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Abstract: Since division is not a standard operation for DSP processors and because it can be
implemented in several different ways, there is no specific algorithm clearly to choose. It all depends
on the requirements, such as accuracy, size and speed. A few suitable algorithms should be selected
and implemented in VHDL for evaluation. The implementation is expected to be a part of an existing
baseband processor and should be able to handle the high speed requirements while keeping the size
down. Here we implement complex division based on Newton Raphson method. This divider will be
used in the Digital Predistortion for adaptation of the power amplifiers. Based on the requirements
of the input signal, the divider that is implemented here has different features and makes it suitable
for digital communication where we deal with complex values. The results of simulation show
improvement in hardware resources as compare to other methods.
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INTRODUCTION

In baseband processing for radio communication there is a need to manipulate complex numbers in various
ways in order to decode the transmitted data from the digitized radio waves. One of the effects that the
receiver has to take into account is fading. The radio waves from the transmitter will bounce on many different
surfaces in many directions before ending up at the receiver. There is a resulting time shift between the signals
from the different paths and when they arrive at the antenna they will be added together. The result of this
is that different parts of the frequency spectrum are attenuated differently. One way to compensate for this is
to get an estimate of the attenuation and amplify the frequencies with low amplitude. The magnitude of the
amplification is equal to the inverse of the estimated attenuation. The high data rates of the communication
put a demand of high speed on the inversion. Therefore it needs to be implemented in hardware.

The computer applications include operations such as addition, multiplication, and division but commonly
implementation of division has not been received high priority in designing systems but ignoring it can cause
significant system performance degradation. In this paper, the implementation of complex division function in
Matlab software is presented. The application of this function is in baseband radio communication systems
where radio waves need to be processed and decoded in digital processors. One of the results will be to
overcome the problem of multi path signals and fading effects. So in next section complex divider
implementation is described which uses a few equations in its algorithm that are presented later on. Since
division is not a standard operation for DSP processors and because it can be implemented in several different
ways, there is no specific algorithm to choose. It all depends on the requirements one have on its properties,
such as accuracy, size and speed. A few suitable algorithms should be selected and implemented in VHDL
for evaluation.

 The implementation is expected to be a part of an existing baseband processor and should be able to
handle the high speed requirements while keeping the size down. There are two ways to perform a division
with logical circuitry. The way, which is used by the Xilinx CoreLib is to calculate each bit exactly. 

Alternatively, an approximation method can be used. Unlike the exact calculation, where the hardware
effort is directly proportional to the bit-width, by using an approximation method the hardware effort is directly
proportional to the number of iterations. A Simulink is used to optimize the algorithm and to analyze the error.
The complex division that is designed here will be applied in digital predistortion technique that is introduced
in (Varahram, P., 2009).
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2. Complex Valued Division:
Almost all of the research in the field of hardware division is based on real valued operands. Only one

article that is targeting complex division was found. This does not mean that we are forced to use that one
(Erik Alfredsson, 2005). Division of complex numbers in Cartesian form can be done using a combination of
real valued additions, multiplications and divisions. Division between the complex numbers x = a + bi and y
= c + di is according to (1) as below:

                                                                            (1)2 2 2 2
( )( ) ( )( ) ( ) ( )
( )( ) ( ) ( )

x a bi a bi c di a bi c di ac bd bc ad i
y c di c di c di c d c d
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� � � �

� � � � �

If this formula is used there can be overflow errors because of the intermediate computations of (c2 + d2 ) even
if the final result is within the number range used. A modified version of the formula that handles this much
better can be found in (M.D Ercegovac and J.M Muller, 2003). If there are several numbers, xi that need to
be divided with one single number y, it may be beneficial to calculate the reciprocal of y, z = 1/y, and then
multiply z with xi to get the result. Only one inversion is then needed and for every number just one
multiplication is required. If a complex multiplier already exists in the system then, that can be used for this
calculation and the method saves area and probably also power. The memory usage will be a bit larger though
since the reciprocals needs to be stored somewhere between the calculations. On the other hand one might be
able to calculate the reciprocal and send it to the multiplier directly after and thus elimination the extra
memory usage at the expense of having to use the inverter for every division. The calculation of z = 1/y will
be done as:

2 2 2 2 2 2
1

( )( )
c di c di c d i

c di c di c di c d c d c d
� �

� � � � �
� � � � � �   (2)

