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Abstract: After presenting the most important mathematical tools in the setting of the pricing of 
defaultable claims, we establish a new hybrid model which is based on the binomial approach and a 
numerical scheme under the risk-neutral probability. The binomial tree in our model allows the pricing 
of both interest rate and intensity of default. The copula approach is also investigated within our 
model, giving the joint distribution of the processes under stochastic parameters. Moreover, the 
numerical scheme relying on the principle of back propagation is applied to calibrate the empirical 
copula. The originality of our work consists on adding the non-linear dependence structure between the 
processes within the pricing of defaultable derivatives. The dependence feature is measured by the 
bivariate Gaussian and the bivariate empirical copulas. The reader is assumed to have some 
background in financial modeling and stochastic calculus. 
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INTRODUCTION 
 
 A credit derivative is a derivative security who's its payoff depend on the occurrence of a credit event. All 
introduced models within this framework (as in Bielecki and Rutkowski (2002)) aim to quantify the risk of 
credit. The latter idea has received a wide attention from researchers since 1974 by the original model of 
Merton. For more details, see Bielecki et al. (2004). These models can be classified into two categories: 
structural and reduced-form approach. However, the researchers prove that hybrid approaches are the future 
modeling of credit derivatives products. Suppose that we are dealing with a portfolio containing one riskless 
asset with deterministic interest rate (rt)t≥0. As in Blanchet-Scalliet and Jeanblanc (2004), the value of a risk-free 
zero-coupon bond at time t with maturity T may be written 
 

. 
 
 Reduced-form approach is based on default time which is assumed to be a positive random variable. This 
random variable τ is characterized by the density function f defined on a probability space (?, G, P) where ? = 
[0, +¥[. As in Bruyère (2005) , Cumulative distribution function associated to the random variable τ is denoted 
Fτ (t) = P(τ ≤ t) and it satisfies these properties : 

Ft(T)= . 
∃ ti < T such Fτ (ti ) = 1 and the default occurs before time ti . 
The default is reflected in a process noted  that describes the instantaneous probability of default: 

 
 
 Where  is the filtration representing all the information available in the market known until the time t 
( see Jeanblanc and Song (2010)), that it is .  
 In other words, the process  expresses the probability that default appears between t and t + δt 
conditionally to the absence of the default before the date t. The hazard function  is 
defined as the primitive of the intensity of default. So, the intensity of default can be easily written as : 

 
 
 Hence, τ is the first jump-time of a time-inhomogeneous Poisson process with deterministic positive 
intensity γ. In this case, the density function of the random variable τ is: 
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 As in Gapeev et al. (2010), the survival probability of the firm until the maturity date T is given by  
 

 
 
Pricing of Defaultable Claim with Payment at Maturity: 
Deterministic Recovery Rate: 
 If the default occurs before the time t the rebate  will be paid at maturity and the value of a corporate bond 
is equal to  Otherwise, no default will be occurred and the price of the DZC is equal to (see Jeanblanc 
and LeCam (2005)). 
 

+  
 

where the value of (t, T ) is defined as the following conditional expectation: 
 

 
 

The couple in the superscript  (t, T ) shows that the payment δ is at maturity T , see Annex (1) 

 
where  is the Expected Discounted Loss Given Default and it is equal to  and  is the 

conditional default Probability . Using the independence of both processes interest rates and 
default time, we obtain the following expressions for the price, with a constant recovery rate and payment at 
maturity, of a defaultable zero-coupon bond: 
 

 
 

 
 

. 
 
 

 Where  (ρ,T ) is the value of the corporate bond in the case of no default until the maturity date. Since 
both variables default-free interest rates  and the default time  are independent, we show, as demonstrated in 
Jeanblanc and Rutkowski (2000), that the price of the corporate bond, at time , is thus equal to 
 

 
  
Stochastic Recovery Rate: 
 In the present section, we postulate that the recovery rate is stochastic that it is a function of the default time 
τ, denoted by ρ(τ ). The price of the DZC can be written as: 
 

 
 

 
 
We can also write as in Rutkowski and Yousiph (2007): 
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 Using the intensity of default, in the case of a recovery paid at maturity, we obtain that the dynamic of the 
DZC is a function of the default time τ. Hence, the value of the corporate bond under the assumption of a 
stochastic recovery rate can be expressed as, see Annex (2). 

