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Abstract: The commutativity degree of finite groups is computed by finding the number of conjugacy 
classes of G. Also, finding the centralizers of a finite group can be applied to obtain the commutativity 
degree of the group.  In this paper we construct some upper bounds for the commutativity degree in 
terms of centralizers for the dihedral group Dn, where the dihedral group acts on itself by conjugation. 
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INTRODUCTION 
 
 Throughout this paper G denotes a finite group. The commutativity degree is the probability that a random 
element x commute with another random element y in G. This probability is denoted by P(G) and defined as 
follows :  
 

 

 
 This concept was introduced in 1968 by Erdos and Turan, where they worked on symmetric groups. Few 
years later Gustafson (1973) and MacHale (1974) proved that this probability is less than or equal to 5/8. The 
concept of commutativity degree has been extended by using other group structures and more results were 
obtained associated with this concept. For instance, some researches have been successfully done on 
commutator of subgroups and constructed values for upper and lower bounds (see  Das and Nath, 2010, for 
more details). 
 In this paper, we determine the commutativity degree in terms of centralizers for the dihedral groups.  
 The followings are some definitions that are used in this research. 
 
Definition 1.1: 
 (Gallian, J. A. 2002) The dihedral group of order 2n is a group generated by two elements a and b. The 
group is known as the group of symmetries of a regular n-gon. The presentation of this group can be expressed 
as follows: 
 

 
 
Definition 1.2: 
 (Rotman, 2002) Let G be any finite group and X be a set. G acts on X if there is a function , such 
that. 
(1) (gh)x = g(hx) ,  g, h  G, x  X. 
(2) 1G x = x,  x  G. 
 
Definition 1.3: 
 (Goodman, 2003) Let G act on a set S, and x  S. If G acts on itself by conjugation, the orbit O(x) is defined 
as follows: 
 
{y  G : y = ax  for some a  G}. 
 
 In this case O(x) is called the conjugacy classes of x in G. Throughout this paper, we use K as a notation for 
the number of conjugacy classes in G. 
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Definition 1.6: 
 (Goodman, 2003) Let G act on a set S, and x  S. The centralizer of x under the action of G on S is a 
subgroup  
 

 
 
 This subgroup is often called the isotropy group of x in G and it is known as the centralizer of x in G. 
 In 1997, Achar studied the properties of the size of conjugacy classes in case that G is a semigroup of 
endomorphism associated on action  : G → SG. The action is stated as follows: 
 

 . 
 
 This action is known as -conjugate. The -conjugacy class is the orbit of x under the action and denoted 
by  . The stabilizer of x under the action is named by the -centralizer of x and is denoted as . 
 The next section focuses on the commutativity degree of the dihedral group in terms of centralizers. 
 
Preliminaries:  
 In this section, we provide some definitions that are related to commutativity degree. Pournaki and Sobhani 
(2008) studied the probability that the commutator of two group elements is equal to a given element in a group 
G. The probability is stated as follows: 
 

 

 
 This probability was also studied by Alghamdi and Russo (2011) where some results were obtained. 
 In 2010, Das and Nath studied the probability that the commutator of two subgroups elements is equal to an 
element of a group G and the probability is defined as: 

 

 

 
 A new concept for the commutativity degree was introduced by Sherman (1975) which he introduced the 
probability of an automorphism of a finite group which fixes an arbitrary element. This concept is defined as 
follows: 

 

 

 
 Later in 2011, further explorations on Sherman’s definition were done by Moghaddam et al. (2011), where 
they introduced a new probability which is called the probability of an automorphism fixes a subgroup element 
of a finite group. This probability is stated as follows: 
 

 

 
 In case that H = G, then   . Among other results, some upper and lower bounds were 
obtained (Moghaddam et al., 2011). In addition, some researchers tend to study the commutativity degree in 
case that the group is affected by some actions, one of these studies is mentioned in previous section practically 
the work that was done by Achar (1997). Another type of commutativity degree of G, denoted by  , is 
defined as follows: 

 

 

 
where  is the number of -conjugacy classes. The conjugacy classes’ structure hence is produced by 
endomorphisms. 
 The main objective of this paper is to find the centralizers which are needed in the computation of the 
commutativity degree in term of centralizers. This work is discussed in the next section. 
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Numerical Computation: 
 In this section, the focus is given on the dihedral group , where we are going to find the centralizers of 
this group. As a consequence, some upper bounds for the commutativity degree of the dihedral group in terms of 
centralizers are provided and some primary results based on this work are also found.  
 The notation  is used for the commutativity degree of dihedral groups in terms of the centralizers.  
 
