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Abstract: The relationship among the turning point, the critical strip and the zeros of Riemann Zeta 
function is Investigated and established in this paper. A theorem to prove the link between the turning 
point and the real part of a quadratic function with complex roots is also presented, thereby showing 
that the real part of the roots will always be the critical point of the quadratic function, thus 
establishing Riemann’s hypothesis. ߦሺݐሻis shown to be the analytic continuation formula of ߞሺݖሻas 
presented by Riemann, amidst the various presentations of ߞሺݖሻ in his work. A proof of the nature of 
the zeros is found in this work. 
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INTRODUCTION 

 
The statement made by B.Riemann that “one now finds indeed approximately this number of real roots 

within these limits and it is very probable that all roots are real” ,(November, 1859), has been of great interest 
to many notable mathematicians worldwide. This is because it is an excellent description of a good conjecture.  

Our desire is to check if there is any link between the critical line (strip) and the critical point (turning 
point) of the continuation formula of ߞሺݖሻ,  .ሻݐሺߦ

It is discovered ߞሺݖሻ that behaves as a polynomial of order four between 0 ൑ ݖ ൑ 1. but as ݖ ՜ ଵ

ଶ
, it reduces 

to a class of quadratic equations whose roots are a class of complex numbers. 
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Differentiate ξሺtሻ as defined in (1) to obtain 
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If we differentiate ξሺtሻ as defined in (2) the result will be: 
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If we differentiate ξሺtሻ as defined in (3) the result will be: 
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We can further transform (4) into:             
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We proceed to differentiate (7) as follows and on further simplification obtain (8), (9); 
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ܶo obtain the critical point of ξሺtሻ, we evaluate ௗక
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It can be shown that (13) results into (16) by using Corollary (14) and (15) as contained in [2]: 

െ
ሻݖሺ’ߞ
 ζሺzሻ

ൌ
1
2

൅
1

ሺݖ െ 1ሻ
൅

’߁ ቀ
ݖ
2ቁ 

߁2 ቀݖ
2ቁ 

െ
1
2

ߨ݃݋݈  െ ሺ2ݖ െ 1ሻ
’߁ ቀ

ݖ
2ቁ 

߁2 ቀݖ
2ቁ 

                                                                              ሺ14ሻ 

And 

߁ ቀ
ݖ
2

ቁ  ζሺzሻ ൌ
1

െzሺ1 െ zሻିߨ
௭
ଶ

ෑ ൤ቀ1 െ
z
�

ቁ ൬1 െ
z

ሺ1 െ �ሻ
൰൨

�ఢ௓శ

                                                                                     ሺ15ሻ 

 

ߦ݀
ݐ݀

ൌ ൦
ݖሺݖ െ 1ሻ

2
ቌ

1
2

ߨ݃݋݈  െ ሺ2ݖ െ 1ሻ ෍ ቈ
1

ሺZ െ �ሻ൫ܼ െ ሺ1 െ �ሻ൯
቉

�ఢ௓శ

െ
1
ݖ

െ
1

ሺܼ െ 1ሻ
െ

’߁ ቀݖ
2ቁ 

߁2 ቀ
ݖ
2ቁ 

൅
’߁ ቀݖ

2ቁ 

߁2 ቀ
ݖ
2ቁ 

ቍ

൅
1
2

ቈሺ2ݖ െ 1ሻ െ
ݖሺݖ െ 1ሻ

2
቉൪ߨ݃݋݈  ߁  ቀ

ݖ
2

ቁ  ζሺzሻ݁ି
௭
ଶ௟௢௚గ ൌ 0                                                        ሺ16ሻ 

