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 In this paper, a novel wavelet packet denoising method has been proposed for image 

denoising, which can reduce the noise from the noisy image contaminated by additive 

white Gaussian noise. The result obtained by using proposed method show improved 
performances over existing method (Ismail, B., et al.). 
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INTRODUCTION 

  

Wavelets with vanishing moments are very 

effective for representing piecewise smooth images. 

However, wavelets are ill-suited to represent long 

oscillatory patterns in images with abundant textures. 

These oscillatory variations of intensity can only be 

represented by small-scale wavelet coefficients. As a 

result, those small-scale coefficients are quantised to 

zero in the low bit rate image compression and are 

thresholded or shrunken to zero in image denoising, 

which degrades compression and denoising 

performance. Over-complete wavelet packet 

(Coifman, R.R., 1993) contains a mass of libraries of 

waveforms, from which the best wavelet packet base 

can be found to efficiently represent long oscillatory 

patterns. For image compression, the best wavelet 

packet base can be obtained by pruning the full 

wavelet packet decomposition of the image in terms 

of predefined cost function. Various cost functions 

have been developed, including the vector entropy 

(Coifman, R.R., 1993), the cost functions involved in 

the rate-distortion and quantisers (Kim, W. H., et al., 

Meyer, F. G. et al. and Ramchandran, K. et al.), and 

the cost functions dependent on the coding strategy 

(Rajpoot, N. M., et al.). In the aforementioned 

methods, the filter bank at each node of the wavelet 

packet tree is fixed and what is adaptively selected is 

the tree structure of wavelet packet decompositions. 

It has been shown that the best wavelet packet bases 

obtain better performance than the standard wavelet 

bases. Additionally, adaptive subband decomposition 

(Gerek, O. N. et al.) and nonlinear wavelet 

transforms (Claypoole, R. L., et al.) are also used to 

improve compression performance in a different 

adaptive mode and what are adaptively selected are 

the filter’s coefficients at the nodes of wavelet 

decompositions.  

Sometimes the images are degraded by additive 

white Gaussian noise due to a noisy channel or faulty 

image acquisition system. Due to imperfection of 

image acquisition systems and transmission 

channels, images are often corrupted by noise. The 

degradation leads to a significant reduction of image 

quality and then maps more difficult to perform high 

level version tasks such as recognition etc. In image 

denoising selecting the best wavelet packet target 

image as well as a great diversity of filtering methods 

in the transform domain. To overcome such 

problems, very recently, a new thresholding method 

is applied for denoising speech signal using wavelet 

packet transform (Sharma P., et al.). In the present 

paper, a novel wavelet packet denoising method has 

been proposed for image Denoising. It can 

effectively reduce the noise from the noisy image 

that is contaminated by additive white Gaussian 

noise. To evaluate the denoising performance, we 

compare our method with existing method (Ismail, 

B., et al.). The results obtained show improved 

performances over existing method. 
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2. Preliminaries: 

Let   and  represent the set of real numbers and integers, respectively. The inner product of two 

functions )(, 2 Lgf   is denoted by 

dxxgxfgf 


)()(,  

where bar represents complex conjugation. The set )(2 l  is the vector space of square summable 

sequences, i.e.  

)(2 l ={  





0

2
:

k

kkk hh  } 

Definition: 

(Ahmad K. et al.): A multiresolution analysis (MRA) is a sequence  
jjV  of closed subspaces of 

)(2 L  satisfying the following properties: 

(i)   jVV jj ,1  

(ii) jj V  is dense in )(2 L  and  0 jj V  

(iii)   jVxfVxf jj ,)2()( 1  

(iv)   kjVkxfVkxf j

j

j ,,)2()(   

(v) There exists a function 0V  such that   kkx :)( forms a Riesz basis for 0V . 

The function   mentioned in (v) is called a scaling function of the given MRA or father wavelet. 

