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 The control of spherical tank level process is complex because of its dynamics are 
highly nonlinear and time varying with change in gain of several orders. Hence in this 

work, modeling and control of spherical tank level process is considered. The 

mathematical model of spherical tank level process is developed and a fuzzy clustering 

based control system is proposed for a spherical tank level process. The dynamics of 

the process are derived from the differential equation and worst case model parameters 

are identified by influencing the step test technique. Here Recursive Least Squares 
(RLS) fitting method is also adapted to yield the optimized PI controller parameters. 

The simulation results are furnished to illustrate the effectiveness of proposed 

controller. 
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INTRODUCTION 

 

 Conventional controllers like PID type are quiet 

popular in the process control industries in spite of 

several advanced and increasing sophistication in the 

control system theory. In the same way, design of PI 

controllers have been of main attention to control 

engineers for a long time because it helps a lot with 

the efforts in commissioning and operation of 

systems. Many approaches have evolved for tuning 

the controllers since 1942 when Ziegler and Nichols 

(ZN) (Ziegler, J.B. and Nichols, N. B) pioneered a 

unified systematic tuning approach for tuning the 

PID controller. In 1984, Astrom and Hagglund 

(Astrom.K.J. and Hagglund,T) introduced the relay-

feedback test which arguably marked the coming of 

PID auto-tuning. However, in case when some of 

system parameters or operating conditions are 

uncertain or unknown , the fixed PID controller does 

not guarantee the good performance which is 

assumed with precisely known system parameters 

and operating conditions. In view of this and 

robustness enhancement of non linear process, an 

automatic tuning of PI learning controller by utilizing 

RLS estimator with a set of learning rules for PI gain 

tuning is referred.  

 But, the typical highly non linear control 

requirements and low offset tolerance of their 

applications, the control of these systems is 

particularly challenging since PID control usually 

may not suffice in these non linear applications. Tang 

and Mulholland (K.L.Tang and R.J. Mulholland) 

have discussed about the comparison of fuzzy logic 

with conventional controller. To overcome these 

problems, Fuzzy clustering technique is (K. M. 

Bataineh*, M. Najia and M. Saqer) proposed and 

implemented for a spherical tank level process. 

 An effective approach to the identification of 

complex nonlinear system is to partition the available 

data into subsets and approximate each subset by a 

simple model. Fuzzy clustering can be used as a tool 

to obtain a partitioning of data where the transitions 

between the subsets are gradual rather than abrupt. 

This section gives an introduction to the basic 

concepts of fuzzy clustering and simultaneously 

serves as a reference to clustering algorithms that can 

be used to construct Takagi-Sugeno fuzzy models 

from data. 

 This paper address the design issue by 

demonstrating good performance of the fuzzy 

clustering-based methods, which identifies clusters 

from the input-output data and constructs 

membership function thereby generating a fuzzy rule 

for each cluster. In this paper, the Spherical tank 

level process has been considered as a typical 

representative of inherently nonlinear control system, 

thus it is an ideal choice for testing the modeling 

capability of the modified Gath–Geva(G-G) 

clustering algorithm.  

 The main contributions of the work presented in 

this paper are precisely simulation study of modified 

Gath - Geva (G-G) clustering algorithm Control 
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Strategy in a Spherical tank level process and 

analysis of the performance criterion. In section 2 the 

process description of spherical tank is summarized. 

The design and structure of modified Gath–Geva(G-

G) clustering Control Strategy is detailed in section 3 

Simulation time results are analyzed in section 4. 

Finally, section 5 is summing up of the entire work. 

Process dynamics: 

 The spherical tank level system is shown in 

Figure 1. Here the control input fin is being the input 

flow rate (m
3
/s) and the output is x which is the fluid 

level (m) in the spherical tank 

 

r - x
r

r-surfaced0

d0

 
 

Fig. 1: Spherical Tank System. 

 

Let, r = radius of tank  

d0 = thickness (diameter) of pipe (m) and initial height 

r surface = radius on the surface of the fluid varies according to the level (height) of fluid in the tank.  

