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Abstract: In this research a numerical technique is developed for the one-dimensional heat equation
that combine classical and integral boundary conditions. New matrix formulation technique are
presented for the numerical solution of this equation. By this method we reduce the problem to a set
of algebraic equation. We give a simple and efficient algorithm for numerical solution illustrate
accuracy of the method by numerical results. 2000 Mathematics subject classification: 65Mxx
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INTRODUCTION

In 1963, nonlocal boundary equation have been presented by Cannon, (1963) and Batten, (1963)
independently. Then, parabolic initial-boundary problems with nonlocal integral conditions for parabolic
equations were investigated by Kamynin, (1964) and Ionkin, (1977). Then, many numerical methods are applied
to solve this case of problem.

In this paper we develop expansion methods, based on orthogonal polynomials, for the numerical solution
of the following diffusion equation

 x�(0,1),  0<t<T,   (1 )

with the initial condition

u(x,0)=r(x),    0<t�T,       0<x<1,   (2 )

and boundary condition

  (3)

And

  (4)

where the functions f(x,t),r(x),s(x), p(t) and q(t) and the positive constants á, â and ã are known. Recently,
expansion methods based on various polynomials have been utilized for different equations (Dehghan and
Saadatmandi, 2006; Tari and Shahmorad, 2008; Hosseini and Shahmorad, 2005). The theoretical discussion of
these case of equations can be found in (Cannon and Lin, 1988). The famous work of (Lin, 1991) was one
of the first to the solution of similar parabolic inverse problems.

Authors of (Azari, 2002; Prilepko and Orlovskii, 1985) considered this case of equations numerically. M.
Dehghan some finite-difference schemes (Dehghan, 2003; 2005) and a shifted Tau method (Dehghan, 2006)
for solving similar problem.

Similar form of this case of parabolic equations have been considered by various authors (Cannon et al.,

1987; Cannon, et al. 1990; Gumel, 1999).
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2 Matrix formulation:

In (1 � 4), the functions                              and p(t) generally are not polynomials. We assume 

that these functions are polynomial or they can be approximated by polynomials to any degree of accuracy.
For this purpose, one may use one or two variate Taylor or Chebyshev series or other suitable methods. So
we can write:

  (5)

Where

Remark:

Note that, we have taken all polynomials of degree n, since otherwise it may be taken the maximum
degree of f,k,p,g,q,a.

Therefore we consider approximate solution of the form

  (7)

Where

  (8)

With

nThe matrix U  is an (n+1)×(n+1) matrix which contains (n+1)  unknown coefficients of u (x,t) To find these2

unknowns, we proceed as follows.
We first consider the initial condition

then by substituting from (5) and (7), we obtain

which implies

0U =A,   (9)
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since X is a basis vector.
From (9), we can find the first column of U . Thus the required equations reduced to n(n+1) equations.

By a similar process and from (3), (5) and (7), we have

 (10)

and

 (11)

0 1where X  = [1, 0, 0, ..., 0]  and X  = [1, 1, 1, ..., 1]. Now we consider 

,

We substitute again from (5) and (7) and obtain

= 

=
   

or equivalently

DUT=GT           (12)

Where                              , with

And

The equivalent from (12) is

DU=G           (13)

Since T is a basis vector.

We use the following lemmas to write equation (1) in the matrix form to determine remainder equations.
These lemmas are proved by induction.

Lemma 2.1:

The effect of r repeated differentiation on coefficients vector                             of a polynomial 

                is the same as that of postmultiplication of     by the matrix    :
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Where

Lemma 2.2:

Let with                     With 

      and                                                          Then

 (14)

Corollary 2.3:

By using lemma 2.2, we have

 (15)

Therefore substituting from (5), (7) and (15) in (1), leads to

Or

 (16)

Since X and T are basis vectors.

Algorithm:

In this section, we arrange the linear equations obtained in the previous section, to have a system of (n+1)
(n+1) equations for the (n+1) (n+1) unknowns. We find (n+1) equations from (9). Note that, since the
equation(1) and boundary conditions (2), (3) and (4) are not defined for x� [0, 1] and t�[0,T] we chose 
equations from (9), equations from (10), n equationsfrom (11) and n(n+1) equations from (16).

By equation (9), we have

 (17)

and from (10), we have

 (18)

and from (11), we get

 (19)

from (13), we have
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 (20)

Finally, we select n(n+1) equations from (16). then for j=1,2...,n we have

 (21)

The equations (17�21) generate a system of (n+1)(n+1) equations. By solving this system of equations,
the unknown coefficients of ca be calculated. For solving this system we introduce a simple interesting process.
we know that by (17), the first column of U  and by (18) the first row of and from (21) the (n+1) th row of 
were obtained. In every step, we obtain one column of U by an interesting process. for example for finding

0,1 n -1 ,1the 2th column of U, we know that the value of u  and u  have been calculated. thus from

 (22)

2,1 3,1 n -2 ,1 0,1 n ,1the value of u , u , u  can be found. for finding we utilize u , u  (19,20). thus we write

          ×                    (23)

Where

 (24)

0,1 n,1Now, by solving (28), we obtain the values of u , u . Now 2th column of U  have been obtained. By
the similar process, we obtain the remainder columns of U .

