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Abstract: In this paper, the Exp-Function method is used to construct solitary wave solution for some 
nonlinear equations. The Khokhlov-Zabolotskaya, Newell-Whitehead and Buckmaster Equations are 
chosen to illustrate the effectiveness of this method. The method is straightforward and concise, and its 
applications are promising. It is shown that the Exp-function method, with the help of symbolic 
computation, provides a very effective and powerful new method for discrete nonlinear evolution 
equations in mathematical physics. In this paper, the results show that the Exp-Function method is a 
powerful mathematical tool for solving systems of nonlinear partial differential equations having wide 
applications in engineering. 
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INTRODUCTION 

 
Most scientific problems and phenomena in different fields of sciences and engineering occur nonlinearly. 

Except in a limited number of these problems are linear. This method has been effectively and accurately shown 
to solve a large class of nonlinear problems. In past several decades, many effective methods for obtaining the 
solutions of nonlinear evolution equations have been proposed; for example variational method (Ji-Huan He, 
2006; Laila, 2008; Ji-Huan He and Xu-Hong, 2007), Iteration perturbation method (He, 2001; Liao, 2005; He, 
2005; He, 2006) and Homotopy perturbation method (Ramos, 2008; He, 2008; Gangi et al., 2008; Ganji, 2006; 
Ganji and Rafie, 2006; Rafei et al., 2007; Ben-gong et al., 2008; Hosein et al., 2008) other methods (Ganji et 
al., 2008; Ranjbar and Hosein Nia, 2008). 

All mentioned above methods have limitations in their applications. In this paper we suggest a novel 
method called Exp-Function method (Ben-gong et al., 2008; Sheng Zhang, 2008; Soliman, 2008; Ya-zhou et al., 
2008; Turgut Öziş, 2008; Sheng Zhang, 2008; Ganji et al., 2008; Chaoqing Dai et al., 2008; Sheng Zhang, 
2008; Sheng Zhang, 2008; Khan et al., 2008; Ji-Huan and Li-Na Zhang, 2008; El-Wakil et al., 2008; 
Zhang Mei, 2007; Sheng Zhang, 2007 Abdou, 2007; Ji-Huan and Abdou, 2007; JXu-Hong and Ji-Huan, 2008; 
Ji-Huan and Xu-Wong, 2006) to search for solitary of various nonlinear wave equation. The solution procedure 
of this method, by the help of maple, is of utter simplicity and this method  can be easily extended to all kinds of 
nonlinear equations. In this paper, an application of Exp-Function method applied to solve the Khokhlov-
Zabolotskaya, Newell-Whitehead and Buckmaster Equations. This method leads to both generalized solitonary 
solutions.   
 
Basic Idea of Exp-Function Method (JXu-Hong and Ji-Huan, 2008; Ji-Huan and Xu-Wong, 2006): 
 We first consider nonlinear equation in form: 

,0,...),,,,( ttxxxt uuuuuN  (1) 

 
Introduction a complete variation defines as: 

 
tkx   ,           )(uu  , (2) 

 
And therefore, the Eq. (1) construct of ODE in form: 
 

.0,...),,,(  uuuuN  (3) 
 
And then solution of )(u is in form: 
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 Where pdc ,, and q are positive integers which are unknown to be further determined, na   and nb  are 

unknown constants. 
 
Application to Nonlinear Equations: 
Khokhlov-Zabolotskaya Equation: 
 We consider the  Khokhlov-Zabolotskaya Equation  

 

yyxxxt uuuu  )(  
(5) 

 
For simplicity, we consider one dimentional form of equation. By this assumption we have Eq. (5) in form: 
 

0)( 2  xxxxt uuuu  (6) 

 
Introduction a complete variation defines: 
 

tkx   ,            ),(uu                (7) 
 
We Have 
 

0)( 2  ukuuku  (8) 

 
Where prime denotes the differential with respect to  . 

