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INTRODUCTION 
 

The mass-dependent effective interactions of the M3Y type were derived from the core systems A = 16, 24, 40 and 90 based on 

the Low-Order Constrained Variational (LOCV) approach in 2002 (Fiase et al., 2002), but their applications weren't studied 

straight away at the time. However, one of the strong bases for discussing their strengths and weaknesses is to examine their 

applications, one of which is a core matter. Mainly, symmetric nuclear matter (SNM), as a testing ground (Bohr and Mottelson, 

1969) for effective interactions, presents a solid basis for determining the strengths and weaknesses of the new mass-dependent 

interactions. . Since this was well known, this nuclear matter was used in earlier work as a starting point to determine the viability 

of the effective interactions (Ochala et al., 2020). Accordingly, it was reported in that paper that the B3Y-Fetal, B'3Y-Fetal, 

B*3Y-Fetal and B†3Y-Fetal effective interactions, based on nuclear systems A = 16, 24, 40 and 90 respectively, predicted the 

binding energies, ε = 15.2, 14.5, 11.2 and 8.2 MeV, respectively, for SNM at the saturation density, ρ0 = 0.17fm-3. These results of 

(Ochala et al., 2020) have shown the B3Y-Fetal and B'3Y-Fetal effective interactions, based on the nuclear systems A = 16 and 

24, respectively, to give an accurate description of the binding energy per nucleon (ε = 16.0±1 MeV) of SNM at the saturation 

density, ρ0 = 0.17fm-3. In contrast, the B*3Y-Fetal and B†3Y-Fetal effective interactions, based on nuclear systems with A = 40 
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and 90 respectively, have failed to give an accurate description of nuclear matter properties at saturation. Nuclear matter 

calculations have shown the decreasing values of binding energy per nucleon, obtained with the various effective interactions, 

with increasing mass number, A (Ochala et al., 2020) to be due to the mass dependence of the effective interactions. This is the 

first level of viability test. 

 

This work is based on one’s strong conviction that nuclear matter alone is not a sufficient test for the viability of effective 

interaction. Thus, having subjected all the mass-dependent effective interactions to nuclear matter calculations in (Ochala et al., 

2020), the two most viable mass-dependent effective interactions, the B3Y-Fetal and B’3Y-Fetal, are to be applied to nuclear 

reactions in this work, with the B’3Y-Fetal effective interaction as the essential, new element. The B3Y-Fetal effective interaction 

has been successfully used in nuclear matter calculations (Ochala and Fiase, 2018; Ochala et al., 2019) and nuclear reactions 

(Ochala et al., 2020a; Ochala, 2021) in which it demonstrated excellent agreement with the M3Y-Reid and M3Y-Paris effective 

interactions. For this reason, it is used as a standard with which the B’3Y-Fetal is compared in this study. This application of the 

B’3Y-Fetal to nuclear reaction is its second level of viability test. 

 

In this study, the mass-dependent interactions are applied to nuclear reaction involving light heavy ions within the framework of 

double folding model to calculate their real optical potentials. The main objective of this paper is to determine the effect of mass 

dependence on the form and character of the B’3Y-Fetal in nuclear reactions compared with the B3Y-Fetal.  

 

To do this, the direct and exchange components of the real folded potential (optical potential) derived from the B’3Y-Fetal will be 

computed in 16O +16 O nuclear reaction at the incident energies of 160, 480, 960 and 1440 MeV, and compared with those of the 

B3Y-Fetal whose form and character in nuclear reactions are well-known (Ochala et al., 2020a; Ochala, 2021). It is hoped that the 

results of the folding calculation will give a better insight into the form and character of the former than the results obtained from 

nuclear matter calculations (Ochala et al., 2020a).  