 
 
Where 

 
presents the predefault value of the defaultable zero-coupon bond and (r + γ) is the new interest rate. 
 
Pricing of Defaultable Claim with Payment at Hit: 
 In such case of payment, the valuation of the derivative claim is based on the fact that the price of the latter 
product is null when the default occurs before the instant t. So, the price of this asset has the following form: 
 

 
 
Where 

 
 
The development of the conditional expectation gives us the following dynamic of the price: 
 

 
Where:  
 

 as it is explained in the annex (3). 
 
Presentation of Binomial Tree: 
Study of Vascieck model: 
 As models of interest rates, presented in Duffie and Singleton (1999), the Vascieck model deals with risk 
neutral probability. We assume, for example, that the interest rate comes from a diffusion process for the short-
rate, 

 
 
 Where  and  is a Brownian motion. All these parameters are Lipchitz and with 
linear increase. Therefore  
 

 
  
=   
 
 Applying an integration on the interval [0, t] under the assumption that  is deterministic. The solution of 
the latter equation is given by 
 

  
 
which is a Gaussian process. 
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and  
 

 
 
as shown in the annex (4). 
 
Determination of Parameters in The Binomial Tree: 
In The Case of Independence and without Recovery Rate: 
 The hypothesis that the recovery rate is a deterministic function simplifies the dynamic of a defaultable 
product. A particular case is to take a defaultable claim without recovery rate : that is to say that the recovery 
rate is null. In this case, the dynamic of the corporate bond is given by 
 

 
 
with a constant intensity of default γ and a stochastic process showing the interest rate noted by (rt )t≥0. The 
solution of this equation gives us 
 

 
 
 Under the assumption that   is deterministic and using the independence between the interest rates and 
intensity of default, the expectation of the process   is equal to: 

 
 
Hence, we have  

 
 
and the variance of   can be written as 
 

 
 

 
 
 Both expectation and variance of the DZC with a null recovery rate give us two equations of the desired 
system. The third one is the same added by Cox Ross et Ruinstein. 

 
 

 
 
 Ud=1 
  
The resolution of the latter system ends at the following results: 
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where 
 

 
 

 
 
In the Case of Non-Independence and a Stochastic Recovery Rate: 
 In the general case, we assume that all the parameters are stochastic and the processes  and 
are correlated. Hence, the dynamic of the corporate bond, with a stochastic recovery rate ρt that is supposed 
equal to with a real ρ ∈]0, 1[, satisfies the following equation showing in the annex (5): 
 

 
 
 Where  is the stochastic interest rate process and  presents the intensity of default. Applying 
Itô formula, the solution of the latter dynamic can be written in terms of the small interval  as follows: 
 

 
 
Under the assumption that  is deterministic, the expectation of the process   is equal to: 

 
 

 
 
where  presents the new intensity of default associated to the default time τ. The copula 
approach, as Nelsen has defined in (1999), is very natural to calculate the last expectation because the copula 

functions allow us to construct the joint distribution of  and  Since the margins of the 
distribution are unknown, we use a semi- parametric method. The semi-parametric method is presented to 
estimate the parameters of unknown dependence of the chosen copula. 
 Bivariate Gaussian copula In the case of a Gaussian multivariate copula, the only parameter to be estimated 
is the correlation matrix  (see Denuit and Charpentier (2004)) from the observations of the value of 
derivatives products presented in the binomial tree in Figure (1), with the diagonal matrix 
 

 
 
 The estimation of the parameter  is based on the prices of the interest rates  and the default intensity

 shown in the binomial trees : for each fixed time  and  is a positive integer showing 
the number of the steps within the binomial tree, we calculate the empirical mean of all prices at this time, like it 
is described in the 8 first state in algorithm 4.2.1 . Hence, we find n observations of both interest rates and 

intensity of default. Therefore, we construct two random variables  and

 that allow us to estimate the coefficient of correlation. The parameter  is seen as 

the correlation matrix of the vector  where  is the generalized inverse of the 
Gaussian distribution and  presents the cumulative distribution function of X and Y respectively. 
As Denuit and Charpentier in (2005) since the distribution functions are unknown, we use a nonparametric 
estimation based on the empirical distribution function, defined by : 
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Where   and   represents  the  historical  value in the  binomial  tree  of the random variable 
X and Y. After estimating the distribution functions, the correlation parameter ρ can be written as 
 