 
 The Exp-Function method is very simple and straight forward, it is based on the assumption of traveling 
wave solutions can be expressed in following form: 
 In order to determine values of c and p, we balance the linear term of the highest order of u  with the 

highest order nonlinear term uu  in Eq. (8), we have: 
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Where ic s are determined coefficients only for simplicity. Balancing highest order of Exp-Function in Eqs. 

(9) and (10), we have: 
 

cpcp 223   

 
(11) 

which leads to the result: 
 

cp  . 

 
(12) 

Similarly to determine values of d and q, we balance the linear term of lowest order in Eq.(8) 
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 Where id s are determined coefficients only for simplicity. Balancing the lowest order of Exp-Function in 

Eqs. (13) and (14), we have: 
 

  )22(3 dqdq   (15) 

 
This leads to the result: 

 
dq  . (16) 

 
Case 1: 1 cp , 1 dq  
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 We set 11 b for simplicity. Substituting Eq. (17) into Eq. (8), and using the Maple, equating to zero 

coefficients of all powers of Exp(nη) yield to a set of algebraic equations to solve kbaaba ,,,,, 11100   and ω  

using Maple, we obtain coefficients: 
 

010 baa  ,            kk  ,             11   bb ,              11 aa  ,    

00 bb                     ,               111   baa         
(18) 

 
Where kbba ,,, 101   and   are free parameters. We therefore obtain the following solution: 
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Case 2: 2 cp , 2q d   

 

         
       


2expexpexp2exp

2expexpexp2exp

21012

21012









bbbbb

aaaaa
u  (20) 

 

 we set 11 b  for simplicity, then the trial Function, Eq. (20) is simplified as follows: 

 

         
       


2expexpexp2exp

2expexpexp2exp

2102

21012









bbbb

aaaaa
u  (21) 

 
As we explain above, we obtain: 
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Where ,,, 22 kba    and 0b  are free parameters. We therefore obtain the following solution: 
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Newell-Whitehead Equation: 
 We consider the Newell-Whitehead Equation  

3uuuu xxt  . (24) 

 
Introducing a complete variation   defined as: tkx    and )(uu  , we have: 

 

032  uuuku , (25) 

 
Where prime denotes the differential with respect to . we suppose that the solution of Eq. (25), can be 

expressed as: 
 

]exp[...]exp[
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By the same manipulation as illustrated in the previous section, we can determine values of c  and p  by using 

balancing 3u and u  in Eq. (25). 
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Balancing the highest order of Exp-Function in Eqs. (27) and (28), we have: 

 
pccp  33 , (29) 

 
Which leads to the result: 

 
cp  . 

 
(30) 

By a similar derivation as illustrated in the previous section we obtain: 
 

qd  . (31) 

 
Case 1: 1 cp , 1 dq  

 
The trial Function Eq.(26) reduces: 
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We set 11 b for simplicity. As we Explain above, we obtain:  

11   bb ,      00 aa  ,       kk  ,          00 ab  ,   

11 a ,              22 k ,              11   ba    
(33) 

Where kba ,, 10   are free parameters. We therefore obtain the following solution: 
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Case 2: 2 cp , 2q d   
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There are some free parameters in Eq. (35), we set 11 b , 2a = 2b = 02 b for simplicity, then the trial 

Function, Eq. (35) is rewritten in form: 
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These set of solutions are obtained by the same way as we explained in the solution of case 1 of this equation: 
 

11 a ,          01 a ,     02 a ,         00 ab  ,     
21 k ,       kk  ,      00 aa  ,         01 b  

(37) 

Where ka ,0  are free parameters. Substituting Eq. (37) in to Eq. (36) yields the following solution: 
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Buckmaster Equation: 

We consider the Buckmaster Equation  
 

xxxt uuu )()( 34   (39) 

 
Making the transformation (2), Eq. (39) becomes: 

 

0)(4 33  uuuuk  , 
(40) 