That requires two multiplications, one addition and two divisions. 
In Newton-Raphson functional approximation based division algorithms, the accuracy of initial reciprocal

approximation is highly desirable as it enables quick convergence to the final result. The problem of arithmetic
division can be formulated as below (Agrawal G. and A. Khandelwal, 2006):

NQ
D

�
  (3)

Where Q is the Quotient, N is the Numerator (Dividend), and D is the Denominator (Devisor).
In this formula N and D are assumed to be of the form (Agrawal G., 2006):

  (4)
1 2 3
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The division techniques suitable for VLSI implementation can be divided into two broad categories:

2.1 Digit Recurrence Algorithms (Slow Division):
Digit recurrence algorithms use subtractive methods to calculate quotients one digit per iteration. The basic

recurrence relation used in these algorithms is as given below:

   (5)1 ( 1)j j n jP rP q D� � �� �

Where Pj is the partial remainder of the division, r is the radix, and qn-(j+1) is the quotient in position n-(j+1),
where the digit positions are numbered from least-significant 0 to most significant (n-1). Number of digits in
the quotient is n and D is the denominator (Agrawal G., 2006). 

2.2 Functional Approximation Algorithms (Fast Division):
Unlike digit recurrence division, division by functional iteration utilizes multiplication as the fundamental
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operation. The primary difficulty with subtractive division is the linear convergence to the quotient.
Multiplicative division algorithms are able to take advantage of high-speed multipliers to converge to a result
quadratically. Rather than retiring a fixed number of quotient bits in every cycle, multiplication-based
algorithms are able to double the number of correct quotient bits in every iteration. However, the tradeoff
between the two classes is not only latency in terms of the number of iterations, but also the length of each
iteration in cycles. Additionally, if the divider shares an existing multiplier, the performance ramifications on
regular multiplication operations must be considered. It has been reported that in typical floating point
applications, the performance degradation due to a shared multiplier is small. Accordingly, if area must be
minimized, an existing multiplier may be shared with the division unit with only minimal system performance
degradation (Agrawal G., 2006).

3. Goldschmidt’s Algorithm:
Goldschmidt algorithm uses series expansion to converge to the quotient. The strategy of Goldschmidt is

repeatedly multiply the dividend and divisor by a factor R to converge the divisor to 1 as the dividend
converges to the quotient Q (Agrawal G., 2006).

  (6)
( 0)( 1)( 2).....( )
( 0)( 1)( 2).....( )

N R R R RKQ
D R R R RK

�

As D(R0)(R1)(R2).....(RK) converges to 1, N(R0)(R1)(R2).....(RK) converges to Q. 

4. Newton Raphson Division:
Newton Raphson iteration is a well-known iterative method to approximate the root of a non-linear

function (Collier N., 2003; Bird, J., 2006). Let f(x) be a well behaved function and let r  be  a  root  of  the

equation f (x) = 0, we start with       which is  a  good  estimate  of  r and                  The number h0x 0r x h� �

measures how far the estimate      is from the truth. Since h is small, the linear approximation can be used0x
to conclude that;
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Continue in this way. If    is the current estimate, then the next estimate is       given by:ix 1ix �
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The equation obtained above is called the Newton Raphson formula (Collier N., 2003; Bird, J., 2006). In
order to compute the reciprocal, the following function and its derivative are used:
It can also be written as:

(10)1 (2 )i i ix x Xx� � �

Above equations can be implemented in hardware in order to double the accuracy. Using the form in
equation (4),  one  square,  one  multiplication, one shift and one subtraction are required for computation of

       . In this implementation we apply Newton method because of its more accuracy and simplicity.1ix �
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4.1 Error Analysis:

Let                be the error at      iteration, then:
1

i ix
X

� � � thi

(11)1 1
1 1 (2 )i i i ix x x X
X X

� � �� � � � �

This can also be expressed as:

2 2
1 (1 )i i iX X x X� �� � � �

(12)
The above equation clearly shows that the absolute error decays quadratically in each iteration.

4.2 Initial Approximation Techniques:
Quadratic convergence techniques like Newton-Raphson, require an initial approximation on which they

iterate to improve the accuracy of the final result. The number of iterations required depends upon the accuracy
of the initial approximation. The reduction in number of iterations not only decreases the area of the design
but it also helps in reducing the delay and the power numbers. Thus it is good to have as accurate an initial
approximation as possible with as little an area increment as possible. Various techniques are available to
calculate the initial approximation and some of them are explained below (Agrawal G., 2006).

