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Abstract: In this article, the symmetry proprieties of superconductors are presented. This is achieved 
by means of group theoretical techniques in order to explain several very intriguing features of 
unconventional superconductors. We shall restrict our discussion to the corresponding three crystal 
lattice symmetries represented by their point groups, D4h(tetragonal), Oh(cubic) and D6h(hexagonal) 
respectively. Furthermore, these compounds contain heavy ions, Ce or U. hence, in addition to the 
crystal field, the spin-orbit interaction (which is proportional to the square of the nuclear charge 
number) may play an important part in the Hamiltonian. 
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INTRODUCTION 

 
 First of all, we have to be aware that the single-particle states are affected by spin-orbit coupling, since they 
cannot be eigenstates of the spin operator anymore. However, they can be labelled rather similarly as Pseudo-
spin states (Anderson, P.W., 1984), 
 

              (1) 
 
using a as the pseudo spin index. These states are super-positions of spinor states. Their field operator can be 
written as: 
 

            (2) 
 
where k. a (r) is a function periodic in the crystal space. The pseudo-spin state is generated from a spin 
eigenstate by turning on the spin-orbit interaction adiabatically. This lead’s to a one-to-one correspondence 
between the original spin state and this pseudo-spin-state (let us define  a and  ). 
 Hence the transformation properties under the symmetry group G= G x R x U(1) must be formally 
identical, with the restriction, of course, that spin space and orbit space do not transform separately. 
 Cooper pairs in such a system are composed of two particles belonging to energetically degenerate states 
and combining to a total of zero momentum. For even-parity pairing, the pseudo-spin state |k. a  is paired with 
its time reversal state k1|k. a = |-k, . In the case of add-parity pairing, four degenerate states can be involved. 
|k. a, k1|k. a = |-k, , J|k, a = |-k, a, and KJ|k, a = |k, . 
 In this case the parity J has to be a symmetry of the system, since the Pseudo spin and the spin  are 
symmetrically closely related, the even-parity state correspond to (Pseudo spin) singlet states and the odd-parity 
to (Pseudo spin) triplet states. 
 A first step towards finding the stable superconducting state (the form of the gap function) is the solution of 
the linearized gap equation. 
 

           (3) 
 
which has the form of an eigenvalue equation. The largest eigenvalue gives us the transition temperatures (the 
first occurring instability of the normal state if we scan the temperature downwards) and the eigenfunction space 
of 


 (k). We shall now use the wall-known property of an eigenvalue problem, that the eigenfunction spaces for 

every single eigenvalue for a basis of an irreducible representation belonging to the symmetry group of 
equation. for example, in the hydrogen atom the eigenvalue are basis functions of the irreducible representation 
belonging to the symmetry group generated by the angular momentum operator L(total rotational symmetry) 
and the Pauli-Lenz vector ½ (P x L + L x P), both of which are conserved quantities of the corresponding  
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Hamiltonian. On this basis we can classify the possible gap-function spaces in equation (3) with respect to their 
symmetry behaviour as being the basis of the irreducible representation of G. 
 Let us first explain the procedure, how to obtain such basis function, in a rotationally symmetric system 
with the group G=SO(3) x J, neglecting both the spin-orbit and the crystal field. In this system the representation 
of the symmetry group are: 
 

            (4) 
 

where D denotes the k-space representation and D(S) the spin space representation of G. The indices   and s 

have, in the case of particle pairing, the physical meaning of relative angular momentum and total spin, 
respectively. D(R)  D are the representation of time-reversal and U(1) gauge symmetry respectively. The 
product D(R)  D, represents the transformation  and k. These transformations conserve the function space of 

the two other representations, D(  )  D(S). Hence the eigenvalues can be labelled s and   and the 

eigenfunctions can be expressed by spherical harmonics Y  m(k) for D(  ) and the spin functions Xs(o, o) for 

D(s=0) and X� (1, Sz) or {x, y, z} for D(s=1) and X   (1, Sz) or {x, y, z} for D(s=1) [X   (1 -  ) = - x|iy, X   (1 +  ) 

= - x +iy and X   (1, 0)=2z]. 