 

 Additionally, it is intended to show the similarity of the optical potentials derived from the B’3Y-Fetal, which is the fundamental, 

new element in the present paper, to those of the M3Y-Reid effective. This is done believing that Physics, like all of Sciences, is 

an arena of methodologies and methods, some of which are used to solve a similar problem with the intention to advance the 

frontiers of knowledge. The lowest order constrained variational (LOCV) method and the G-matrix method are two of such 

methods in Nuclear Physics. The LOCV method parallels the G-matrix method in terms of derivation of effective interactions. 

Since the new mass-dependent M3Y-type interaction is representative of the lowest order constrained variational (LOCV) method, 

whereas the M3Y-Reid effective interaction is representative of the G-matrix approach; this study is meant to subtly determine the 

goodness of the LOCV theoretical model by applying the B’3Y-Fetal effective interaction to the study of nuclear reaction.     

 

This paper is organized such that Section 2 discusses the functional forms of the mass-dependent effective interactions and double 

folding formalism, whereas Section 3 is focussed on results discussion, and Section 4 makes concluding remarks. 

 

 

THE MASS-DEPENDENT INTERACTIONS IN NUCLEAR REACTION 
 

The mass-dependent interactions are effective variational interactions derived from the lowest order constrained variational 

approach (Fiase et al., 2002). Their matrix elements were calculated on a harmonic oscillator basis, and the details of the 

calculation were reported in (Fiase et al., 2002) and in our earlier paper, in which one of them was applied to SNM calculations 

(Ochala and Fiase, 2018). In this paper, one uses the isoscalar part of the effective interactions (Fiase et al., 2002), whose 

functional forms in terms of three Yukawas are:  

 

B’3Y-Fetal: 

 

vD(r) =   

 

vEX(r)  =                                (1) 

 

B3Y-Fetal: 

 

 vD(r) =   
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vEX(r)  =                                (2) 

 

To reproduce the saturation properties of the cold symmetric nuclear matter within Hartree-Fock approximation (HF) (Loan et al., 

2016; Tan et al., 2021) and satisfy the requirement for folding calculation, these effective interactions are used in this paper in the 

energy- and density-dependent form (Khoa and Oertzen, 1995; Gontcharn et al., 2004): 

 

vD(EX) (E, ρ, r) = g(E)F(ρ)vD(EX) (r),      

                                                                          (3) 

Where F (ρ) is the density-dependent factor and g(E) ~ 1-0.002E for the M3Y- Reid (Khoa and Oertzen, 1995) and Mass-

dependent interactions (Ochala et al., 2020a; Ochala, 2021); and E is the incident nucleon energy. The isoscalar energy- and 

density-dependent interaction of equation (3) has been tested and found to work well in folding model analyses of refractive α-

nucleus (Khoa and Oertzen, 1995) and nucleus-nucleus (Khoa et al., 1994; Gontcharn et al., 2004) elastic scattering. 

 

The explicit forms of F(ρ) used in this study are (Khoa et al., 1994; Ochala et al., 2020a): 

 

F(ρ) = C(1 + Ae-Bρ)                                                                                                      (4) 

  

for the DDM3Yn (n = 1) interaction and 

  

F(ρ) = C(1 – AρB)                                                                                                        (5) 

 

for the BDM3Yn (n = 0, 1, 2, 3) interaction. The parameters C, A and B of the density dependences are such that they reproduce 

the saturation properties of nuclear matter at density p0 = 0.17 fm-3 with a binding energy ε = 16 MeV within HF calculations. 

 

 

For calculating nuclear matter saturation properties, the B’3Y-Fetal interaction has been successfully used (Ochala et al., 2020) in 

the DDM3Yn and BDM3Yn density-dependent versions, with results that demonstrated good agreement with the B3Y-Fetal 

interaction. For clarity, the results obtained from nuclear matter calculations using the computer code CNMMAP in (Ochala et al., 

2020) are reproduced in Table 1. 

 

Table 1: Parameters of Density Dependence and Nuclear Incompressibilities Obtained with the B3Y-Fetal and B’3Y-Fetal at 

Saturation Density. 