 
Where prime denotes the differential with respect to . We suppose that the solution of Eq. (40), can be 

expressed as: 
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 By the same manipulation as illustrated in the previous section, we can determine values of c  and p  by 

using balancing uu 3 and 3u in Eq. (40). 
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Balancing the highest order of Exp-Function in Eq.(42) and (43), we have: 

 
cpcp 44  , (44) 

 
Which leads to the result: 

 
cp  , (45) 

 
By a similar derivation as illustrated in the previous section we obtain: 

 
qd  . (46) 

 
Case 1: 1 cp , 1 dq  

The trial Function Eq. (42) reduces: 
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 Substituting Eq. (47) into Eq. (40), and using the maple, equating to zero coefficients of all powers of 
exp(nη) yields a set of algebraic equations for kbaaba ,,,,, 11100   (see Appendix). solving this system with 

the aid of Maple, we obtain coefficients:  
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where 00 , ba  are free parameters. We therfore obtain the following solution: 
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Conclusions: 
 In this Letter, Exp-Function method is used for finding solitary solutions of Khokhlov-Zabolotskaya and 
Newell-Whitehead and Buckmaster Equations. It can be concluded that the Exp-Function method is a new 
promising and powerful method for nonlinear evolution equations arising in mathematical physics. Its 
applications are worth further studying. It is worth pointing out that the Exp-Function method presents a rapid 
convergence for solutions. The Exp-Function method has got more advantages in comparison with other 
methods. Calculations in Exp-Function method are simple and straightforward. The reliability of the method and 
the reduction in the size of computational domain give this method a wider applicability. The results show that 
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the Exp-Function method is a powerful mathematical tool for solving nonlinear partial differential equation 
systems having wide applications in engineering. 

 
Appendix  

,01
3

1  aa   

,023444 0
3

10
2

10100
4

10
3

1  baaabaabkaaka   

,01231246

828634

00
3

1
2

01
2

0
2

100
2

01

1
4

11
3

1
3

1100
2

1
2

0
3

1
2

11111



 