 In this sense the representations of time reversal and u(1) gauge symmetry may be neglected. The 
eigenfunctions to be the eigenvalue Tc (  , s) can be written in the form 
 

        (5) 
 where the Cm and Cmn are complex numbers. These eigenfunction spaces have the dimension 2L +1 for a singlet 
and 3(2L + 1) for a triplet. In this case the eigenfuctions are unique, because each representation has only one 
set of basis functions, which just corresponds to the eigefuncfions. 
 
Theoretical Considerations And Calculations: 
 If we introduce spin-orbit coupling the symmetry of the system is lowered (K and spin space do not 
transform independently), and these eigenefunction spaces split into subspaces with different eigenvalues. To 
obtain the new eigenfunction classes we have to decompose the representation product (kronecker product) of k- 
and spin space. 
 

  
 
where  , even or odd, also denotes the behaviour under the parity J. The basis functions of the new 
representation can be derived by the Clebch-Gordan formalism and the new eigenvalues can be labelled by the 
total angular momentum. However, one total angular momentum J [representation DJ] has in most cases several 
sets of basis functions obtained from the clebch-Gordan procedure. These sets are in general mixed together by 
V and are not the true eigenfunctions. On the level of this symmetry consideration the eigenefunction spaces can 
only be specified in classes [DJ] according to their symmetry behaviour. Their concrete form, however, cannot 
be found without detailed knowledge of V. 
 We now turn the crystal field on. Again the symmetry is lowered from a continuous rotation group with an 
infinite number of irreducible representation to a discrete point group with only a few representations. Hence 
only a few classes of eigenfunction spaces exist. In the case of the cubic group Oh there are 10 classes 
corresponding to the representations 1

, 2
(ID), 3

(2D) and 4
, 5

(3D) ( denotes the property under 
parity). For the hexagonal symmetry group D6h we have 12 representations 1

, 2
, 3

 4
,(1D) 

and5
,6

,(2D), and for tetragonal symmetry group D4h,we have 12 representation 1
, 2

, 3
6h 4

,(1D) 
and5

(2D) Koster et al (1963). 
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Thus we have reached the stage where we can classify the eigenfunctions of equation (3) with the respect to 
the representations of their symmetry groups which are found above. A list of all classes is given in Tables I – 

III, each with a representative set of basis functions 


(, m; k). The chosen basis functions are projections of 
the with DJ small J on the space of the crystal field representations. This type of gap function is therefore often 

called s-, p- or d- wave etc, according to its k-space symmetry. [


(ak) = a


(k) with  =0, 1, 2 … 
respectively]. One exception is the totally symmetric, nonconstant basis function, which is often labelled as 
“extended s-wave”. However, this nomenclature should not be confused with the effective form of the 
eigenfunctions, which in the crystal field can be any superposition with large J contributions. 
 Among the representation  there is one that contains the eigenfunctions with largest eigenvalue Tc. We 
assume that this Tc() is much larger than Tc’s of all the other representations. Hence the stable 

superconducting state immediately below Tc is described by a linear combination of the basis functions 


(, 
m; k) of the corresponding eigenefunction space 
 

             (6) 
where the (, m) are complex numbers. 
 
Table I: (a) Even parity basis gap functions (, m, k) = , (, m, k) and (b) odd-parity basis gap functions 
(, m, k) = .d(, m, k) , for  the cubic lattice symmetry Oh] 
Irreducible representations   Basis functions 
 

 
 

 
 

As a solution of the linearized gap equation of any linear combination in equation (6) is allowed. As we 
going beyond this linear approach only a finite number of combinations can satisfy the (nonlinear) gap equation. 
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Table II: (a) Even parity basis gap functions (, m, k) = y, (, m, k) and (b) odd-parity basis gap functions 
(, m, k) = .d(, m, k)] y for  the hexagonal lattice symmetry (D6h). 
Irreducible representations   Basis functions 
 

 
 

 
 