Linear Approximation, Direct Table Look Up, Table Look Up Followed By Multiplication. Here we choose
the last method for initial approximation and we will discuss it in the following section:

4.3 Table Look up Followed by Multiplication:
The ROM values are obtained by performing the Taylor series expansion of the reciprocal function

(Gaughan, E., 2009). A Taylor series expansion for a general function F(x) around point a, is given by:

0

( )( ) ( )
!
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n
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n�

� �	
(13)

So in order to obtain the Taylor series expansion of the reciprocal function         , the operand D is split1D�

into two parts such that,
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D can further be represented as,

(15)1
2 2 m

mD d � �� 


Substituting this value of         in equation (14) gives,2mD
(16)m 1

m1D D d 2� �� � 


Expanding the Taylor series for        around d = 1 and taking the first two terms gives the following1D�

equation,
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The first term,                       , of (17)  is read from the ROM using the m address bits of        1 2
1( 2 )m

mD � � �� 1mD

excluding  the  leading 1.  The  second  term,                             ,  which  can  be  represented as 1 2[( 2 )]m
m mD D�� �

                               , is obtained from the operand modifier. The operand modifier keeps the first (m 1 2 1 21. ... ...m m m kd d d d d d� �
� � �

+1) bits (including the leading 1) intact and inverts the rest of the bits to obtain the final output. Multiplication
of these terms provides an initial approximation of the inverse of denominator D, whose accuracy is (2×m)
bits. The corresponding ROM size is (2×m+2)×2m bits. For example, if an accuracy of 14 bits is desired in
the initial approximation, then a ROM size of (2×6+2)×26=896 bits needs to be designed. Since the ROM
output is only (2×mb+2) its accurate, the output bit accuracy obtained from the operand modifier can be
reduced to (2×m+2) bits. Finally, a multiplier of size (2×m+2)×(2×m+2) bits could be used and its output could
be finally rounded off to (2×m+2) bits. This would help in reducing the area and the power consumption of
the design. In order to keep the ROM size minimum, the value of m needs to be determined carefully as the
ROM size depends exponentially on m (Agrawal G. and A. Khandelwal, 2006).

5. Hardware Structure of the Complex Divider:
Here is an overview of the hardware structure presented and a more detailed description of each part

follows below. There are mainly four steps that need to be done. The first is sign adjustment and prescaling
of the inputs into the required range of the dividends (Ercegovac, M.D., 2003). Next step is to calculate the
divisor and to scale it to proper range. The third stage is the actual division. The fourth step is postscaling of
the result. A graphical representation of the structure can be viewed in figure 4.1.  However the divider that
we design is capable to do the four steps but because our dividend or numerator here is one then the first step
will be skipped and we only have three steps for implementing our divider.

Most of the blocks in the previous structure are duplicated; one block handles the calculations on the real
part and the other one on the imaginary part. A version of the hardware structure that takes advantage of this
redundancy to reduce the size has also been implemented. This is accomplished by introducing timesharing.
Now we explain each part separately.

5.1 Divisor Generation and Divisor Scaling:
The inputs to the divider block are two fixed point 12 bit numbers in the range [-1,1). The sign of

numbers should be removed. To do this, by taking the ones complement in negative numbers, twos
complements are not used and the 12 bit adder will be saved. So there is no noticeable difference in SNR
result of simulation. The problem of sign error will be generated that should be handled. To take care of sign
error, input sign and output sign should be changed correspondingly. If the input sign were changed, the output
sign should be changed too. This sign removal reduces the possible range of the real and imaginary parts to
[0,1) and the required number of bits is reduced to 11. Both of divider inputs are required to be in the range
of [1,2). If they are different, their range must be prescaled into the proper range and also output range should
be postscaled to get correct result. By finding the first non zero bit starting from leftmost position, prescaling
can be done. The number is then shifted the corresponding number of steps to the left. So the left most bit
is set and now the range is [0.5,1) which is required to be [1,2). Here an extension of possible number range
into [0,2) is necessary that can be done by changing the interpretation of the bits to 11 bit number ranging
from 0 to 2. That means that the fractional point should be moved to the right for one step. This extra implied
shift is compensated for after the division in the postscaling step. The Xilinx block for implementing this part
is shown in figure 2. In this figure we have 3 inputs, din is the divisor that we are going to prescale it.
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Fig. 1: The flowchart of the complex divider implementation