bakaaaakababa

bkabaakabaabaaabaa





,012

628636664

3212464812

011

0
2

01
3

010
3

1
2

000
2

110
2

1110
2

1
3

01

2
00

2
101

3
1

3
0101011100

3
110

2
0

2
1












bba

baaabakabaaakabaabaaba

baabbaakabaaaababakabaka






,0243

2436442312

61212636

312464486

2
1

2
1

4
011

2
1

1
3

111
2

0
2

1
3

0001
3

00
3

0
2

010011

1
2

11010
2

1
2

011010
2

1
2

0
2

11
2

11

2
0

2
01010111

2
01

4
01

2
011

3
1

2
01

















akabaaa

bakabakababakabaaabaaa

baabaakabbabbaabaaba

baabbababaakaaakababa









,0312

32066122

66066012

66124204

0
2

11011
2

0
3

0

2
10

2
11

3
0101

2
01

2
0011

2
101

3
0

01
2

110
2

11
2

10
4

0010
2

1011

0
2

0101011
22

101
3

01
3

011
3

01

















aabaaaba

baabakabbaabaaababa

baabaakababaaakabba

baabbbaabbabaakabba







,04612

63361212

424623366

482431244

01
3

0
2

11
2

100

1
2

01
4

01
2

0
2

01
2

01
2

111
2

1
2

01101011

1
4

01
2

1
2

100
2

101
2

0
2

1
2

01
2

0
2

1
2

1
2

01

1
2

0111
3

1
3

1
2

1
2

11010
2

1
3

010
3

11

















bakababba

baababaabaabaabbabbaaa

bkabakaababbabaaakabba

baakaakaabaabaakabbaba









,086412

12363464

28126266

01
3

1
2

1011
3

100
2

0
2

1

1
3

011
2

110
2

0
2

10
3

10110
2

1
3

011

3
100

2
11

2
1

3
001

2
010

3
1

2
1

2
00011

2
1













bakabaaababaka

bakabaakabaabbabaabba

akabbababbaababbabbaa







,03866

121234482
2

1
2

01
4

1111
3

1100
2

1
2

0
2

11

00
3

11
2

0
2

1
2

11
2

1
3

11
3

100
4

11
3

1
2

0
3

1









baababakabbaabba

bakabakabaababbakababa





,034244 4
10

2
10

2
10

4
101

3
10

3
1110

3
1   babaabkabbabbabaka   

,.02
1

3
1

4
11   baba  

 
REFRENCES 

 
  Abdou, M.A., 2007. Generalized solitonary and periodic solutions for nonlinear partial differential 
equations by the Exp-function method. Nonlinear Dynamics, 52: 1-9. 
 Ben-gong Zhang, Shao-yong Li, and Zheng-rong Liu, 2008. Homotopy perturbation method for modified 
Camassa-Holm and Degasperis-Procesi equations. Phys. Lett., 372: 1867-1872. 
 Chaoqing Dai, Xu Cen and Shengsheng Wu, 2008. The application of He’s Exp-Function method to a 
nonlinear differential-difference equation. Chaos, Solitons & Fractals, In Press, doi:10.1016/j.chaos, 02-021. 
 El-Wakil, S.A., M.A. Abdou and A. Hendi, 2008. New periodic wave solutions via Exp-Function method. 
Physics Letters, 372(6): 830-840. 



