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A study of fuzzy functions by fuzzy polynomials
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Abstract: In this paper, the problem of best approximation is considered for fuzzy function, by
optimization to obtain a fuzzy polynomials. In this work we show this method with using trapezoidal
fuzzy numbers.
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INTRODUCTION

The interpolation problem of fuzzy data first was introducted by Zadeh (1965). Lown (1990) gave a fuzzy
Lagrange interpolation theorem. Kaleva (1994) represented some properties of Lagrange and cubic splines of
odd degree are introduced. Properties of natural splines and complete splines of odd degree are introduced by
abbasbandy et al., (1998, 2003).

Interpolation problem is the following : Given = + 1 different points in R with the corresponding fuzzy

value in R, to find a fuzzy polynomial of degree at most 7z which consider on these points, with the given fuzzy
value (Abbasbandy, 2006)

In this work we first introduce the basic concepts of fuzzy numbers, and a kind of fuzzy polynomial

B, () of degree at most 7 where x € R. Here we are given 1 distinct in R, and for each points we have a

fuzzy value in R. in this work we want to find a fuzzy polynomial of degree at most 7. the authors already

introduced some methods for solving such problems in (Horngren et al., 2005).

In section 3 we introduce best approximation of fuzzy function and a method for computing it with respect
to using linear programming. But dose the best approximation of fuzzy function always exist? And is it unique?
We will answer these questions in section 4. At last some examples are given in section 5, and conclusion in
section 6.

2 Basic concepts:
Let F{R) be the set of all real fuzzy numbers and T,.{R) be the set of all trapezoidal fuzzy numbers,
which is

X — vy
—, T =X = Vg,
T, — 1
” T -
p =1L mSxsw
—_—, Vg = X 5 vy,
v, —
4 3
aQ, otherwise

And denoted by ¥ = (11, 17;, ¥5, 75 ). Let i and i be two fuzzy numbers where ¥ = (7, 5, ¥, 77y ) and
1 = (1, Uq,Ug, Uy ) then T2 and ¥ satisfying the following results:

1. x=0:x0 = (xvy, XUy, XV3, XV,)

2. x < 0¥ = (xv,,X05, XV, X1 )

3. (FP+1) =(vy Tupvy +Uyvy Ty, Yy T Uy)

4. (T—w) = (vy —UuVy —Ug, V3 — Uy Uy — Uy)

Definition 2.1:
For two trapezoidal fuzzy numbers ## = (17, ¥7,, ¥, ¥y ) and & = (14,14, 15, U, ) the quantity

D(#,i) = ((vy —uy)® + (v —uy)? + (w3 —ug)® + (v, —uy)?) 1)
Defines a distance for two trapezoidal fuzzy number  and 1.
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3 Best approximation of a fuzzy function: .
Let X = {x,,%,,...,x,, } be a set of m distinct points of R, and f (), be the value of a fuzzy function

f + R — T F(r), at these point are (0, f(x) = (fir, fia Fian fia) ) fori = 1,2,..,m
Definition 3.1:

For every polynomial g,, (x) € [[,,, that [],,, is the set of all fuzzy polynomials from degree at most 7
which

fj.n (.’1’) = Z?:D &}'x}. (2)

Where a, = (a i1r Byps Oy .4;], and so G = 05 = Q53 = dgy
It obvious that

Ba(x) = ) (a,x0) = Z( 1 82 B3, 053) ] =
j=e
Q. el + 0, apxl + D wxl + ), el + ) waxd + ) v+ ) ey

le.El} le.c:D xJI:E[!l xiil} ;rJI:E[!l ;rJI: =0 :rJI:EI}
5
+ E a_;l'lxz'j
J
xl-{l}

To find best of approximation 5, (), we should minimize D (p,, (x,), f (x,)) (for i = 1,2, ...m).

So we want find B, () with linear programming problem. Therefore we choose & such that

min &

s.t

D(p,(x).f(x))=8 i=12,..m

A — Gy = 0 =12, ...n (3.1)
Q3 — Gy = 0 Jj=12, ...n

Gy — O =0 =12, ...n

We have that

D [:Pn (xijrf(xz')) =
((Z a}.lx; + Z a}-‘;xf —f)? (Z a}.gx;" + Z a}.axif — fi2)?
xj}D xj{I} xj}D xj{I}
S 1
+ (Z ;ax + Z _:u i :3) + (Z _;l4x + Z _:llx :4:]L:]: = 8
x5 =0 :r =0