Density Dependent Version C A B K[MeV] 

DDB3Y1-Fetal 0.2986 3.1757 2.9605 176 

DDB’3Y1-Fetal 0.3483 2.4634 2.9605 165 

BDB3Y0-Fetal 1.3045 1.0810 2/3 196 

BDB’3Y0-Fetal 1.3047 1.0990 2/3 183 

BDB3Y1-Fetal 1.1603 1.4626 1 235 

BDB’3Y1-Fetal 1.1676 1.4534 1 219 

BDB3Y2-Fetal 1.0160 4.9169 2 351 

BDB’3Y2-Fetal 1.0417 4.6098 2 327 

BDB3Y3-Fetal 0.9680 20.250 3 467 

BDB’3Y3-Fetal 0.9938 23.491 3 434 

 

The equations of state of cold symmetric nuclear matter, obtained with the DDB’3Y1-, BDB’3Y0-, BDB’3Y1-, BDB’3Y2- and 

BDB’3Y3-Fetal interactions in Table 1, have been found to have incompressibilities K0 = 165, 183, 219, 327 and 434 MeV 

respectively (Ochala et al., 2020). These interactions have reproduced the saturation of nuclear matter at density, ρ = 0.17fm-3 and 

binding energy per nucleon, ε = 16 MeV correctly. The DDM3Y1 and BDM3Y1 versions of the B’3Y-Fetal have given for SNM 

at equilibrium incompressibility K0 ~ 165 - 219 MeV in comparison with K0 ~ 176 - 235 MeV and K0 ~ 171 - 232 MeV predicted 

by the same versions of B3Y-Fetal and M3Y-Reid effective interactions, respectively, in (Khoa and Oertzen, 1995). Comparing 

this with the experimental estimate of K0 = 200 - 350 MeV based on studies on giant monopole resonances (Shlomo and 

Youngblood, 1994; Colo and Giai, 2004) and the theoretical estimate of K0 = 220±50 MeV based on non-relativistic mean-field 

model for SNM, the prediction of B’3Y-Fetal interaction is in good agreement. This provides one with a good basis to apply it 

within the framework of the double folding model to compute the direct and exchange components of the associated real folded 

potential as a means of determining the effect of mass dependence. 

 

In the double folding model, the direct and exchange parts of the real folded potential are obtained by folding the densities of the 

projectile and target nuclei with the direct and exchange components of the effective nucleon-nucleon (NN) interaction as 

presented in equations (6) and (7) respectively (Chien et al., 2015; Khoa et al., 2016):. 
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                                             (6) 

 

with  

 

 (7) 

 

Where vD and vEX are the direct and potential exchange components of the effective interaction, ρ1 and ρ2 are the densities of the 

interacting nuclei, s is a vector corresponding to the distance between two specified interacting points of the projectile and target 

whose radius vectors are r1 and r2 respectively, and R denotes the vector joining the centers of mass of the two nuclei. For clarity, 

the geometry of the folding model is shown in Figure 1. 

 

 
Figure 1: Geometry of Folding Model 

 

This paper uses the isoscalar component of the density- and energy-dependent B’3Y-Fetal interaction for the folding calculation 

of the real optical potential because the nuclear system considered involves spin-saturated nuclei. Specifically, the B’3Y-Fetal is 

used in its DDM3Y1 version and the B3Y-Fetal interaction for the folding calculation following (Khoa et al., 1994; Khoa et al., 

2016) to determine and compare the performance of the former with the latter. 

 

The direct component of the folded potential is local in co-ordinate space, whereas the exchange is non-local due to the effect of 

anti-symmetrization occasioned by the single-nucleon knock-on exchange, which makes its evaluation difficult. Consequently, in 

this work, the study of real optical potential derived from the B’3Y-Fetal at various incident energies is carried out using the 

finite-range evaluation of the exchange potential using local momentum approximation proposed by Brieva and Rook (Brieva and 

Rook, 1977). Accordingly, the exact, consistent microscopic approximation to the exchange potential developed by Khoa et al. 