RESULTS AND DISCUSSION 
 
 As we have seen above, the gap function as the mean field in the Hamiltonian is an appropriate quantity to 
describe the superconducting state in terms of its symmetry properties. This symmetry is the same as that of the 
wave function a+

ks a
+

-ks and can be described by a set |(, m)| [equation (6)]. We shall use the set of (, m) 
as the order parameter that describes the system restricting the description to one representation , we construct 
the free energy as an expansion in these (, m). They transfer like coordinates in the basis function space [(, 
m, k)]. The time reversal acts on them as * and the gauge transformation by a multiplication of all 
components with the same phase factor e.  
 Since the free energy originates from the Hamiltonian, it has the same symmetry as H. The free energy as a 
function of the order parameter has to be a scalar under all symmetry transformations. To main u(1) gauge and 
time reversal symmetry only real even-order products of (, m) can occur in the expansion of F. To ensure 
invariance under the point group transformation it is convenient to use the Clebsch-Gordan formalism for the 
construction of the invariant terms. We have to decompose the products * for the second-order terms and 
** for the fourth-order terms in (, m) and *(, m) and so on. In the decomposition we keep only 
the terms that are invariant namely, those which belong to the trivial representation 1

 of the point group. These 
invariant terms are introduced in the free energy, each with a coefficient . Terminating the expansion at fourth 
order, we find that the free energy has the form 
 

          (7) 
 
where Fo(T) is the free energy of the normal state of the system (with volume V). The second-order term has a 
simple, isotropic form. Its coefficient is of the form Ar(T)= a1[T|Tc() – 1]. The symbol Fr(4) denotes all 
fourth-order term of (, m) invariant under the symmetry group G. They are listed in table IV(a) – (c) for the 
different representations of the point groups. These fourth order terms are required to be positive definite [Fr 
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(4) > 0] in order to maintain the overall stability of the free energy (the coefficient  have to satisfy special 
conditions). Above Tc() with Ar > 0 the second-order terms are also positive definite, so that the minimum of 
the free energy is realized for the vanishing order parameter (, m). However, at Tc()Ar changes sign, 
producing a minimal free energy for finite (, m) for T< Tc. The latter minimum points of F determine the 
symmetry of the stable superconducting state below Tc(). 
 
Table III: (a) Even parity basis gap functions (, m, k) = y, (, m, k) and (b) odd-parity basis gap 
functions (, m, k) = .d(, m, k)] y for  the tetragonal lattice symmetry (D4h). 
Irreducible representations   Basis functions 
 

 

 
 
 The superconducting system is characterised by several parameters 1, the coefficients in the fourth-order 
terms [Table IV (a) – (c)]. These parameters can be calculated in the week – coupling limit. However a strong 
coupling effects may change them considerably. It is an advantage of the Landau formulation that we can take 
these unknown strong-coupling effects into account by introducing only very few parameter (here maximally 
three under the restriction of only one irreducible representation). So we consider the  parameters as under-
termined, material dependent constants. 
 
Table IV: Fourth-order invariant terms in (a) the cubic symmetry Oh, (b) the hexagonal symmetry D6h and (c) 
the tetragonal symmetry D4h. The coefficients  are material – dependent constants. 
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 On this basis one obtains all possible stable superconducting phases in a system, including crystal field, 
spin-order coupling and strong-coupling effects, by a simple minimization of the free energy below Tc() 
(Gor’kov, L.P., 1984; Volovik, G.E., 1985; Blount, E.J., 1985; Ueda, K. and T.M. Rice, 1985a; Ueda, K. and 
T.M. Rice, 1985b).  
 
Conclusion: 
 The important point in this classification of superconducting states is not the specific of the order parameter 
for the gap function (k), but its symmetry. At the transition several symmetries of the system can be broken. 
One is of course the u(1) gauge symmetry causing the superconducting state, since our order parameter is 
complex. Some sates also break the point group, yielding a symmetry corresponding to a subgroup of G. This 
sub group is defined as the largest point group to leave the energy spectrum Ek, invariant. 
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