It is obvious that

(Z ax] + Z axl — fiq)? < 67 i=12,..,m

x3=~l}
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Q. +Z x] ~ f2)*< 6

x3=~l}

B gy

i=12,...,m

32
(Z azx] + Z 2x] — fi3)? < 62 i=12,..,m
x =0
(Z ajx] + Z ax] = f3)* < 6 i=12,..,m
x =0
We have that
Z a,x] + Z x] —fq| =6, i=12,..m
x; ~=0
Z ax] + Z azx! — fia| 6, i=12,..,m
I'EEE' x{il}
Z @3%; —|-Z ﬂx. =l =6, i=12,..,m
o
iz (33)
Z ax] + Z x) —ful =8, i=12,..,m
x5 {=0
Therefore with (3.3), model (3.1) rewrite as follow
min 6, + 8, +8; +4,
-
x{al} x'{il}
Z a;x] — Z ajx] —6; = —fy i=12,..,m
:r'EEI} x{{ﬂ
Z |:x,}-f.:4:;1 + Z rxjaxf -8, = fi,, i=12,..,m
x{zl} xJ;CI}
i i —
- z BjzX; — z agzx; —6; = —f; i=12,..,m
x'EEI} x{il}
Z a}-ax;"+ Z rxﬂxf By = fiq i=12,..,m
x{:zl} x{il} (3.4)
z a}-axf - z a;x; —83 = —f;3 i=12,...m
x'EEI} x{il}

603



Z a}-‘}x;f + Z

xiga x'l!{[!l

_ Z aax) — Z

xJ-EI} le- =0

Gy — iy =0

J&
. L =
Q3 — i =0

Gy — Oz =
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a;x; —8, = fiu

= _fm
Jj=12, ...n
=12, ...n
=12, ...n

Therefore, using (3,4), we find @, t:n, @

g1 7y

i=12,...m

i=12,..,m

interpolation polynomial g, (x,) = E}-:D(a}-xi Jthatd; = (a;q,a;9, @53,

4. Existence of best approximation of a fuzzy function:
Theorem 4.1 Best approximation of fuzzy function exists.
Proof: For the purpose of existence of universal approximation of a fuzzy function, we show that the problem

(3,4) has a solution.

Let f be arbitrary fuzzy function whose values on the points of X = {xq,x.,...

[ﬁi(xsjrﬁz (xij!fiﬂ Exij!ﬁ4(xijj fori =1,2,..,m

f(xljrf[xzjr wenp

Flx, Dthat fx,) =

i3 and Oy with above linear programming. Then we find the

az,)for (j = 0,1,...,m).

JX, ) are

By a simple computation (3.4), we can be shown that we should solve following linear programming problem:

minz =6, +6, +6; +6,

5.t

AX, =¢
AX, = ¢,
AX, =y
AX, = ¢

Gy — Gy E 0
Q3 — Oy = 0

Ay — gz =0

It is clear that Xy = (&4, 0, ...

Jj=12, ...n
j=12,..n
=12, ...n

rﬂjrxg =

feasible solution of (3.4), such that

= D falw-

Fia(xdz0

D faled

Fia (x)=0

Y Fald= Y faled)

fig (=fz0

= D falxd-

fiz (20

Z fialx) —

Figlzi=0

Because

fig (=<0

D fale)

figlxg=0

D fulx)

Figlx=0

minz =6, +6, +6; +6,

0,...,0), X3 = (#5,0,...
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st
fi,
1 fi
8, 1 = _?;; =
1 ;
~fn,
fi.
1 fi
1 z
Bl )= _ f.. =,
1 :
—f .
f1.
1 fi
B, 1 = _?;155 =,
1 ;
~fn.
f,
1 fi
6, 1 = _?:4 =c,
1 ;
~Fm,

We know z = O (by definition of &, &5, 85,8,). Thus the set of all z for feasible points, is bounded
from below, and (4.1) has a solution. It means that the universal approximation of fuzzy function exist.

5 Numerical examples:
Example 5.1: Here we consider 1t = 2andn = 1

X 1 2
f(x) (0,1,2) (1,2,3)

1
By (x) = Z a;x’ =d,;x + d, = (0.3333,1,1)x + (0,0,1)
j=o

Example 5.2: Here we consider m = 3andn = 2

X 0 1 2
f(x) 0,1,2,3) (-14,2,5,14) (-46,5,12,46)

B, (x) = Z dxd = dyx? 4+ dyx + dy = (0,1,2,10.3333)x% + (0,0,1,1)x + (0,1,2,2.8333)
i=o

Example 5.3 Here we consider 1t = Sandnn = 2

X 0 0.5 1 1.5 2
f(x) 0,1,2,3) (-1,1,2,4) (1,2,4,5) (1,35,7) (0,1,3,4)
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B

Po(x)= ) dxl =d,x*+d,x+d,

= (0,0,0,0.25)x* + (0,0,0.6667,0)x + (0,2,2.8333,4.7188)

Conclusion:

Finding of polynomial approximation of a function has benefit properties. Some researchers found
interpolating polynomial and some others solved this problem. But we introduced a new method which differs
from both. In this paper we propose a method to find a fuzzy polynomial as a best approximation of a fuzzy
function on a discrete set of points.

We can find a polynomial of degree of 7t that 72 can be arbitrary. Also we can approximate a trapezoidal
fuzzy function f However it is not possible to approximate it by any other methods. The best approximation of

fuzzy function is exists. It means that we can approximate any tabular function when all f(xij's are a

trapezoidal fuzzy numbers.
DS has been used for computations in this paper.
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