1.

The dual solutions were obtained by setting two different values of boundary layer thickness 
�, which
satisfies the boundary condition (11) and produce two different velocity, temperature and microrotation profiles
as shown in Figs. 1-3. The variations of the skin friction coefficient f" (0) and the surface temperature �(0)
with the mixed convection or buoyancy parameter � for different values of Pr when K =1 are presented in
Figs. 4 and 5, respectively. These figures show that dual solutions exist for both assisting (	 >0) and opposing
(	 <0) flows. For the assisting flow, the solution exists for all values of 	 , while for the opposing flow it
exists up to a critical value, say 	c . These values of 	c for different values of K are presented in Table 3. Figs.
4 and 5 as well as Table 3 show that micropolar fluids as well as fluids with larger Prandtl number increase
the range of 	 for which the solution exists.

Between the two solutions as presented in Figs. 4 and 5, we expect that the upper branch solution is stable
and most physically relevance, while the lower branch solution is not, since it is the only solution for the
forced convection case (	 = 0). Moreover, Fig. 1 shows that the lower branch solutions have regions of
reversed flow and this would seem to invalidate them as possible asymptotic solutions to which a fully forward
flow developing near the stagnation point could evolve. Also, Fig. 2 shows a region where �(
 ) <0 inside the
boundary layer which is physically unrealistic. Although such solutions are deprived of physical significance
there are nevertheless of interest as the differential equations are concerned. Similarity equations may reappear
in other situations where the corresponding solutions have more realistic meaning (Ridha, 1996). For the upper
branch solutions (which we expect to be stable), the skin friction coefficient f" (0) increases as 	 is increased.
It happens because a positive buoyancy parameter produces a favorable pressure gradient that accelerates the
fluid motion and consequently give a larger skin friction coefficient than in the non-buoyant case (	 = 0), and
it results in increasing manner of the surface temperature �(0) as presented in Fig. 5. In contrast, a negative
buoyancy parameter leads to an adverse pressure gradient which slow down the fluid motion and hence gives
rise to a decrease in the skin friction coefficient (Chen, 1998, Ishak et al., 2008).

Table 1: Values of f" (0) for different values of Pr and 	 when K = 0.
Pr 	 =1 	  = -1

----------------------------------------------------------------------- ----------------------------------------------------------------------------
Ramachandran Present results Ramachandran Present results
et al. (1988) -------------------------------------------- et al (1988) ------------------------------------------------

Upper Lower Upper Lower
0.7 1.8339 1.8339 1.2217
1 1.7338 1.0218 0.4580  0.3773
7 1.4037 1.4037  0.5357 1.0408 1.0408  0.6703

Table 2: Values of 1/�(0) for different values of Pr and 	 when K =0.
Pr 	 =1 	  = -1

----------------------------------------------------------------------- ----------------------------------------------------------------------------
Ramachandran Present results Ramachandran Present results
et al. (1988) -------------------------------------------- et al (1988) ------------------------------------------------

Upper Lower Upper Lower
0.7 0.7776 0.7776 1.0340
1 0.8780 1.2873 0.6793 0.4236
7 1.6912 1.6912  0.6343 1.5839 1.5839 0.3211

Table 3: Critical values �c for which the solution exists, for Pr = 0.7.
K Ramachandran et al. (1988) Present results
0 - 0.9750  -0.9750
1 -1.0100
2  -1.0310
3  -1.0610
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Fig. 1: Velocity profiles f`(
) for different values of K when Pr = 0.7 and 	 =1.

Fig. 2: Temperature profiles �(
) for different values of K when Pr = 0.7 and 	=1.

Fig. 3: Microrotation profiles h(
) for different values of K when Pr = 0.7 and 	=1.
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Fig. 4: Variation of f" (0) with � for different values of Pr when K = 1.

Fig. 5: Variation of �(0) with 	 for different values of Pr when K =1.

Conclusions:
The problem of mixed convection flow towards a vertical plate with a prescribed surface heat flux

immersed in an incompressible micropolar fluid has been studied numerically. The governing partial differential
equations were transformed into ordinary differential equations using similarity transformation, before being
solved numerically by a finite-difference scheme known as the Keller-box method. We discussed the effects
of the material parameter, buoyancy parameter and the Prandtl number on the fluid flow and heat transfer
characteristics.We found that dual solutions exist for both assisting and opposing flows. The solutions for the
assisting flow (	 >0) could be obtained for all values of the buoyancy parameter � , while for the opposing
flow (	 <0), the solutions were obtained only in the range of � > �c (<0) where 	c is the minimum value of
� for which the solution exists . It is also found that micropolar fluids as well as fluids with larger Prandtl
number increase the range of 	 for which the solution exists.
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