(Khoa et al., 1994), which produces an accurate local approximation, is employed in this work. Their approach produces an 

accurate local approximation. The evaluation of the non-local exchange to have a local equivalent is done by calculating the 

mixed density matrix, which depends on two spatial points. This is achieved by using the density matrix expansion method (Khoa 

et al., 1994; Hamada et al., 2012): 

 

                                                             (8) 

 

where . 

 

Also, a further step to take to calculate the double-folding potential is to specify the overlap density, ρ of the two interacting nuclei 

appearing in equation (3). 

 

For this purpose, the frozen density approximation (FDA), which corresponds to the sum of the densities of the nuclei at the mid-

point of inter-nucleon separation, is adopted in the folding procedure in the form: 

 

                                                          (9) 

 

Finally, the exchange potential is computed iteratively in this work, and a careful and accurate evaluation of the knock-on 

exchange effects is ensured to obtain a realistic energy dependence of the real folded potential V(E,R). The computation of the 

real folded potential derived from each effective interaction in this paper is carried out with the double folding model (DFM) code 

written by Khoa (Khoa et al., 1994 ) 
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RESULTS AND DISCUSSION 
 

The results obtained with the B’3Y-Fetal effective interaction, shown in Figure 2, have been found to demonstrate good 

agreement with past work done with M3Y-type effective interactions such as the B3Y-Fetal, M3Y-Reid, and M3Y-Paris effective 

interactions. 

 

The real folded potential, derived from the B’3Y-Fetal effective interaction, computed with the DDB’3Y1-FETAL interaction for 

the 16O +16 O system is shown in Figure 2 to have an attractive direct component (upper region), VD(E,R) and a beautiful 

exchange component (middle region), VEX(E,R). The total real folded potential resulting from the direct and exchange 

contributions at incident energies from 10 to 90 MeV/nucleon, being deep and attractive, is shown in Figure 2 to exhibit the same 

behavior in a nuclear reaction as in (Khoa et al., 1994; Ochala et al., 2021) at smaller inter-nuclear distances. The energy 

dependence of the total real folded potential is seen in this Figure to come chiefly from the exchange term, which dominates at 

smaller inter-nuclear distances, especially at low energies, showing that the density-dependent contribution from VEX(E,R) is also 

much stronger than that from VD(E,R). But, as the overlap density decreases exponentially in the surface region, the magnitude of 

VEX(E,R) becomes comparable and even less than that of VD(E,R), so the total optical potential is being dominated by the direct 

component at distances R > 7fm. This corroborates that a simple zero-range folding model (Trache et al., 2000; Panda et al., 2014) 

has been very successful in cases where elastic scattering data is only sensitive to the tail of the optical potential. 

 

It is also evident from Figure 2 that the exchange potential becomes less dominant with increasing incident energy so that both the 

exchange and direct potentials have about the same strength even at small distances. This makes the total optical potential 

increasingly repulsive with the incident energy. This finding agrees well with the results of (Khoa et al., 1994; Ochala et al., 

2021). 

 

Comparing the optical potential in Figure 2 with the one in Figure 3, one sees that the basic difference between them is that the 

B’3Y-Fetal-based optical potential has an attractive direct component. In contrast, the real folded potential derived from the B3Y-

Fetal has a direct repulsive element (Figure 3), which combines with a very large attractive exchange component to produce an 

attractive total real folded potential. This difference is a clear manifestation of the effect of mass dependence on the two effective 

interactions; and it is likely to determine the response and performance of each effective interaction in nuclear reactions involving 

different nuclear systems. In terms of strength, the results of computation have shown that the optical potential computed with the 