Aust. J. Basic & Appl. Sci., 5(10): 700-708, 2011 

707 

 Gangi, Z.Z., D.D. Gangi, H. Jafari and M. Rostamian, 2008. Application of the HPM to coupled system of  
PDE. Topological methods in nonlinear analysis, 31: 341-348. 
 Ganji D.D., 2006. The application of He's homotopy perturbation method to nonlinear equations arising in 
heat transfer. Phys. lett., 355(4-5): 337-341. 
 Ganji, D.D., M. Rafei, 2006. Solitary wave solutions for a generalized Hirota-Satsuma coupled KdV 
equation by homotopy perturbation method. Phys. lett., 356(2): 131-137. 
 Ganji, D.D., M. Rafei, A. Sadighi and Z.Z. Ganji, 2008. A Comparative Comparison of He’s Method with 
Perturbation and Numerical Methods for Nonlinear Vibrations Equations, International Journal of Nonlinear 
Dynamics in Engineering and Sciences, 1: 1. 
 Ganji, Z.Z.¸ D.D. Ganji and H. Bararnia, 2008. Approximate general and explicit solutions of nonlinear 
BBMB equations by Exp-Function method. Applied Mathematical Modelling, In Press, doi:10.1016/j.apm, pp: 
03-005. 
 He, J.H., 2001. Iteration perturbation method for strongly nonlinear oscillation, journal of vibration and 
control, 7(5): 631-642. 
 He, J.H., 2003. Determination of limit cycles for strongly nonlinear oscillators, Phys. Rev. Lett., 90(17): 
174301. 
 He, J.H., 2005. Limit cycle and bifurcation of nonlinear problems, Chaos, Solitons & Fractals, 26(3): 827-
833. 
 He, J.H., 2008. Recent development of the homotopy perturbation method. Topological methods in 
nonlinear analysis, 31: 205-209. 
 Hosein Nia, S.H., A. Ranjbar N., H. Soltani and J. Ghasemi, 2008. Effect off the initial approximation on 
stability and convergence in homotopy perturbation method, International Journal of Nonlinear Dynamics in 
Engineering and Sciences, 1: 79. 
 Ji-Huan He and Li-Na Zhang, 2008. Generalized solitary solution and compacton-like solution of the 
Jaulent-Miodek equations using the Exp-Function method. Physics Letters, 372(7): 1044-1047. 
 Ji-Huan He and Xu-Hong Wu, 2006. Exp-Function method for nonlinear wave equations. Chaos, Solitons 
& Fractals, 30(3): 700-708. 
 Ji-Huan He and Xu-Hong Wu., 2007. Variational iteration method: New development and applications. 
Computers & Mathematics with Applications, 54(7-8): 881-894. 
 Ji-Huan He, M.A. Abdou, 2007. New periodic solutions for nonlinear evolution equations using Exp-
Function method. Chaos, Solitons & Fractals, 34(5): 1421-1429. 
 Ji-Huan He, XH., 2006. Construction of solitary solution and compacton-like solution by variational 
iteration method, chaos, solitions & fractals, 29(1): 108-13. 
 JXu-Hong (Benn)Wu, and Ji-Huan He, 2008. Exp-Function method and its application to nonlinear 
equations. Chaos, Solitons & Fractals, 38(3): 903-910. 
 Khani, F., S. Hamedi-Nezhad, M.T. Darvishi and Sang-Wan Ryu, 2008. New solitary wave and periodic 
solutions of the foam drainage equation using the Exp-Function method. Nonlinear Analysis. Real World 
Applications, In Press, doi:10.1016/j.nonrwa, pp: 02-030. 
 Laila M.B. Assas., 2008. Variational iteration method for solving coupled-KdV equations. Chaos, Solitons 
& Fractals, 38(4): 1225-1228. 
 Liao, X., 2005. Hopf and resonant codimension two bifurcation in van der pol equation with two time 
delays, Chaos, Solitons & Fractals, 23: 857-871. 
 Rafei, M., H. Daniali, D.D. Ganji and H. Pashaei, 2007. Solution of the prey and predator problem by 
homotopy perturbation method. Applied Mathematics and Computation, 188(2): 1419-1425. 
 Ramos, J.I., 2008. Series approach to the Lane-Emden equation and comparison with the homotopy 
perturbation method. Chaos, Solitons & Fractals, 38(2): 400-408. 
 Ranjbar, A. and S.H. Hosein Nia, 2008. Neural Network Based Evaluation of Dawson Integral: An 
Engineering Approach, International Journal of Nonlinear Dynamics in Engineering and Sciences, 1: 67. 
 Sheng Zhang, 2008. Application of Exp-Function method to Riccati equation and new exact solutions with 
three arbitrary functions of Broer-Kaup-Kupershmidt equations. Physics Letters, 372(11): 1873-1880. 
 Sheng Zhang, 2008. Exp-Function method exactly solving a KdV equation with forcing term. Applied 
Mathematics and Computation, 197(1): 128-134. 
 Sheng Zhang, 2008. Exp-Function method for constructing explicit and exact solutions of a lattice equation. 
Applied Mathematics and Computation, 199(1): 242-249. 
 Sheng Zhang, 2007. Exact solutions of a KdV equation with variable coefficients via Exp-function method. 
Nonlinear Dynamics, 52: 11-17. 
 Sheng, Zhang, 2008. Application of Exp-Function method to high-dimensional nonlinear evolution 
equation. Chaos, Solitons & Fractals, 38: 270-276. 
 Soliman, A.A., 2008. Exact solutions of KdV-Burgers’ equation by Exp-Function method. Chaos, Solitons 
& Fractals, In Press, doi:10.1016/j.chaos, pp: 04-038. 



Aust. J. Basic & Appl. Sci., 5(10): 700-708, 2011 

708 

 Turgut Öziş, Canan Köroğlu, 2008. A novel approach for solving the Fisher equation using Exp-Function 
method. Physics Letters, 372(21): 3836-3840. 
 Ya-zhou Li, Kai-ming Li and Chang Lin, 2008. Exp-Function method for solving the generalized-Zakharov 
equations. Applied Mathematics and Computation, In Press, doi:10.1016/j.amc, pp: 05-138. 
 Zhang Mei and Zhang Wen-jing, 2007. Construction of solitonary and periodic solutions to some nonlinear 
equations using EXP-function method. Journal of Zhejiang University - Science, 8: 660-664. 