The function  is defined as follows: 
 Let  be a homomorphism from Dn to Dn. The dihedral group  acts on itself by conjugation so that -
conjugacy class of Dn is given as:  and the -centralizer is given as 

  In order to find a formula for  the number of the centralizers of elements of 
Dn should be first found. The computation is done up to order 100 and the results obtained is described in Table 
1. 
 
Table 1: The number of -conjugacy classes and -centralizers for Dn 

|Dn |  The number of -conjugacy classes,   r of -centralizers,  
6 3 5 
8 5 4 

10 4 7 
12 6 5 
14 5 9 
16 7 6 
18 6 11 
20 8 7 
22 7 13 
24 9 8 
26 8 15 
40 13 12 
80 23 22 

100 28 27 
 

 From Table 1, we get the result for commutativity degree in terms of -centralizers given in the following. 
 
Proposition 3.1: 
 Let  be the dihedral group of order n. If n is a positive integer, then 
 

 

 
Proof: 
 Suppose that . Since every element in Z(G) commute with other elements in G, so commute, 
if  j = 0 or 2j = n. In the case that n is even,  . Thus, . On the other hand, when n is odd,  j = 
0, thus                                                                                                            
 
Corollary 3.2: 
 

 if n is even, and  if n is odd. 
 
Proof: 
 Using Proposition 3.1, it can be concluded that the number of conjugacy classes is greater than the number 
of the centralizers when the center is of order 2. Whilst, the number of the conjugacy classes is lower than the 
number of the centralizers when the center has order 1.                                                           
 
Theorem 3.1: 
 Let G be a 2-generator group of order 2n, and let n be a positive integer. If G acts on itself by conjugation, 
then the commutativity degree of dihedral groups Dn in terms of centralizers is given as follows:  
 

 

 
where n is a positive integer. 

 if n is odd, 

if n is even, 

if n is odd. 
if n is even, 
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Proof: 
 We first show in the case n is even. The isotropy groups in G are {  and    isotropy groups of 

order 4}. Using Corollary 3.2, we find that K(G) = |CentG(x)| + 1. Thus,  
 Next, we prove in the case n is odd. The number of isotropy groups in G under conjugation is:  
{Dn, H  G and n isotropy groups of order 2}. Using Corollary 3.2, we have 
 

 

  
 The following are some propositions that can be concluded from our results. 
 
Proposition 3.2: 
 Let G be a 2-generater group of order 2p, where p a prime number. If G acts on a set S by conjugation, then 

 
 
Proof: 
 We first find the number of conjugacy classes of G. Let p be a prime. The identity element is one of the 
conjugacy classes in G. However, there are n elements in the form , thus the number of 
conjugacy classes is one. On the other hand, the number of elements in the form  are two, 
therefore the number of conjugacy classes are . All elements are included in one of the classes listed above. 

Therefore, the numbers of conjugacy classes in G are   Thus, . Dividing both 

sides by |G| gives   It follows that      
 
Proposition 3.3: 
 Let G be a 2-generater group of order 2p, where p is a prime number. If H is a cyclic subgroup of G and 
|G/H| = p, then  
 
Proof: 
 Suppose that G is a 2-generater group of order 2p. Let H be a cyclic subgroup of G. Assume , thus in 
case of i = n, . On the other hand, since p is a prime number, the center Z(G) is the identity element, so 
that the cyclic subgroups of G are of order 2. Thus, i = 2 and |H| = 2. However, using Proposition 3.2, the 
number of conjugacy classes in G is:  Dividing both sides by |G| gives   Since |G/H| = 

p, |G| = p |H|. It follows that   Since |H| = 2, hence the result follows.    
 
Proposition 3.3: 
 Let Dpq be a finite dihedral group of order 2pq, where p, q are prime numbers and . If Dpq acts on 
itself by conjugation, then   
 
Proof: 
 Suppose that p, q are two prime numbers where , and let Dpq be a 2-generater group of order 2pq. 
Then, the number of centralizers in Dpq is equal to p + q. Therefore, using Corollary 3.2, we find that 

  
   

RESULTS AND CONCLUSIONS 
 
 In this paper, a formula for the commutativity degree in terms of centralizers for dihedral groups has been 
found. Moreover, some upper bounds for the commutativity degree in terms of centralizers for the dihedral 
groups have been constructed. Besides, some results that are related to the commutativity degree are provided. 
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