DDB’3Y1-Fetal potential at the incident energies of 160, 480, 960 and 1440 MeV  
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Figure 2: Direct (upper part) and Exchange (Middle) Contributions to the Total Folded DDB’3Y1-FETAL Potential (Lower Part) 

for the 16 O + 16 O System at Incident Energies from 10 to 90 MeV/Nucleon. 
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Figure 3: Direct (upper part) and Exchange (Middle) Contributions to the Total Folded DDB3Y1-FETAL Potential (Lower Part) 

for the 16O + 16O System at Incident Energies from 10 to 90 MeV/Nucleon 
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Figure 4: Direct (upper part) and Exchange (Middle) Contributions to the Total Folded DDM3Y1-REID Potential (Lower Part) 

for the 16 O + 16 O System at Incident Energies from 10 to 90 MeV/Nucleon. 
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Figure 5: The Overlap Density in the 16O+16O System at Different Internuclear Distances Obtained Within the Frozen Density 

Approximation (FDA) 

 

(Figure 2) at smaller inter-nuclear distances is -345, -289, -212 and -155 MeV in magnitude in comparison with -352, -292, -217 

and -156 MeV, respectively, obtained with the DDB3Y1-Fetal real folded potential at the same incident energies, showing the 

B3Y-Fetal to be stronger at smaller inter-nuclear distances than the B’3Y-Fetal effective interaction. However, the difference 

between the magnitudes of the two optical potentials is seen to decrease with increasing incident energy. Thus the differences of -

7, -3, -5, and -1 MeV between the two optical potentials at the incident energies of 160, 480, 960 and 1440 MeV, respectively, 

give a clear indication that the strength of the optical potential based on the B3Y-Fetal decreases faster with increasing incident 

energy than that of the B’3Y-Fetal, meaning that the former becomes more rapidly repulsive than the latter as the incident energy 

increases; and this in agreement with the findings of  (Ochala et al., 2021a). 

 

Finally, Figure 4 is included in this work to show the agreement between the optical potentials based on the M3Y-Reid and B’3Y-

Fetal effective interactions. Figure 4 shows that the M3Y-Reid-based real folded potential has an attractive direct component like 

the B’3Y-Fetal-based optical potential in Figure 2. Based on this similarity, it is hoped that the behaviour of the optical potential 

derived from the B’3Y-Fetal might have some resemblance to that of M3Y-Reid more than the B3Y-Fetal effective interaction in 

the elastic scattering of some nuclear systems. Future studies on elastic scattering involving these interactions will certainly 

produce far-reaching insights into this matter. Certainly, the similarity between the optical potentials of these effective interactions 

is convincing evidence of the viability of the B’3Y-Fetal in nuclear reactions and the validity of the LOCV method used for its 

derivation. 

 

In summary, the application of the B’3Y-Fetal interaction to nuclear reaction has provided insightful information about its nature, 

character, performance strengths in comparison with the B3Y-Fetal. An important point worth mentioning which is a major 

contribution in this paper is that these interactions are mass-dependent, which shows up as one goes up from one nuclear system to 

another as reported in (Ochala et al, 2020). The precise manifestation of mass dependence revealed in this study is that although 

they were derived based on the LOCV model and have the same functional form (Equation 1), the direct component of the optical 

potential derived from the B’3Y-Fetal (A = 24) is attractive, whereas the B3Y-Fetal-based (A = 16) optical potential has a 

repulsive direct component. This revealed fact is a major novel finding in this work. The resemblance of the B’3Y-Fetal-based 
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optical potentials to those based on the M3Y-Reid is convincing evidence of the viability of this new mass-dependent effective 

interaction and the validity of LOCV method used for its derivation. 

 

 

The Overlap Density 

 
The folding calculation results have shown that the overlap density of the two colliding nuclei has its highest point at small inter-

nuclear distances. Figure 5 presents the overlap density obtained for the 16O +16 O system within the frozen density 

approximation; and it represents the high density of matter formed during collisions at different impact parameters. This figure 

shows that the density buildup is highest at 1 fm and lowest at 6 fm. 