Dynamic model of tank is given as  
𝛿

𝛿𝑡
   𝐴(x)𝛿x

𝑥1

0
  = fin (t) – a  2𝑔x                          (1) 

 Where 𝐴(x) = area of cross section of tank = π (2rx − 𝑥2)                      (2) 

a = area of cross section of pipe = π  
d0

2
 

2

                        (3) 

 Re write of dynamic model of tank at time t + 𝛿𝑡 

A x  δx = fin  δt − a 2g(x − d0) δt                        (4) 

 By combining equation (1) to (4) we have 

𝛿x

 𝛿𝑡
 = 

 fin  𝛿𝑡− 
π. 𝑑0

2

4
 2𝑔(x−d0) 

π (2rx−𝑥2) )
              (5) 

 𝑙𝑖𝑚𝑑  →0  
𝛿x

 𝛿𝑡
= 

𝑑x

 𝑑𝑡
 

Therefore 

 
𝑑x

 𝑑𝑡
=  

 fin  𝛿𝑡− 
π. 𝑑0

2

4
 2𝑔(x−d0) 

π (2rx−𝑥2) )
              (6) 

Equation (6) shows the dynamic model of the spherical tank system  

 

Identification of Model Parameters and Controller 

Settings: 

 The spherical tank level system is kept at a 

steady state of different operating point of 20%, 

40%, 60% and 80%. A step size of 5% level for each 

operating point is applied and the variation of level 

against time for each operating point is recorded 

separately until a new steady state is attained and it is 

summarized in Figure 2.. From the recorded data, the 

model parameters such as process gain (Kp) time 

constant (τp) and delay (td) are computed and 

tabulated in Table 1. From the table, the worst case 

model parameters such as larger process gain (Kp) 

larger time constant (τp) and lower delay (td) are 

considered.( S.Sathishbabu.and,Bhaba P.K)  

 
Table 1: Identification of Worst case Model parameters  

Operating Point (%) Kp τp td 

20 0.864 96.45 17.85 

40 1.23 219 8 

60 1.52 258.9 8.9 

80 1.76 174.5 13.25 
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Fig. 2: Identification of model parameters. 

 

 The identified worst case model parameters for 

the spherical tank system is given by  

G s =  
1.76

96.45s+1
 e−17.85s                           (7) 

 Based on these model parameters, PI mode 

controller settings (Kc=2.7629 and Ki=0.04648) are 

obtained by Z-N tuning rule. 

 

PID
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+
Step
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Process

 
 

Fig. 3: RLS Construction in the SP tank process. 

 

 The configuration of RLS is shown in Figure 3 

which comprises of a relay connected in parallel with 

PID controller for control of non linear system. In 

this, the closed loop PI controller settings is 

incorporated in the PI loop by influencing the step 

input. However, as will be illustrated in this section, 

the chattering signals can be used in the tuning of an 

equivalent optimized PI controller which may 

subsequently replace the PID-relay construct. 

 

Recursive least square estimation (RLS) algorithm: 

 The RLS fitting method is applied to the input 

and output chattering signals of the relay construct to 

yield the gains of the optimized PI controller. 

 The PI controller is described by 

u t = kc e + ki  e dt 
t

0
            (8) 

The above equation can be written in a matrix form 

as 

u(t) =  e  e
t

0
  

kc
ki

                           (9) 

u(t) = θ(t) φ
T
                        (10) 

Where  

θ(t) =  
kc
ki

  and φ
T
 =  e  e

t

0
                       (11) 

 The RLS algorithm with a time varying 

forgetting factor can be directly used here as vt and T 

are available, the update of θ(t) can be expressed as  

θ t =  θ  t − 1 + k t ε(t)                      (12) 

 where θ  t − 1  refers to the controller settings 

identified during the last cycle, ε t  and k t  are the 

error signal and Kalman gain vector, where 

ε t =  u t −  фT
θ  t − 1                       (13) 

k t = p t − 1 ф(λI + ф
Tp t − 1 ф)−1        (14) 

p t =  I − k t ф
T p t − 1 /λ                      (15) 

 where λ is a forgetting factor (0<  λ < 1). There 

are two matrices to be initialized for the recursive 

algorithm and p(0) and θ(0). It is usual to initialize 

p(0) such that P0=αI , where α is a large number 

(10
4
– 10

6
) and I is the identity matrix. θ(0) is set to 

be the gains of the PI controller before tuning. The 

robust control configuration, comprising of the relay 

and the controller, puts a high gain in the loop and 

ensures satisfactory closed-loop performance. 