   
= 



Aust. J. Basic & Appl. Sci., 6(3): 279-282, 2012 
 

281 

቎
ݖሺݖ െ 1ሻ

4
ߨ݃݋݈  ൅

ݖሺݖ െ 1ሻሺ2ݖ െ 1ሻ
2

෍ ቈ
1

ሺZ െ �ሻ൫ܼ െ ሺ1 െ �ሻ൯
቉

�ఢ௓శ

െ
ሺݖ െ 1ሻ

2
െ

ݖ
2

൅
ሺ2ݖ െ 1ሻ

2

െ
ݖሺݖ െ 1ሻ

4
൩ߨ݃݋݈  ߁  ቀ

ݖ
2

ቁ  ζሺzሻ݁ି௭
ଶ௟௢௚గ ൌ 0                                                                               ሺ17ሻ 

= 

቎
ሺ2ݖ െ 1ሻ

2
െ

ሺݖ െ 1ሻ

2
െ

ݖ
2

൅
ݖሺݖ െ 1ሻሺ2ݖ െ 1ሻ

2
෍ ቈ

1

ሺz െ �ሻ൫ݖ െ ሺ1 െ �ሻ൯
቉

�ఢ௓శ

቏ ߁  ቀ
ݖ
2

ቁ  ζሺzሻ݁ି
௭
ଶ௟௢௚గ ൌ 0     ሺ18ሻ 

 
ሺݖଶ െ ݖሻሺ2ݖ െ 1ሻ

2
ൌ

ଷݖ2 െ ଶݖ െ ଶݖ2 ൅ ݖ
2

ൌ
ଷݖ2 െ ଶݖ3 ൅ ݖ

2
ൌ 0                                                                          ሺ19ሻ 

        

ൌ൐ ሺ2ݖଶ െ ݖ3 ൅ 1ሻݖ ൌ 0 ൌ൐ ݖ   ൌ 0 or  2ݖଶ െ ݖ3 ൅ 1 ൌ 0, ݖ ൌ ݖ ݎ݋ 1 ൌ
1
2

 

From the above, it can be shown that ξሺtሻ ൌ ∏ ቀ௭

ଶ
ቁ ሺݖ െ 1ሻିߨ

೥
మζ (z) exhibits some properties of a 
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shows some quadratic properties. The following steps show  

that as z� 1 

2
, ξሺtሻ is quadratic and has a critical point at   z ൌ 1 

2
. 

In (S.J.Patterson.), a simpler form ௗక
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Obviously, (21) comminutes to;  
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Note that the right hand sides of (1), (22) and (23) can be written as functions of  t by substituting z ൌ ଵ

ଶ
േ it 

in any of these equations. 
 
Yemienoch’s Theorem: 

Let f (z) is a quadratic function of a complex variable z. If z= a±ib are the two Conjugate complex roots of f 

(z) then, a=  ିB

2A
  will always be the turning point of f (z) provided 

ିB

2A
  is unique and b≠0. 

 
 



Aust. J. Basic & Appl. Sci., 6(3): 279-282, 2012 
 

282 

Proof:  
Let ݖ ൌ ሺܽ േ ܾ݅ሻbe the roots of ݂ ൌ ሺݖሻ then, 
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We proceed to obtain the turning point of ݂ሺݖሻ 
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The above theorem is true for all quadratic functions. 

 
Conclusion: 

We have been able to show that the turning point of ߦሺݐሻ is ݖ ൌ ଵ

ଶ
 and ߦሺݐሻ is the analytical continuation 

formula of ߞሺݖሻ and a quadratic function as z� 1 

2
,with conjugate roots. 

thus, since by Yemienoch’s theorem every  quadratic function with complex roots will always have the real 

part of its complex roots as its turning point, then ߞሺݖሻ also has its real part as the its critical point. And z� 1 

2
 its 

turning point converges to
 1 

2
. 

This is a way of establishing the Riemann’s Hypothesis. 

Riemann claimed that  t  is finite for all finite values of t and that    t  allows itself to be 

developed in power of 2t  as a very rapidly converging series are all true claims (Dec. 1998). It is good to note 
at this point that ,t  will always be real roots and the first are േ14.13472524 . To investigating Riemann 

claims, the choice of  andz  t  must be selectively selected as defined in his work (Dec. 1998).   
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