 

At inter-nuclear distances between 2 fm and 3 fm, the density build-up grows well above the normal nuclear matter density to 

about 2ρ0. These findings are in good agreement with the results obtained by Khoa and his co-researchers Khoa et al., 1994). 

 

CONCLUSION 
 

The new mass-dependent effective interactions, the B’3Y-Fetal and B3Y-Fetal effective interactions derived based on the LOCV 

method (Fiase et al., 2002) from the nuclear systems, A = 24 and 16 respectively, have been applied to nuclear reactions involving  
16O+16O at different incident energies within the framework of the double folding model to solely determine and compare the form 

and character of the first with the second interaction in this paper. This study's major, novel findings are summarized in the 

following concluding statements. 

 

• Folding calculation is observed to be a computational necessity for a complete description of the form and character of the 

B’3Y-Fetal in comparison with the B3Y-Fetal effective interaction. Figure 2 gives clear, convincing information about the 

form and character of the B’3Y-Fetal that nuclear matter calculations in (Ochala et al., 2020) could not provide. Even though 

the two effective interactions were derived using the same theoretical model, the lowest order constrained variational 

approach. Due to their mass dependence, they are shown not to have exactly the same form and character in the nuclear 

reaction. This is conclusive evidence of the effect of mass dependence on the two effective interactions provided by folding 

analysis.  

• The total real folded potential based on the B’3Y-Fetal combines attractive direct and exchange components. In contrast, the 

B3Y-Fetal-based real folded potential has a direct repulsive element, which combines with a significant attractive exchange 

component to form an attractive, total real optical potential. Therefore, the clear fundamental difference between them, in 

terms of form and character, is the fact that the visual potential derived from the B’3Y-Fetal has an attractive direct 

component while that of the B3Y-Fetal interaction has a direct repulsive element; and this is a clear manifestation of the 

effect of mass dependence.  

• The optical potential based on the B3Y-Fetal effective interaction has been observed to grow more rapidly repulsive with 

increasing incident energy than the one based on the B’3Y-Fetal effective interaction, in agreement with the findings of  

(Ochala et al, 2021a)..  

• The optical potential derived from the B’3Y-Fetal has been found to be similar, in form, to the optical potential based on the 

M3Y-Reid effective interaction shown in Figure 4. The M3Y-Reid-based optical potential has an attractive direct component, 

which combines with an attractive exchange component to form an attractive total real folded potential in the same way that 

the B’3Y-Fetal-based optical potential is a combination of attractive direct and exchange components. This finding shows that 

the optical potentials derived from the B’3Y-Fetal will likely behave more like the those based on the M3Y-Reid than the 

B3Y-Fetal effective interaction in nuclear reactions. 

• The heavy-ion optical potential derived from the B’3Y-Fetal has been found to be deep and attractive at small inter-nuclear 

distances, especially at low energies, as shown in Figure 2. This indicates the possibility of using this mass-dependent 

effective interaction in the refractive scattering of nuclear systems with positive results. 

 

Finally, the findings of this study have revealed the basic difference, in form and character, between the B’3Y-Fetal and B3Y-

Fetal effective interactions. Furthermore, nuclear matter (Ochala et al., 2020) and folding calculations have conclusively 

established these two effective interactions. Indeed, the most viable of the four mass-dependent effective interactions derived 

based on LOCV method (Fiase et al., 2002).  

 

Hopefully, the findings herein do endorse that they will be of good use in nuclear reactions as well as in Nuclear Astrophysics 

(Chien et al., 2018; Anh et al., 2020) where nuclear EOS is a major ingredient in calculations; certain nuclear reactions are the 

main probe of exotic nuclear species; and accurate knowledge of nuclear reaction rates needed for understanding primordial 

nucleosynthesis and hydrostatic burning in stars requires a combination of new experimental techniques and theoretical efforts. 
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