 
 

With  and )) correspond to the empirical mean of  and  
respectively. To determine the expectation of these variables, we write them in terms of Gaussian copula which 
is based on the correlation matrix. We have 
 

 
 

 Where   is the density of the Gaussian copula,   and   are the marginal densities of X and Y 

respectively. Using the invariance of copula functions by increasing and linear transformations,   is the 
density of a copula even though we have started of a reduced 
centered Gaussian vector. Then 
 

     
 

where   
 
 After some simplification , we link the multivariate density with univariate densities and density of the 
copula as shown in this equation 
 

 
 Where I is the identity matrix of size 2 * 2 and ζ T  = (  −1(F1(x)),  −1(F2(y))). We take another time the 
dynamic of the corporate bond  mentioned above with a stochastic recovery rate ρt . Since the processes

 and  are correlated with a Gaussian copula, we estimate the mean and variance of  to 
determine the parameters of the binomial tree. 
 Bivariate empirical copula The notion of empirical copula is based on the marginal empirical distribution 
function. Given a sequence of observations (x1, ..., xn ), where n ∈{1, ..., N} and N is the number of the steps in 
the binomial tree, associated to the random vector X. First let us introduce the empirical cumulative function 
based on the vectors (x1, ..., xn ) and defined  
∀ n ∈{1, ..., N } by 

 
 
 The convergence of the empirical distribution function to the theory one is ensured by the theoretical of 
Kolmogorov-Smirnov : ∀x ∈  ℝ,  limn→∞ H�n (x) = HX (𝑥𝑥) , where  is the theoretical distribution function of 
the random variable X. We can generalize the expression of the empirical distribution function to the 
bidimensional case by setting : 
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Fig. 1: Construction of a random variable from the binomial tree. 
 
 We are now in a position to take a sequence of independent and identically distributed random vectors (Xk , 

Yk ) k=1,...,n , showing the values of the processes  and   given by the binomial tree. The bivariate 
empirical copula, denoted by  is the function defined by  
 

 
 

for  and  are the quintile functions, it means for example that 
 . We can also see that 
 

 
 
Hence, the empirical density of the copula denoted by  can be written 
 
 

  
 

  
 

 The density  behaves like a random measure which puts  at each of the points  for  and 
N is the number of the steps in the binomial tree. Note that the relation between the empirical copula  and its 
empirical density  is expressed by 
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 It would be interesting to know, at this point, that the empirical copula previously calculated corresponds to 

the distribution function of a random vector whose margins are uniformly distributed over the set  
The next step is to identify the empirical density  from the last values of  and using the following expression 

 
 In Figure (2) , the last equation is converted to a numerical scheme, by discretization, in order to 

approximate the values  by  with  and  are the steps 
of  and  respectively. Thus, the partial derivative of the density with respect to variables  and  as explained 
in the annex (6), equals 
 

 
 

for  and  Thus, we determine the values of the empirical density  over a grid 
supposed to be presented on  This numerical scheme allows us to discretize the dependence structure and it 

leads to solve the first problem of modeling. We take again the change of variables  

and  to calculate the expression in section (4.2.2). Combination of the binomial 
method with the numerical scheme may be written, after some simplifications, as 
 

 
 
where  and  are equal to the step in the binomial tree, for  and

 Therefore, we find the parameters in the binomial model under the assumptions that the 

processes  and  are correlated with a stochastic recovery rate  
 

 
 
Fig. 2: Back propagation principle : Empirical density from 9 values of the copula. 
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Algorithm 4.2.1 Determining parameters in the binomial model: 
1. Begin Calibration of copulas: 

2. Initial value , steps of binomial tree N, stepbetweentwo successive dates h 
3. for  do 
4. for  do 

5. Calculate empirical mean of  

6.  
7. Endfor 
8. Endfor 
9. for  do 

10. Estimate the margins  

11.  
12. Endfor 
13. for  do 

14. Estimate the margins  

15.   
16. End for 
17. Estimate the copula using the binomial tree and its empirical density. 
18. End Calibration of copulas 
 