Let 0W  be an orthogonal complement of 0V  in 1V , i.e. .001 WVV   Then, if we dilate the elements of 

0W  by ,2 j
 we obtain a closed subspace jW  of 1jV  as 

 jWVV jjj ,1  

 A function 0W  whose translates   kkx :)(  form a Riesz basis of 0W  is called a 

mother wavelet. We assume that such a function exists. Since 0W  and 0V  are both subspaces of 1V  recursion 

relations 

   
k

k kxhx )2(2)(   

and           
k

k kxgx )2(2)(   

must hold for some sequences }{},{ kk gh  in 
2l (). We denote the scaled translates of   and   by  

)2(2)( 2/

, kxx jj

kj    

and                                                 )2(2)( 2/

, kxx jj

kj    

In fact, },:{ , kjkj  is an orthonormal basis for  jW j ,  due to (v) and by the definition of 

jW . Hence },:{ , kjkj  is an orthonormal basis for )(2 L ( Ahmad, K., Kumar R. et al.) which shows 

that   is an orthonormal wavelet on  . 

We can represent any function (or signal)  2Lf   in terms of wavelet function kj ,  and its scaling 

function kj ,  as 







0

00
)()()()()( ,,

jj

kjj

k

kj

k

j xkdxkcxf   



596                                                                             Pankaj Sharma et al, 2015 

Australian Journal of Basic and Applied Sciences, 9(31) September 2015, Pages: 594-599 

where 0j  is any arbitrary starting scale and the )(
0

kc j ’s are usually called the approximation or scaling 

coefficients and )(kd j ’s are called the detailed or wavelet coefficients. The expansion coefficients are 

calculated as follows: 

dxxxffkc kjkjj  )(~)(~,)( ,, 000
  

and             dxxxffkd kjkjj )(~)(~,)( ,,    

The function so expanded is a sequence of numbers, like sample points of a continuous function f . If the 

resulting coefficients are discrete, the series expansions are defined by the following equations  
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For 0jj  , f  can be expressed as 

)(),(
1

)(),(
1

)( ,,0

0

0
xkjW

M
xkjW

M
xf kj

kjj

kj

k

  




  

where f , kj ,0
 and kj ,  are the functions of discrete variables x = 0, 1, 2, 3,…, M−1. 

Lemma (Ahmad, K., Kumar R. et al.). Let jj }{  and  jj }{  be two sequences in  2l . Let H be 

a Hilbert space with orthonormal basis kke }{ . Then, the sequences 

 
k

kkjj ef 22 2   

and                                                   k

k

kjj ef    212 2   

are orthonormal bases of two orthogonal closed subspaces 1H  and 0H , respectively, such that 

01 HHH   

Using this “splitting trick” (Ahmad, K., Kumar R.), we now define the basic wavelet packets associated 

with a scaling function   as defined in MRA. The basic wavelet packets ......,2,1,0, jj , associated with 

the scaling function   are defined by 

)2(2)(2 kxhx n

k

kn   

 

and 

 

where  0  and  1  are father and mother wavelets, respectively. Corresponding to some 

orthonormal scaling function , the family of wavelet packets }{ n  defines a family of subspaces of )(2 L  

as follows: 

U
n

j
span  k

j

n

j kx )}2(2{  , .....,2,1,0n  

We observe that  

 jV jjU ,
0

 

and                                                        jW jjU ,
1

 

Therefore, the orthogonal decomposition can be written as 

UUU jjj

100

1



 

A generalisation of the above result for other values of n  can be written as  

)2(2)(12 kxgx n

k

kn   
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3. Proposed Methodology: 

Let the contaminated image signal I be as 

follows: 

𝐼 𝑟, 𝑐 = 𝐼𝑜 𝑟, 𝑐 + 𝐼𝑛 𝑟, 𝑐  

where 𝐼𝑜 𝑟, 𝑐  is the original image and 𝐼𝑛 𝑟, 𝑐  

is the noise with following two conditions: 

(i) The energy of 𝐼𝑜 𝑟, 𝑐  is captured, to a high 

percentage, by transform values whose magnitudes 

are greater than a threshold 𝑇𝑠 > 0. 

(ii) The noise signal’s transform values all have 

magnitudes which lie below a noise threshold 

𝑇𝑛 < 𝑇𝑠. 

Then, the noise in 𝐼 𝑟, 𝑐  has been removed by 

wavelet packet thresholding. All the values of its 

transform whose magnitudes lie below the noise 

threshold 𝑇𝑛  are set to zero and an inverse transform, 

providing a good approximation of 𝐼 𝑟, 𝑐  (Sumitra, 

M. G., et al.). 

 

4. Implementation: 

The proposed method can be implemented by 

the following steps: 

Step 1: We have loaded an image of size 

96 × 96. 