Algorithm:

step 1: Choose n�N as the degree of approximate solution.
step 2: Determine the vectors K,R,G,P and Q  and the matrix F.

step 3: For i=0,1,2,...,n, set                         and then
                         

0 1 nset D=[d ,d ,...,d ].
step 4: Set 

step 5: If det(D)=0, then enter a new value for ”n” and go to step 2.

step 6: Set  

i,0 istep 7: For i =0,1,2,...,n set u  = a .
0,j jstep 8: For j =1,2,...,n, set u  = p

step 9: For j = 1,2,3,...n-2,

set
     
i = 2,3,...,n-2 do
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end
then set  =                                         =   ,

Solve the system DL=C and find the matrix L.

Finally set                              .

End
nstep 10: Set U  (x,t) =X UT.T

step 11: End 
Step 10 gives the approximate solution of equation (1)-(4).   

Numerical Examples:

In this section, we illustrate efficiency and accuracy of the presented method by the following numerical
examples.

Example 1:

Consider the heat equation

with the conditions

By using this method and choosing n = 2, we obtain

and by using (7), we get                                       which is the exact solution.

Example 2:

Consider the heat equation

with the conditions
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This example has analytical solution u(x,t)=(5-x)e  The computed results at various time lengths with x=0.5t

are shown in Table 1.

Table 1: Absolute errors of the presented method for x=0.5.
t n=5 n=10 n=15
0.0 0 0 0
0.1 6.340 × 10 0 0-9

0.2 4.117 × 10 8.882 × 10 8.882 × 10-7 -16 -16

0.3 4.759 × 10 2.052 × 10 8.882 × 10-6 -13 -16

0.4 2.714 × 10 4.889 × 10 8.882 × 10-5 -12 -16

0.5 1.051 × 10 5.743 × 10 1.776 × 10-4 -11 -15

0.6 3.186 × 10 4.304 × 10 1.066 × 10-4 -10 -14

0.7 8.158 × 10 2.367 × 10 9.592 × 10-4 -9 -14

0.8 1.846 × 10 1.037 × 10 6.573 × 10-3 -8 -13

0.9 3.802 × 10 3.823 × 10 3.688 × 10-3 -8 -12

1.0 7.268 × 10 1.229 × 10 1.726 × 10-3 -7 -11

Conclusions:

In this article we presented a computational method for solving the parabolic heat equation with an integral
condition. An expansion method based on ordinary base was utilized and with this method we found an
iteration process that it produced very accuracy results. By other similar expansion methods we haven’t any
special algorithm for finding the unknown coefficients. Moreover if the exact solution of (1)-(4) be a
polynomial of degree m, then we find the exact solution for n�m (see example 1).

REFERENCES

Azari, H., 2002. Numerical procedures for the determination of an unknown coefficient in parabolic
differential equations, Dynamic of Continuous, Discrete and Impulsive Systems, 9: 555-576.

Batten, J.G., 1963. Second-order correct boundary conditions for the numerical solution of the mixed
boundary problem for parabolic equations. Math Comput., 17: 405-13.

Cannon, J.R., S. Prez-Esteva, J.A. van der Hoek, A Galerkin, 1987. procedure for the diffusion equation
subject to the specification of mass, SIAM J. Numer. Anal., 24: 499-515.

Cannon, J.R., Y. Lin, 1990. A Galerkin procedure for diffusion equations with boundary integral
conditions, Int. J. Eng. Sci., 28: 579-587.

Cannon, J.R.,1963. The solution of the heat equation subject to the specification of energy. Quart Appl
Math., 21: 155-60.

Cannon, J.R. and Y. Lin, 1988. Determination of parameter p(t) in some quasilinear parabolic differential
equations, Inverse Problems., 4: 35-45.

Cannon, J.R. and Y. Lin, 1988. Determination of parameter p(t) in Holder classes for some semilinear
parabolic equations, Inverse Problems 4: 595-606.

Dehghan, M., 2003. Numerical solution of one-dimential parabolic inverse problem, Appl. Math. Comp.,
136: 333-344.

Dehghan, M., A. Saadatmandi, 2006. A tau method for the one-dimensional parabolic inverse problem
subject to temperature overspecification, Comput Math Appl., 52: 9339.

Dehghan, M., 2005. Parameter Determination in a Partial Differential Equation from the Overspecified
Data, Math. Computer Modelling., 41: 197-213.

Hosseini, S.M., S. Shahmorad, 2005. Numerical piecewise approximate solution of Fredholm integro-
differential equations by the Tau method, Appl. Math. Modelling, 29: 1005-1021.

Gumel, A.B.,1999. On the numerical solution of the diffusion equation subject to the specification of mass.
J Aust Math Soc Ser B., 40: 47583.

Ionkin, N.I., 1977. Solutions of boundary value problem in heat conductions theory with nonlocal boundary
conditions, Differents. Uravn., 13(2): 294–304.

Kamynin, L.I., 1964. A boundary value problem in the theory of the heat conduction with nonclassical
boundary condition, Z. Vychisl. Mat. Fiz., 4(6): 1006-1024.

Lin, Y., 1991. An inverse problem for a class of quasilinear parabolic equation, SIAM. J. Math. Anal.,
22: 146-156.

Prilepko, A.I., D.G. Orlovskii, 1985. Determination of the evolution parameter of an equation and inverse
problems of mathematical physics, II, Differential Equations., 21: 694-701.

Tari, A., S. Shahmorad, 2008. A computational method for solving tow– dimensional linear Fredholm
integral equations of the second kind, ANZIAM J., 49: 543-549.

5240