Defaultable Claim in Terms of American Option: 

 Assuming that the interest rate is stochastic and it is correlated with the process presenting 
the defaultable claim. We define an American option over the derivative product. Assuming that T is the 
maturity date and K is the strike price of the defaultable claim. The prices of calls, denoted  and puts, 
denoted , are givenunder theriskneutralvaluation 
 

 
 

 
 

Where Notice that  the American 
call option equals 

. 
Then, the distribution function of the process  may bewritten as  

 
In a similar way, we find a relation between the distribution function of  and the American 
put option 

 
 
 Hence, we can express the prices of options defined over several underlying such as binary options, options 
on the maximum and spread options in terms of copula. But before that, we have to evaluate the American 
option over the derivative product (see Musiela and Rutkowski (1997)) The pricing of this option in a risk-
neutral world is based on the binomial approach. 
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Valuation of an American Option Over a Defaultable Claim: 
 The binomial method shown in Figure (1) is used for pricing European options and it can be extended for 
American ones with adjusting instructions and hypothesis. In order to calculate the price of an European option, 
we search its value at each node in the binomial tree by the backward approach. As the European option, the 
American one uses the same techniques by testing at each node if it is optimal or not to an early exercise of the 
option. Hence, the price of the option is the maximum of these values: 
The discounted value of option , where is the increasing value of option and isat 
down. 
 The procured payoff given by the anticipate exercise of our option which has the following representation :

with a call or in the case of put. 
Let us take an American option for example an American put defined on a DZC whose life is divided in N 
periods of length  . Note  the  node associate at date with 

and is the value of the option at the corresponding knot  
 
Implementation: 

 At this position in the binomial tree, the price of the DZC can be written as : .On the other hand, an 
American put is evaluated as . Since all the parameters are stochastic and correlated, the 
algorithm of the American option, as shown in algorithm(5.2.1), defined on the derivative makes a call for the 
algorithm (4.2.1) calibration of copulas. The exact value of the American put is obtained when δt is more and 
more near of zero. 
 
Algorithm 5.2.1 Pricing an American put over a defaultable claim in the binomial model 
1 :Pricing American put 
2 : Initial values from Algorithm 1 
3: Initial strike price K, Initial steps of the binomial tree N, 
4 : for  
5 : for do 

6 : ;  

7 :  

8 :  

9 :  
10 :  
11 :  
12 :  
13 : Pricing American put 
 
Conclusion: 
 In this paper we gave the methodology to price defaultable claims and we elaborate a new hybrid model 
under the risk-neutral probability based on the binomial approach and a numerical scheme. In order to motivate 
our valuation results, we added the non-linear correlation between the two processes the interest rate and 
intensity of default. In order to illustrate this idea, the copula functions have been presented in a discrete 
numerical scheme based on the principle of back propagation. This model can be easily extend to the case of 
valuation of options over several assets embedding defaultable claims, which is the purpose of section (5). The 
results of our model are very useful because considerable resources reserved in a measure to cover and quantify 
the credit risk. In addition, the model may be easily implemented while being attentive during the nesting of two 
algorithms. 
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Annex: 
1. We developed the conditional expectation in terms of the conditional default Probability denoted by DP as 
follow : 

 
 

 
 

 

 
2. To give a general form of the DZC dynamic, we can write : 

 

 
Using the independence of interest rates and default time, the price of the corporate bond can be expressed as 

 

 

 
 
3. We give the predefault value of the defaultable zero-coupon bond with a stochastic 
recovery rate and the intensity of default : 
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where 

 
With the assumption that is a Gaussian process, its variance can be expressed as : 
 

 

As in the case of 
payment at the default time, the price of a corporate bond is written 

in this form  to simplify the writing and is given by , where shows the predefault price of 
the corporate bond : 

. 
 
The idea of taking the simplifying assumption comes from Bielecki et al. (2006) which is the best of our 
knowledge to model a stochastic recovery rate with . Hence, 

 
and  

 
 

 
The solution of the latter equation can be expressed in terms of the small interval δt 
as follows : 

, 
where  
 
6. The transformation of the equation to a numerical scheme is based on the partial 

derivatives of the copula function with respect to the variables  and : 

 

 
Where  and  , for  and . 