Step 2: We have taken it as an original 

signal 𝐼𝑜 𝑟, 𝑐 . 

Step 3: It is now contaminated by white 

Gaussian noise 𝐼𝑛 𝑟, 𝑐  to get noisy image  𝐼 𝑟, 𝑐 . 

Step 4: As we have already described that 

wavelet packet is a generalisation of wavelets, so we 

have used fourth order Daubechies wavelet as mother 

wavelet, i.e. db4. 

Step 5: The noisy image signal is treated 

with wavelet packet transform along with proper 

threshold value. To choose optimal threshold value 

we have considered a basic assumption. Since noise 

in image signal is additive white Gaussian noise, it 

has a variance with invariant of time. Also, most of 

the noise variance lies on detailed coefficients of first 

level of decomposition. So, the fixed global threshold 

is employed when noisy signal is analysed in each 

scale.  

Threshold value is estimated with the 

coefficients as thr = 𝜎 2 log 𝑁 /𝑁, 

where the variance 𝜎 can be estimated using 

median estimator as 

𝜎 =
median 𝑐𝑖 

0.6745
, 

where 𝑐𝑖  are the high frequency wavelet 

coefficients. The factor 0.6745 rescales the 

numerator so that 𝜎 is a suitable estimator for the 

standard deviation of Gaussian white noise. A soft 

thresholding is used to shrinkage the detailed 

coefficients of the noisy image signal. 

Step 6: Results obtained by this method 

are tabulated in Table 1. 

Step 7: The denoised image 𝐼 𝑟, 𝑐  is 

reconstructed by applying inverse wavelet packet 

transform by keeping all approximated coefficients 

and all thresholded detailed coefficients. 

Step 8: To evaluate the performance of the 

proposed method the MSE values are found using the 

formula 

MSE =
1

𝑀𝑁
   𝐼 𝑟, 𝑐 − 𝐼𝑜 𝑟, 𝑐  

2

𝑁−1

𝑐=0

𝑀−1

𝑟=0

 

where 𝑀 = 𝑁 = 0, 1,⋯ , 95. 

 

5. Simulation and Results: 

For the simulation of the proposed method, an 

original image of size 96× 96 has been loaded, 

shown in Fig. 1(a). Original image is now 

contaminated by additive white Gaussian noise 

(AWGN) with zero mean and variance 𝜎2. This 

noisy image, shown in Fig. 1(b), is used as the test 

image for the simulation of proposed method. Noise 

is now reduced using proposed method which is 

shown in Fig. 1(c). From the figure it is clear that the 

noise has been greatly reduced. Daubechies (db4) 

wavelet is used to decompose the signal upto 3rd 

level.

 
Table 1: 

SNR 
(in dB) 

Mean Square Error 

Existing Method Proposed Method 

-5 30.9011 29.3223 

0 41.5663 35.0091 

5 51.5735 41.9211 

10 59.6338 48.3221 

15 69.6111 54.9320 

20 90.3465 65.1133 

25 180.4070 78.1897 

 

To evaluate the performance of the proposed 

method MSE is computed for various values of SNR, 

i.e. 5, 0, 5, 10, 15, 20, 25 dB. The results obtained, 

from the simulation, are given in the Table 1. These 

noisy signals are then filtered using the method 

described in (Ismail, B., et al.) and the proposed 

method. The comparison between existing method 

and proposed method is shown in Fig. 2. The 

proposed technique is simulated using Matlab 

(R2010a).
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Fig. 1:  

 

 
Fig. 2: Existing Method vs Proposed Method 

 

Conclusions: 

In the present work, an image denoising method 

based on wavelet packets decomposition is proposed. 

To choose optimal threshold value we have 

considered a basic assumption. Since noise in the 

image signal is additive white Gaussian noise that 

has a constant power spectral density (psd) for all 

frequencies. Hence, the fixed global threshold is 

employed when noisy image is analysed in each 

scale. A very popular wavelet proposed by 

Daubechies (db4) is used as mother wavelet. To 

evaluate the performance of the proposed method 

mean square error is computed for different values of 

SNR. The result obtained is compared with Ismail 

and Khan’s method (Ismail, B., et al.) (which is well 

suited if the size of the data increases) and it is found 
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that the proposed method gives better result even if 

data size is low. 
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