Fig. 2: RTL scheme of the standard Input/dividend prescaling block 
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5.2 Newton Raphson Method:
The Xilinx simulation of the Newton method as discussed before for one iteration is shown below:

According to figure 3, x(i) is the initial guess which here we assumed 0.7and it is shown with x(i). For having
a minimum error in division result we need to have at least 3 iterations.  Each iteration according to figure
3 has 2 multipliers and 1 subtraction.  The benefit of Newton raphson method is that it is simpler and also
it uses less hardware resources.

5.3 Postscaling of Division Values:
As mentioned before, the output needs to be scaled. This is because of the scaling of the inputs. If the

dividend, N, is scaled by 2u and the divisor, D, by 22_z+e = 2t. The division result will be like this:

.2 2. .2

.2 2

u u
u t

t t
N N Nr

D DD
�� � �

(18)

This means that the output R can be calculated as:

.2t uNR r
D

�� �
(19)

That is, r should be scaled by 2t�u. The output should have 7 integer bits, including sign bit, and 9
fractional bits according to the simulation results presented further. The output from the divider has one integer
bit and no sign bit. This means that the output should be extended with 5 integer bits plus a sign bit and the
5 lower most bits should be removed. Instead the interpretation of the number is changed. The result is
animplicit  left  shift  of 5 steps that has to be compensated for. This is done by adjusting the scale factor
by 2-5 , that is, 5 right shifts. The sign of the output is also adjusted for this part. Figure 4 shows the Complex
divider block which is created after the design is completed. As we can see in this block there is two inputs,
complex I and complex Q signals and the output will be ID and QD which are the division signals of the
inputs.

In figure 5, inside of the complex divider block is shown. According to this figure complex divider
contains different parts. This algorithm didn’t present before and this combination will have benefits that not
only have appropriate error but also have less hardware resources as compare to the well known cordic divider
as it is shown in table 1. This divider block will be used in combination with the predistortion filter to
compensate the power amplifier nonlinearity. 

In this figure as we can see there is a block which is called system generator. With this block we can
generate VHDL code of the simulation with Xilinx bloxksets, also we can generate the hardware co-simulation
with this block and from there we can implement the simulation in FPGA and then run the realtime test. 

In table 1 the hardware resources of the cordic divider is shown and in table 2 the result of the complex
divider that we implemented here is also shown. We can compare these tables together and then it is obvious
that the divider that we designed here has less hardware resources for example the DSP48 slices for cordic
divider is 48 % but for the proposed divider is almost 32 %. This reduction in hardware sources will decrease
the cost of the system that we are going o design. In (Varahram, P., 2009) it is shown that this divider will
be used together with the digital predistortion to overcome the nonlinearity of the power amplifier. 

Figure 6 and 7 show the histogram plot of the error analysis of the divider. As it is shown the figure 6
is the error percentage of the cordic divider and we can see the error is more than the graph of figure 7 which
is for the complex divider that we designed. This graphs also show the advantages of the complex divider that
is designed here.

6. Conclusions:
The algorithms for complex division have been developed and examined using Matlab and Xilinx blocksets

and this new algorithm is implemented in FPGA. The result of hardware resources shows an improvement.
Also the histogram of the error analysis show that with the complex divider that is designed here the error is
better.
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Fig. 3: Newton Raphson implementation with Xilinx blocksets 

Fig. 4: Complex divider block 

Fig. 5: complex divider implementation with Xilinx blocksets

Table 1: Hardware resources of the Cordic Divider.
xc5vfx30t-1ff665 Resources Used Performance
Slices 875 17 
Flip Flops 792 3.8 
DSP48 Slices 31 48.4
Fully used LUT-FF pairs 484 92
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Table 2: Hardware resources of the Divider Implementation.
xc5vfx30t-1ff665 Resources Used Performance
Slices 258 5
Flip Flops 273 1.33
DSP48 Slices 21 32.8
Number of fully used LUT-FF pairs 404 75

Fig. 6: The error graph of the cordic divider

Fig. 7: The error graph of the complex divider for 5 iterations Newton Raphson
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