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Abstract: The relationship among the turning point, the critical strip and the zeros of Riemann Zeta
function is Investigated and established in this paper. A theorem to prove the link between the turning
point and the real part of a quadratic function with complex roots is also presented, thereby showing
that the real part of the roots will always be the critical point of the quadratic function, thus
establishing Riemann’s hypothesis. £(t)is shown to be the analytic continuation formula of {(z)as
presented by Riemann, amidst the various presentations of {(z) in his work. A proof of the nature of
the zeros is found in this work.
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INTRODUCTION

The statement made by B.Riemann that “one now finds indeed approximately this number of real roots
within these limits and it is very probable that all roots are real” ,(November, 1859), has been of great interest
to many notable mathematicians worldwide. This is because it is an excellent description of a good conjecture.

Our desire is to check if there is any link between the critical line (strip) and the critical point (turning
point) of the continuation formula of {(z), & (t).

It is discovered {(z) that behaves as a polynomial of order four between 0 < z < 1. but as z - % it reduces
to a class of quadratic equations whose roots are a class of complex numbers.

2. Let
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Differentiate &(t) as defined in (1) to obtain

% = % 5r(5) - vrm) *

If we differentiate £(t) as defined in (2) the result will be:

d|l z(iz—-1) r z_, z—-1
P E+Tflp(x)(x2 +x2 )dx] (5)
1
If we differentiate §(t) as defined in (3) the result will be:
-2l t2+1f()_% log ) d 6
=7z ( 4) PY(x)x cos(zogx)x (6)
1

We can further transform (4) into:
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We proceed to differentiate (7) as follows and on further simplification obtain (8), (9);
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To obtain the critical point of &(t), we evaluate Z—i =0:
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e zcg; Yo ) t3les- 0= Z5 R o] () caretor o (13)
It can 1;)e shown that (13) results into (16) by using Corollary (14) and (15) as contained in [2]:
w1, 1 I(E) r'(3)
ON +(Z_1)+21“(%) —3 logt — (2z - 1) 21"(%) (14)
And
z 1 y/ zZ
r(z) = m— ]—Z[ (- (-7 (15)
& _|zz-1) 1 1L g i
dt [ 2 ( logm = (22 1) Z [(z —Ez-a- D))] Z-1D or ? o %)
(16)
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(z2—2)(2z—1) 228 —2z2-2z24+2z 2z°-3z%+z
> = > = > =0 (19)

1
=>(2z2-3z+1)z=0=> z=0or 222—3z+1=0,z=1orz=5

From the above, it can be shown that &(t) =[] G) (z - 1)n—§g (z) exhibits some properties of a
polynomial in order four in the interval Olorunsola (1980).:0 < z < 1, since it has three turning points. But on
the critical line, the zeros of { (z) are complex roots in conjugates, thus at z = 1;, =11 (g) (z - 1)7r_§<; (2)
shows some quadratic properties. The following steps show

that as z%, &(t) is quadratic and has a critical point at z = 1;

In (S.J.Patterson.), a simpler form Z—i = ( can be shown as:

2z-1) (z-1) z z(z-1)2z-1) 1
2 2 2 2 Z[(Z—D)(z—(l—m))ﬂ

(z(l—z))n z 1—“ ( (1—2:))] =0 (20)

leZy

. 1)2(22 - Z [(z - D)(zl_ (1- m))]] [(zul_ 7)) U [(1 - 3) (1 - ﬁ)] =0 @

Obviously, (21) comminutes to;
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Note that the right hand sides of (1), (22) and (23) can be written as functions of t by substituting z = % +it
in any of these equations.

Yemienoch’s Theorem:
Let f (z) is a quadratic function of a complex variable z. If z= a+ib are the two Conjugate complex roots of f

(z) then, a= ;—E will always be the turning point of f (z) provided ;—E is unique and b#0.
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Proof:
Let z = (a * ib)be the roots of f = (z) then,
z=(a+ib)orz=(a—ib)
=z—(a+ib)=00rz—(a—ib) =0
(z—(a+ib))(z—(a—1ib))=0
(z—a—ib)(z —a +ib) = 0
z? —za+ zib — za + a® — iab — zib + iab + b* = 0
f(2) = 22 — 2za + (a® + b?)

We proceed to obtain the turning point of f(z)

d
@ =2z —2a
dz
af
—=0= 2z-2a=0
dz

B2z =2a z=a
The above theorem is true for all quadratic functions.

Conclusion:
We have been able to show that the turning point of £(t) is z = % and £(t) is the analytical continuation

formula of {(z) and a quadratic function as z%,with conjugate roots.
thus, since by Yemienoch’s theorem every quadratic function with complex roots will always have the real
part of its complex roots as its turning point, then {(z) also has its real part as the its critical point. And z% its

turning point converges toé.
This is a way of establishing the Riemann’s Hypothesis.
Riemann claimed that f(t) is finite for all finite values of ¢ and that f(t) allows itself to be

developed in power of t* asa very rapidly converging series are all true claims (Dec. 1998). It is good to note
at this point that f, will always be real roots and the first are +14.13472524 . To investigating Riemann

claims, the choice of ¢ (Z )and & (t ) must be selectively selected as defined in his work (Dec. 1998).

REFERENCE

Advanced Engineering mathematics By Erwin Kreyszig (8" Edition) [[SBN 978 — 81 — 265 — 0827 — 3]

An introduction to the theory of the Riemann zeta function, by S.J.Patterson.

Complex analysis (third edition) by Serge Lang; Department of mathematics Yale university New Haven,
CT06520 USA. SPRINGER [ISBN 0 — 387 —978801086 — 0]

Complex variables and Application (Third edition) By Ruel V. Churchill, James W. Brown, and Roger F.
Verhey. [ISBN 0 — 07 — 010855 — 2]

Complex variables for scientists and engineers By John D. Paliouras.[ISBN 0 — 02 — 390550 — 6]

Mathematical methods for physics and engineering; A comprehensive guide by K. F. Riley, M. P. Hobson
and S.J. Bence.[ISBN 0 521 55529 9]

On lower bounds for discriminants of algebraic number fields, M.Sc. thesis by S.A.Olorunsola (1980).

On the number of Prime Number less than a given Quantity; Bernhard Riemann Translated by David R.
Wilkins. Preliminary version: Dec. 1998 {Nonatsberichte der Berliner, Nov.1859}

Problem of the millennium; www.Claymath.org/Riemann hypothesis.en.wikipedia.org/wiki/Riemann-hypo.

Supercomputers and the Riemann zeta function: A.M. Odlyzko; ATandT Bell Laboratories Murray Hcll,
New jersey 07974

The Mathematical Unknown by John Derbyshire Prime Obsession: Bernhard Riemann and the Greatest
Unsolved Problem in Mathematics; Joseph Henry Press, 412 pages, $24.95; Reviewer James Franklin

The Riemann hypothesis by Enrico Bombieri

282