Although it incurs a chattering phenomenon, the 

chattering signals are used to tune PI controller 

parameters. 

 

Modified Gath - Geva (G-G) clustering algorithm: 
 The Modified Gath-Geva (G-G) clustering 

algorithm (Abonyi J., Babuska R. and Szeifert F ) 

employs a distance norm based on the Fuzzy 

Maximum Likelihood Estimates (FMLE) proposed 

by Bezdek and Dunn. Given the data set Z, choose 
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the number of clusters as 1<c<N and the termination 

tolerance 0ε  . The Modified Gath - Geva 

algorithm is same as that of G-K, only the 

computation of distance norm involves an 

exponential term and thus decreases faster than the 

inner-product norm. Where w = 1 in the original 

FMLE algorithm, but in this work w = 2 weighting 

exponent is used, so that the partition becomes more 

fuzzy to compensate the exponential term of the 

distance norm. 

 

 
 

Fig. 4: Block diagram of an internal model control scheme based on MGG clustering algorithm. 

 

 The following steps are repeated using 

MATLAB software for j=1,2,…. 

Step (1): Compute the cluster prototypes (means): 

ci1,
N

1k
)(μ

N

1k
Z)(μ

V
w1)(j

ik

k
w1)(j

ik
(j)
i 











        (16) 

Step (2): Compute the cluster covariance matrices: 
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(j)
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         (17) 

 The priori probability of selecting cluster i is 

given by 





N

1k
μ

N

1
P

1)(j-
iki            (18) 

    where ci1  , 

Step (3): Compute the distances: 

   









 j
ik

1
wi

Tj
ik

i

wi
ik

2
ik vzFvz

2

1
exp*

P

)(Fdet 
)v,(zD

 

      

where ci1  , Nk1                         (11) 

Step (4): Update the partition matrix: 

 If 0FD wiik   for ,Nk1,ci1 

  

 







c

1n
)F/DF(D

1
μ

l)2/(m
winkwiik

(j)
ik

   

 Otherwise 

[0,1]μand,0FDif0μ
(j)
ikwiik

(j)
ik           (19) 

 1
c

1i

μwith
(j)
ik 



 

 Until ║
1)(j(j) UU  ║< ε . 

  Using modified G-G clustering technique, 

forward and inverse fuzzy models are developed. 

The internal model controller is designed using 

developed forward and inverse models. The general 

structure of Internal model controller based on MGG 

clustering algorithm is shown in Figure.4. 

 

RESULTS AND DISCUSSION 

 

 To verify the effectiveness of the proposed 

controller, a simulation is carried out in the spherical 

tank system with Modified Gath - Geva (G-G) 

algorithm. Initially the tank is maintained at 40 % 

operating level, after that, a step size of +5% of level 

is applied to control loop. Similar test runs of RLS 

based PI and conventional PI control values are 

executed and their responses are recorded in Figure 

5. To validate the proposed controller, the same 

procedure is repeated for 50% and 55% level and 

traced in the same figure. From the results, the 

performances are analyzed in terms of ISE and IAE 

and tabulated in Table 2. The results prove that 
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Modified Gath - Geva (G-G) controller dominates 

the other controllers.  

 

 

 
 

Fig. 5: Comparison of performances of ZN-PI, RLS-PI and MGG-IMC . 
 

Table 2: Performance Indices at different Operating range  

 

Controller 

Integral square error 

Setpoint change 

(40 to 45) 

Setpoint change 

(45 to 50) 

Setpoint change 

(50 to 55) 

ZN-PI 1300 1505 1920 

RLS-PI 1220 1498 1890 

MGG-IMC 1027 1429 1820 

 

Conclusion: 

 In this paper, Modified Gath - Geva (G-G) 

algorithm is developed and implemented for a 

spherical tank level system. This method is 

appropriate to process control applications with a 

large delay, where a conventional PI controller is 

yield a poor performance. In addition, the relay 

feedback with RLS estimator set up is used to 

estimate an computation of the optimized PI 

controller parameters. The simulation results are 

furnished to illustrate the efficiency of Modified 

Gath - Geva (G-G) algorithm with that of PI 

approach method. 
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